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We investigate the Multiple Equilibria phase of generalized Lotka–Volterra dynamics with random,
non-reciprocal interactions. We compute the topological complexity of equilibria, which quantifies
how rapidly the number of equilibria of the dynamical equations grows with the total number of
species. We perform the calculation for arbitrary degree of non-reciprocity in the interactions,
distinguishing between configurations that are dynamically stable to invasions by species absent
from the equilibrium, and those that are not. We characterize the properties of typical (i.e., most
numerous) equilibria at a given diversity, including their average abundance, mutual similarity, and
internal stability. This analysis reveals the existence of two distinct ME phases, which di!er in how
internally stable equilibria behave under invasions by absent species. We discuss the implications of
this finding for the system’s dynamical behavior.

Nonreciprocal interactions drive a broad class of out-
of-equilibrium dynamics and are nowadays at the core of
an established line of research. Systems with a large num-
ber of heterogeneous components interacting asymmet-
rically are a particularly interesting realization of non-
reciprocity, since their high dimensionality provides a
natural framework for analytical approaches. This set-
ting is well justified for modeling biological neural net-
works [1–4] and ecosystems composed of many coexist-
ing species such as the microbiota, tropical rainforests, or
plankton communities [5–7]. The models often incorpo-
rate randomness to represent interactions among neurons
or species, with di!erent levels of structural organization.
The fully unstructured case in which couplings are drawn
independently at random was, for instance, famously ex-
ploited by R. May in his seminal analysis of the diver-
sity–stability problem in ecology [8].

In ecosystems modeling, the non-reciprocal interac-
tion terms enter the dynamical equations governing the
time evolution of species abundances. These (random)
interactions compete with single-species terms that en-
code the intrinsic growth or suppression of the abun-
dances in the absence of other species, as determined by
environmental resources and intra-species dynamics [9].
This competition naturally leads to distinct dynamical
regimes: at weak randomness (henceforth, variability),
the abundances relax to time-independent values, while
at stronger variability they persistently fluctuate in time.
In presence of non-reciprocity, these fluctuations display
signatures of chaotic behavior [10–16]. While the first
type of behavior is simple to characterize analytically,
the second poses a quite significant theoretical challenge.

We focus here on a prototypical model exhibiting such
a transition, the generalized Lotka–Volterra equations
with random interactions (rGLV). The existence of a
dynamical transition in this (and equivalent) models is
known since the early studies [17–19]. In the weak vari-
ability phase, the dynamical equations admit a unique
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fixed point (or equilibrium) configuration that is stable
with respect to perturbations of the species abundances,
both for the species coexisting at the fixed point and
also for those that are absent, and can potentially in-
vade. When the variability reaches a critical value, this
equilibrium loses its stability, and the system correspond-
ingly displays a qualitatively di!erent dynamics. It is ex-
pected that this complex dynamical phase appears con-
comitantly with the emergence of a multitude of fixed
points of the dynamical equations [20]. In the limiting
case of reciprocal interactions, this expectation is rein-
forced by the similarity between the rGLV model and
spin-glass models [19, 21, 22]; in this limit indeed the
rGLV equations describe a dynamical descent into an en-
ergy landscape (conservative dynamics), and the stable
fixed points are local minima of such landscape. As in
other high-dimensional optimization problems with ran-
domness [23–25], one expects a multitude of marginally
stable local minima [26] and a dynamical descent that
exhibits slowing down and aging due to marginality [27].
The existence of exponentially many fixed points has
also been shown in the opposite limit of strong non-
reciprocity [28, 29], and dynamical studies in this set-
ting [30, 31] hint that certain fixed points may exert an
influence on the (chaotic) dynamics in this case, too.
More broadly, investigating to what extent the out-of-
equilibrium dynamics of non-reciprocal systems can be
understood through the fixed points of the dynamics is an
open challenge that is attracting increasing interest [32–
35]. In this work, we provide a statistical characterization
of the fixed points of the gLVE for arbitrary degrees of
non-reciprocity, thereby establishing the basis for assess-
ing their impact on dynamics.
Fixed points and stability. We consider the rGLV

equations

dNi

dt
= NiFi( ωN), Fi( ωN) =

(
εi → Ni →

S∑

j=1

ϑij Nj

)
(1)

where Ni is the properly scaled abundance of species i =
1, · · · , S, Fi( ωN) is the e!ective growth rate associated to
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FIG. 1. Phase diagram in the variability-reciprocity space
(ω, ε), highlighting the existence of three distinct phases. The
black dotted line marks the boundary between the Unique
Fixed Point (UFP) phase (gray), where a unique uninvadable
and internally stable equilibrium equilibrium exists, and the
Multiple Equilibria (ME) phase. The latter is split into a
Fragile (orange) phase, where all internally stable equilibria
are unstable to invasions, and a Robust (blue) phase, where
uninvadable internally stable equilibria exist in exponential
number. The red crosses identify the critical line εFR, the
red full line is the hyperbolic fit εFR → 0.318/ω + 0.549.

species i, and εi denote the species carrying capacities.
The interaction couplings between species

ϑij =
µ

S
+

ϖ↑
S

aij ,
〈
aijakl

〉
= ϱik ϱjl + ς ϱil ϱjk (2)

are Gaussian variables with mean µ/S, variance ϖ
2
/S

and reciprocity parameter ς ↓ [0, 1]: they are entries
of random matrices belonging to the Gaussian elliptic
ensemble [36, 37]. We set εi = 1 and assume S ↔ 1. A
fixed point (or equilibrium) ωN

→ of the rGLV equations is
a configuration satisfying

N
→
i



1 → N
→
i →

∑

j

ϑijN
→
j



 = 0, N
→
i ↗ 0 (3)

for all i = 1, . . . , S. Any solution of (3) can have a cer-
tain number of vanishing entries N

→
i = 0, and a frac-

tion φ( ωN
→) = | {i : N

→
i > 0} |/S of species with positive

abundance, defining the fixed point diversity (that is, the
number of coexisting species in the equilibrium).

An important aspect in assessing the influence of fixed
points on the dynamics is their stability. We distinguish
two complementary notions of stability: internal stability
denotes the linear stability with respect to fluctuations
in the abundances of the species that are present at the
fixed point (N→

i > 0); this is controlled by the eigenval-
ues of the Jacobian matrix restricted to the subspace of

coexisting species [38], defined as

Hij( ωN
→) =

↼Fi( ωN
→)

↼Nj
for i, j : N

→
i , N

→
j > 0, (4)

and requires that all its eigenvalues have negative real
parts. Uninvadability concerns instead the stability with
respect to the invasion by species that are absent in the
fixed point (N→

i = 0), and it is satisfied whenever

Fi( ωN
→) < 0 for i : N

→
i = 0. (5)

For large S, the spectral properties of the matrices (4)
at a fixed point ωN

→ can be characterized using random
matrix theory, as we recall below. A generalization of
the argument in [8] implies that an equilibrium is in-
ternally stable provided that its diversity is bounded by
φ( ωN

→) ↘ φMay ≃ [ϖ2(1 + ς)2]↑1. When this inequality is

saturated, the equilibrium ωN
→ is marginally stable.

Topological complexity. When ϖ is small and µ is pos-
itive, there is a unique solution of (3), which is both inter-
nally stable and uninvadable: the rGLV system is in the
Unique Fixed Point (UFP) phase (gray area in Fig. 1).
Dynamical trajectories of the abundances, initialized ar-
bitrarily, converge to this configuration. Properties of
this unique stable equilibrium, such as its diversity, are
determined as solutions of self-consistent equations de-
rived in the limit of large S [18, 19]. The internal stability
of this unique uninvadable equilibrium breaks down at a
critical value ϖc(ς) =

↑
2/(ς + 1) (black dashed curve

in Fig. 1), as first shown in [17]: at this point, the di-
versity of the UFP reaches φ = 1/2 and the equilibrium
becomes marginally stable, while remaining uninvadable.
For ς = 0, it is known that at ϖc the uninvadable equi-
librium also loses its uniqueness: the typical value of

the number N
(u)
S (φ) of uninvadable equilibria of given φ

starts growing exponentially in S and the system enters
into a Multiple Equilibria (ME) phase, which is the focus
of this work. In particular, the topological complexity of
uninvadable fixed points,

”(u)
ω,ε(φ) = lim

S↓↔

1

S

〈
logN(u)

S (φ)
〉

, (6)

has been computed explicitly in [28, 29] for ς = 0. It
is shown that, within the exponentially large family of
fixed points that are stable against invasions, none is
also internally stable. This feature is expected to break
down when increasing the reciprocity ς: in particular, for
ς = 1 one knows that uninvadable internally stable fixed
points exist in exponential number (at least, their aver-
age number is exponentially large [20, 28]). In parallel,
the equilibria that actually matter the most for the out-
of-equilibrium dynamics for ς = 0 might be the invadable
ones [30, 31], which are not considered in [28, 29]. The
latter are even more numerous than the uninvadable: de-
noting with N

(t)
S (φ) the total number of equilibria, which

includes invadable ones, we define the total topological
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FIG. 2. Total complexity ”(t)
ω,ε(ϑ) (upper curves) and un-

invadable complexity ”(u)
ω,ε(ϑ) (lower curves) for ω = 5 and

various ε. The gray vertical band indicates the range of
ϑMay = [ω2(1 + ε)2]↑1 for ω = 5 and ε ↑ [0, 1].

complexity

”(t)
ω,ε(φ) = lim

S↓↔

1

S

〈
logN(t)

S (φ)
〉
↗ ”(u)

ω,ε(φ). (7)

Here, we discuss the behavior of ”(ϑ)
ω,ε(φ) for both ϑ ↓

{t, u} and for arbitrary reciprocity degree ς ↓ [0, 1].

Fixed points properties. The calculation of ”(ϑ)
ω,ε(φ) is

performed using the replicated Kac–Rice formalism in-
troduced in [39]. This technique relies on the Kac–Rice
formula for the average number of solutions of a system
of random equations, in our case (3). This formula ex-

presses
〈
N

(ϑ)
S (φ)

〉
as the integral of a density [40, 41], and

it can be straightforwardly extended to compute higher
n-th moments:

〈
[N(ϑ)

S (φ)]n
〉

=

∫ n∏

a=1

S∏

i=1

dN
a
i ↽

(ϑ)
S,n

(
{ ωN

a}na=1; φ
)

. (8)

The density ↽
(ϑ)
S,n enforces that the vectors ωN

a satisfy (3),
i.e., that they are equilibria. For ϑ = u, it also enforces
the condition (5). Its explicit form is given in the End
Matter. To obtain the complexity, this must be combined
with the replica limit [42]

”(ϑ)
ω,ε(φ) = lim

S↓↔
lim
n↓0

〈
[N(ϑ)

S (φ)]n
〉
→ 1

Sn
, (9)

in analogy with the standard procedure used to com-
pute the free energy of conservative disordered systems at
equilibrium. The calculation follows closely [28] (see [43]
for a pedagogical review of these techniques): we report it
in the Supplemental Material (SM) for completeness [44].
The key step in this procedure is a dimensionality reduc-
tion, which allows one to rewrite (8) as an integral over
a smaller set of variables (or order parameters) y ↓ Rd

with d(= 15) ⇐ S,
〈
[N(ϑ)

S (φ)]n
〉

=

∫
dy e

Sn Ā(ω)(y,ϖ)+o(Sn)
. (10)

The entries of y are collective functions 1 of the equilibria
ωN
a, some of which are easily interpretable: they include

the average abundance m := m( ωN
a) = S

↑1
∑S

i=1 Ni,

their self-similarity q1 := q1( ωN
a) = S

↑1
∑S

i=1(N
a
i )2

and the mutual similarity between pairs of distinct equi-
libria, q0 := q0( ωN

a
, ωN

b) = S
↑1

∑S
i=1 N

a
i N

b
i , as well

as the average e!ective growth rate p := p( ωN
a) =

S
↑1

∑S
i=1 Fi( ωN

a). For S ↔ 1, the moments (10) are
dominated by the family of fixed points having the prop-

erties y(ϑ)
→ that maximize the function at the expo-

nent, and the integral can be evaluated using a saddle-
point approximation. Combined with (9), this yields

”(ϑ)
ω,ε(φ) = Ā(ϑ)(y(ϑ)

→ , φ) where y(ϑ)
→ are solutions of the

saddle point equations ⇒yĀ
(ϑ)(y(ϑ)

→ , φ) = 0. The vector

y(ϑ)
→ directly encodes the properties (average abundance,

self-similarity, similarity, average growth rate) of the typ-
ical fixed points (i.e., those that are most numerous) at
given φ; fixed points with values of the order parame-

ters that di!er from y(ϑ)
→ are exponentially less numer-

ous. The Kac-Rice approach thus generalizes the result
for the UFP phase, where the unique equilibrium is char-
acterized by a value of the parameters m, q1 and p that
can be computed exploiting the assumption of unique-
ness [19, 45]. Notice that our notation for the order pa-
rameters m, q1, q0, p, without explicit indices a, b labeling
the specific equilibria where these functions are evalu-
ated, implicitly assumes that for S ↔ 1 these quantities
take the same value across typical equilibria at fixed φ.
In the language of disordered systems, this is an assump-
tion of Replica Symmetry. We report the saddle-point
equations obtained under this assumption in [44], and
focus here on the results.
Results. Fig. 2 shows ”(ϑ)

ω,ε(φ) for fixed variability ϖ =

5 and ς ↓ [0, 1]. The complexity ”(u)
ω,ε(φ) is positive for all

ς over a finite interval of diversity, φ ↓ [φ(ϑ)
min(ς), φ(ϑ)

max(ς)]:
at this ϖ the system is in a ME phase (ϖ = 5 > ϖc(ς),
see Fig. 1), with exponentially-many uninvadable fixed
points of the dynamical equations. Equilibria with diver-
sity lying outside this range exist with probability that

is exponentially suppressed in S. As expected, ”(u)
ω,ε(φ) is

much smaller than the total complexity ”(t)
ω,ε(φ), which

counts both invadable and uninvadable equilibria: when
S is large, at any φ the total complexity is dominated by
equilibria that are unstable to invasions, whose number
exponentially exceeds that of the uninvadable ones. As ς

decreases, the distribution of diversities of the equilibria
becomes monotonically narrower, and the complexity at

any fixed φ decreases. The maximal diversity φ
(t)
max(ς)

remains always bounded away from one, in agreement
with the statement that feasible solutions of (3) (i.e., so-
lutions with all entries strictly positive) occur with non-

1 By collective we mean that they are defined as sums over all
components of the ωNa, and therefore involve all species.
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FIG. 3. Order parameters of the typical equilibria at given
diversity ϑ, for ω = 2, µ = 1 and various ε. The parameters
are the average abundance m (top left), the average growth
rate p (top right), the self similarity q1 (bottom left) and the
mutual similarity q0 (bottom right). These values refer to
invadable equilibria (ϖ = t), as also indicated by p > 0.

zero probability only when the interactions are further
rescaled by a factor of order

↑
log S [46]. For any ς,

φ
(u)
max(ς) < φ

(t)
max(ς): thus, there is a range of diversity

φ ↓ [φ(u)
max(ς), φ(t)

max(ς)] where equilibria are exponentially
numerous, but none of them is uninvadable when S ↔ 1.

Notice that the complexities ”(ϑ)
ω,ε(φ) turn out to be in-

dependent of ε, µ, that influence the typical properties
m, q1, q0 of the equilibria, but not their number. The
values of m, q1 increase with µ until divergence, that cor-
responds to the unbounded growth phase in [45]. Fig. 3
shows the order parameters of the typical (invadable)
equilibria at ϖ = 2, µ = 1. At fixed φ, the average
abundance, self-similarity and similarity between di!er-
ent equilibria all increase with ς. This generalizes the
trend of the order parameters of the unique equilibrium
in the UFP phase, and it can be understood from simple
two-species arguments (the average abundance increases
when interactions are more correlated). The average ef-
fective growth rate p is instead non-monotonic in ς: at
small φ, equilibria have higher values of p when the degree
of reciprocity ς is higher (invading species grow faster),
while at large φ the trend is reversed. This behavior is
overall robust to changes in ϖ in the ME phase.

Recovering the UFP phase. As one approaches ϖ ⇑
ϖc(ς), the complexity ”(u)

ω,ε(φ) decreases and the range

[φ(u)
min(ς), φ(u)

max(ς)] shrinks, reducing to one single point at

ϖ = ϖc: this point is exactly φMay, and ”(u)
ωc(ε),ε(φMay) =

0: the transition to the UFP phase is recovered. How-

ever, ”(t)
ω,ε(φ) remains positive below the transition: in

the UFP phase, there actually exists an exponentially
large number of equilibria, some of which are even inter-
nally stable, but all of which are unstable to invasions.
The dynamics is oblivious to these equilibria and con-
verges to the unique uninvadable fixed point.

Two distinct ME phases. The fixed points counted by
the complexities (whether invadable or not) are internally
stable whenever (4) has no eigenvalues with positive real
part. In the ME phase, one has to characterize the statis-
tics of the matrices Hij( ωN) conditional on ωN solving (3)
and having a given φ. The replicated Kac–Rice formal-
ism is well suited for this analysis [28, 39]. One finds that
the Jacobian at fixed points is statistically equivalent to
an elliptic Gaussian matrix of size Sφ ⇓ Sφ, deformed
by finite-rank perturbations and shifted by the identity
matrix. Importantly, the finite-rank perturbations do
not a!ect the eigenvalue density2 for large S: eigenval-
ues are complex and uniformly distributed in the ellipse

Sω,ε =
{

z ↓ C : (↗z+1)2

ω2ϖ(1+ε)2 + (↘z)2

ω2ϖ(1↑ε)2 ↘ 1


, and there-

fore they all have negative real part whenever φ < φMay.
By tracking the internal stability of the equilibria, we
find that the ME region splits into two distinct phases,
see Fig. 1, which we call fragile and robust. In the fragile
phase, all uninvadable equilibria are internally unstable

(φ(u)
min > φMay), and thus internally stable fixed points are

invadable. In the robust phase, instead, φ
(u)
min < φMay, so

internally stable equilibria that are also resistant to inva-
sions do exist. The two phases are separated by a critical

curve ςFR(ϖ), defined by φ
(u)
min = φMay. A numerical fit

yields ςFR(ϖ ⇑ ⇔) ↖ 0.549. Thus, for ς ↓ [0, 0.549] only
the fragile ME phase exists, consistent with the ς = 0 re-
sults [28, 29]. For ς ↓ (0.549, 1), both phases coexist. At
ς = 1 the critical line meets the transition to the UFP
phase, implying that no fragile ME phase exists in the
conservative limit—consistent with the expected energy
landscape, which possess many local minima (internally
stable, uninvadable fixed points).
Discussion. Assessing to what extent the out-of-

equilibrium dynamics of systems with non-reciprocal in-
teractions can be understood in terms of the equilibria
of the underlying (non-conservative) equations of motion
is an open challenge. While a qualitative correspondence
between equilibria properties and the dynamics can be
identified [32, 33, 47], recent results indicate that estab-
lishing a quantitative connection is generally far from
straightforward [11]. Assuming nonetheless that out-of-
equilibrium dynamics is influenced by fixed points, one
can derive predictions for the rGLV dynamics from the
phase diagram in Fig. 1. In particular, one should ex-
pect two qualitatively di!erent regimes; when ς is small
and the system is in the fragile ME phase, if internally
stable fixed points attract the dynamics, they are eventu-
ally destabilized by the growth of species absent from the
fixed point, as all internally stable equilibria are invad-
able. This seems consistent with [30], where (for ς = 0)
species abundances under weak immigration exhibit a
separation of scales: they split into well-separated high-

2 We stress that the eigenvalue density does not account for pos-
sible isolated eigenvalues that provide subleading corrections to
the spectrum.
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and low-abundance subsets, with dynamical turnover be-
tween them. The diversity of the high-abundance subset
(extrapolated to vanishing immigration) lies below the
stability threshold φMay [30], and in a region where we

find ”(u)
ω,ε to be high, though not maximal. This behavior

can be interpreted as the system fluctuating between in-
ternally stable but invadable fixed points, with dynamics
largely driven by migration/takeover of low-abundance
species. From our complexity analysis, we expect this
ς = 0 phenomenology to extend across the fragile ME
phase. When ς is larger, the system enters the ro-
bust ME phase, where internally stable and uninvadable
fixed points exist in exponential number. Understanding
which of these equilibria dominate the chaotic dynam-
ics, if any, requires comparing their properties (computed
here) with those of the configurations visited by dynami-
cal trajectories at large times. Such a comparison was re-
cently carried out in a family of models with random non-
reciprocal interactions and chaotic dynamics [11], show-
ing that while the chaotic attractor may be largely con-
tributed by fixed points, these are not the typical ones,
even though correlations exist between properties of the
attractor and those of the fixed points. Investigating
these links in the gLVE dynamics, especially the qualita-
tive changes in the dynamics across the two ME phases,
and establishing quantitative connections with the prop-
erties of equilibria are natural perspectives of this work.
Another natural direction is to generalize the complexity
calculation to models with structured or stronger inter-
actions [48, 49]. Finally, our complexity analysis relies on
the assumption of replica symmetry. Verifying the sta-
bility of this ansatz, analogously to the stability checks
routinely performed in equilibrium replica calculations,
in another open perspective.
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END MATTER

We provide the explicit form of the density appear-
ing in the replicated Kac-Rice formula for the higher
moments, Eq. (8), and of the function Ā(ϑ)(y, φ) in
(10). From these formulas, the complexities can be de-
rived directly through a saddle point method. We de-
note with N = ( ωN

1
, ..., ωN

n) and F(N) = (ωF
1
, . . . , ωF

n)
the concatenations of n vectors of dimension S, where
ωF
a := F ( ωN

a) is a shorthand notation for the e!ec-

tive growth rate associated to the configuration ωN
a.

I =

i1, · · · , i≃Sϖ⇐


are index sets with ↙Sφ∝ distinct

components ik ↓ {1, · · · , S}. With this notation, the
density in (8) reads:

↽
(ϑ)
S,n (N; φ) =

∑

(I1,··· ,In)
|Ia|=Sϖ

∫ S∏

i=1

n∏

a=1

df
a
i #(ϑ)

Ia
( ωN

a
, ωf

a)W(n)
N (f).

(11)
In this formula, the Ia are index sets that identify the
species that are present in the configuration ωN

a, i.e.,
those with N

a
i > 0, and

#(ϑ)
Ia

( ωN
a
, ωf

a) =
∏

i⇒Ia

⇀(Na
i )ϱ(fa

i )
∏

i/⇒Ia

ϱ(Na
i )⇁(ϑ)(fa

i )

(12)
with

⇁
(ϑ)(f) =


⇀(→f) if ϑ = u

1 if ϑ = t.
(13)

The integrand

W
(n)
N (f) = P

(n)
N (f)D(n)

N (f) (14)

contains the probability that the e!ective growth rates
ωF
a take a given value ωf

a,

P
(n)
N (f) =


n∏

a=1

ϱ

(
ωF ( ωN

a) → ωf
a
)

, (15)

where ′·∞ denotes the average over the random interaction
couplings, and the expectation of the product of Jacobian
matrices (4) evaluated at the di!erent ωN

a,

D
(n)
N (f) =


n∏

a=1


det


↼F

a
i

↼N
a
j



i,j⇒Ia



F(N) = f


, (16)

conditional to ωF
a = ωf

a. Therefore, (12) enforces that the
configurations ωN

a are (uninvadable) fixed points of the
dynamical equations, and (16) accounts for the multiplic-
ity of these solutions. The representation (10) is obtained
exploiting the fact that the statistics of the Gaussian vari-
ables F

a
i and of their derivatives is isotropic, and depends

on the ωN
a
, ωf

a only trough the rotationally-invariant func-
tions

q( ωN
a
, ωN

b) = ωN
a · ωN

b
/S, m( ωN

a) = ωN
a ·ω1/S,

ξ(ωf
a
, ωf

b) = ωf
a · ωf

b
/S, p( ωN

a) = ωf
a ·ω1/S,

z( ωN
a
, ωf

b) = (1 → ϱab) ωN
a · ωf

b
/S,

(17)

where ω1 is the S-dimensional vector with all components
equal to 1. We introduce the quantities qab = q( ωN

a
, ωN

b)
(and similarly for the others) representing the values
taken by these functions. A change of variables allows
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to rewrite the integrals (11) over N,F as an integral over
these quantities only. As it is standard in these type of
calculations, the Jacobian of this change of variables is
parametrized in terms of a set of conjugate parameters
(Lagrange multipliers) q̂ab, ξ̂ab, ẑab, m̂a, p̂a, φ̂a, where φ̂a

additionally enforces that the configurations ωN
a have di-

versity φ. Under the assumption that the order param-
eters associated to fixed points at given φ concentrate
when S ⇑ ⇔ to values that are constant among the
fixed points (Replica Symmetry), we can set

qab = ϱabq1 + (1 → ϱab)q0, ξab = ϱabξ1 + (1 → ϱab)ξ0

zab = (1 → ϱab)z, ma = m, pa = p,

and similarly for the conjugate parameters. Introducing
x = (q1, q0, ξ1, ξ0, z, m, p), x̂ = (q̂1, q̂0, ξ̂1, ξ̂0, ẑ, m̂, p̂, φ̂)
and y = (x, x̂) and performing and expansion to leading
order in large S and small n, we get (10) with

Ā(ϑ) = p̄(x) + n d(φ) → 1

2

(
q̂0q0 + ξ̂0ξ0 + 2ẑz

)

+ q̂1q1 + ξ̂1ξ1 + m̂m + p̂p + φ̂φ + J̄(ϑ)(x̂).
(18)

In this function,

p̄(x) =
(1 → µm)

ϖ2(q1 → q0)


m(q1 → q0 + ςz)

(1 + ς)(q1 → q0)
+ p → (1 → µm)

2


+

q0

2ϖ2(q1 → q0)2


ξ1→ξ0→

2z

1 + ς


→ 1

2ϖ2


ξ1

q1 → q0
+

1

1 + ς


→

ς

2ϖ2(1 + ς)

z
2(q1 + q0)

(q1 → q0)3
→

log

2πϖ

2(q1 → q0)


2
→ q0

2(q1 → q0)

is the contribution coming from the large-S expansion of
(15), while

d(φ) =






1 → s(φ)

4ςϖ2
+ φ


log


1 + s(φ)

2


→ 1

2


if a(φ) < 1

1

2ϖ2

1

1 + ς
→ φ

2
+

φ

2
log(ϖ2

φ) if a(φ) > 1

(19)
with s(φ) =


1 → 4ςϖ2φ and a(φ) = ϖ

↑
φ(1+ ς) derives

from the conditional expectation (16). The remaining
terms are the contribution of the Jacobian of the change
of variables (N, f) ⇑ y, with:

J̄(ϑ)(x̂) =

∫
du1du2e

ε̂0u2
1+q̂0u2

2→2ẑu1u2
2(q̂0 ε̂0→ẑ2)

2π

√
q̂0ξ̂0 → ẑ2

⇓

log

[
e
↑ϖ̂

√
π

2(2q̂1 → q̂0)
$(u)


m̂ → u1

2(2q̂1 → q̂0)



+
√

π

2(2ξ̂1 → ξ̂0)
$(ϑ)



 u2 → p̂√
2(2ξ̂1 → ξ̂0)




]

(20)

where

$(ϑ)(x) =


e
x2

Erfc(x), if ϑ = u

2e
x2

, if ϑ = t.
(21)

Only this term discriminates between the total (ϑ = t)

and uninvadable (ϑ = u) complexities. The ”(ϑ)
ω,ε(φ) are

obtained fixing φ and solving the 15 coupled equations
⇒Ā(ϑ)(y; φ) = 0. For ς = 0, ϑ = u one recovers [28, 29].
We remark that the integral representation (20) of the Ja-
cobian J̄(ϑ)(x̂) is derived under the assumption that the
matrix in the quadratic form at the exponent has nega-
tive eigenvalues. By solving the saddle point equations in
the ME phases, we find that when the diversity φ reaches
from above a critical value φMatch, the linear combination

ẑ +
√

q̂0ξ̂0 approaches zero, implying that the quadratic
form at the exponent of (20) develops a divergent mode.
At this point, the double integral converges to a single
integral over an e!ective variable, that is an appropri-
ate linear combination of u1 and u2. Exactly at this

value of parameters, the complexities ”(ϑ)
ω,ε(φ) map into

their annealed counterparts, that are obtained exchang-
ing the order in which the logarithm and the average over
the randomness are taken in (6) (equivalently, by taking
n = 1 in (10)):

”(ϑ,A)
ω,ε (φ) = lim

S↓↔

1

S
log

〈
N

(ϑ)
S (φ)

〉
. (22)

In other words, at this point the large-S scaling of the

typical values of the random variables N(ϑ)
S , which is con-

trolled by ”(ϑ)
ω,ε , coincides with the large-S scaling of the

average values of the random variables N
(ϑ)
S , controlled

by ”(ϑ,A)
ω,ε . In addition, we find that for ϑ = u, φMatch

and the typical properties of the equilibria at that diver-
sity can be predicted with the cavity method [19, 45] in
its simplest form. This method assumes the existence of
a unique, uninvadable equilibrium, and derives its prop-
erties under this assumption. In principle, its limit of
validity is restricted to the values of ϖ, ς within the UFP
phase. Our analysis shows that, when extended within
the ME phase, it still correctly describes the properties
of a specific family of equilibria, those of diversity φMatch.
This family is however not typical: they are not the most
numerous at the given values of ϖ, ς, as indicated by the

fact that ”(u)
ω,ε(φ) peaks at φ ∈= φMatch.

For φ < φMatch, the solution of the quenched saddle point
equations is numerically unaccessible, presumably due

to the smallness (or vanishing) of ẑ +
√

q̂0ξ̂0. In this

regime, we expect that ”(ϑ)
ω,ε(φ) = ”(ϑ,A)

ω,ε (φ) continues
to hold. We solve a modified set of saddle point equa-

tions obtained enforcing ẑ +
√

q̂0ξ̂0 = 0, and find that
the resulting branch of complexity and the saddle point
values of the order parameters are numerically indistin-
guishable from the values in the annealed counterpart,
reinforcing our hypothesis. Notice that we consistently
find φMatch > φMay, and thus the transition line sepa-
rating the robust and fragile ME phases lies within the
region of parameters where this matching is expected.
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I. MODEL SETUP AND DEFINITIONS

The model. The Generalised Lotka Volterra (GLV) equations read, in their standard rescaled form:

dNi

dt
= Ni

(
ωi → Ni →

S∑

j=1

εij Nj

)
, i = 1, . . . , S (1)

where Ni is the abundance of species i, and where we have rescaled each population by its carrying capacity, which
we assume to be uniform: ωi = ω for all i = 1, . . . , S. This formulation allows for arbitrary networks of interactions
between species, which can be competitive, predatory, or mutualistic. We assume that the elements εij of the
interaction matrix are drawn at random from a Gaussian distribution with mean µ/S and variance ϑ2/S, so that

εij =
µ

S
+

ϑ↑
S

aij with
〈
aijakl

〉
= ϖik ϖjl + ϱ ϖil ϖjk. (2)

Note that although it is customary to set εii = 0 in the GLV model, in what follows we allow Gaussian fluctuations
of the diagonal elements as well, as specified in (2); this does not a”ect any of the results obtained in the S ↓ ↔
limit considered below. In this limit, certain system-level trends are robust to changes in modeling choices, and the
minimal Gaussian model for interaction statistics (2) appears appropriate, as suggested by arguments of Gaussian
universality [1]. The reciprocity of the interactions is controlled by the parameter ϱ ↗ [0, 1].

Definitions. A fixed point or equilibrium of the GLV equations is a vector ςN→ = (N→
1 , . . . , N→

S) which verifies

N→
i Fi( ςN→) = 0 for all i = 1, . . . , S, Fi( ςN) := ω → µ

S

∑

i

Ni → Ni → ϑ↑
S

∑

j

aijNj , (3)

where ςF ( ςN) is the vector of forces or e!ective growth rates associated to each species. In a fixed point configuration,
for all i = 1, . . . , S either N→

i = 0 (the species is absent in the equilibrium) or Fi(N→
i ) = 0. We define the index set

I( ςN→) = (i1, . . . , is) collecting the labels of the species coexisting in the equilibrium. The equilibrium diversity and
average abundance are given by

φS( ςN→) =
|I( ςN→)|

S
, mS( ςN→) =

1

S

S∑

i=1

Ni. (4)

Henceforth, we denote simply with φ, m the S ↓ ↔ limit of these quantities. The Kac-Rice calculation allows to
determine the distribution of φ, m over the multiple fixed points of the GLV equations.

Given the factorized structure of the fixed point condition N→
i Fi( ςN→) = 0, we define two types of stability of each

equilibrium. Uninvadibility is the stability with respect to the injections of the species that are absent in the fixed
point, and it is guaranteed whenever Fi( ςN→) < 0 for all i /↗ I( ςN→). The internal stability of a fixed points is instead
the stability with respect to small fluctuations in the abundance of the existing species. Mathematically, this is
guaranteed by the fact that the eigenvalues of the stability matrix

Hij =

(
↼Fi( ςN→)

ϖNj

)

i,j↑I( ωN→)

(5)

all have a real part that is negative. For the GLV model with Gaussian interactions, stable equilibria are those that
verify φ ↘ φMay = [ϑ(1 + ϱ)]↓2, as it follows from a random matrix theory argument recalled in the main text [2].

Multiple equilibria and complexity. We recall here the phase diagram obtained in [3] using the so called cavity
method [4], in (µ, ϑ) space. For general ϱ, the GLV model exhibits three phases: (i) A Unique Fixed Point (UFP)
phase, (ii) an Unbounded Growth phase and (iii) a Multiple Equilibria (ME) phase. The results of [2, 5] for ϱ = 0 show
that both the Multiple Equilibria phase and the unbounded growth phase are characterized by the existence of an
exponentially large (in S) number of fixed points of the GLV equations. In the unbounded growth phase, a fraction
of these fixed points is characterized by a divergent value of their average abundance. The line separating UFP and
ME phases lies at ϑc(ϱ) =

↑
2/(1 + ϱ), as first obtained in [6].
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We denote with N
(u)
S (φ) and N

(t)
S (φ) the number of uninvadable equilibria and the total number of equilibria (both

invadable and uninvadable) at fixed diversity φ. We use the notation N
(ε)
S (φ) with ε ↗ {u, t}. Our objects of interest

is the topological complexity #S(φ) = S↓1 logNS(φ). More precisely, we aim at the deterministic functions:

#(ε)
ϑ,ϖ(φ) := lim

S↔↗

1

S
≃logN(ε)

S (φ)⇐, #(ε,A)
ϑ,ϖ (φ) := lim

S↔↗

1

S
log≃N(ε)

S (φ)⇐, (6)

where #(t)
ϑ,ϖ(φ) is the quenched total complexity, #(t,A)

ϑ,ϖ (φ) the annealed total complexity, and #(u)
ϑ,ϖ(φ) and #(u,A)

ϑ,ϖ (φ)
are the uninvadable counterparts. The distinction between quenched and annealed averages is central in disordered
systems, where the quenched complexity is the relevant quantity to consider, as it describes the correct asymptotic
behavior of the random variable #S(φ), which is self-averaging and whose distribution concentrates around its mean
when S ↓ ↔. The annealed complexity is much simpler to calculate, though, and often considered in the mathematical
literature as it can be derived within a rigorous formalism; it furnishes an upper bound to the quenched complexity,

#(ε)
ϑ,ϖ(φ) ↘ #(A,ε)

ϑ,ϖ (φ) with ε ↗ {u, t}. Below, we present the derivation of the formulas of both quenched and annealed
complexities.

II. THE REPLICATED KAC-RICE CALCULATION: THE STRUCTURE

In this Section, we discuss the step leading to the integral representation (10) in the main text. The structure of
the calculation is very similar to that presented in Ref. [5], and we report it here for completeness. It relies on the
replicated Kac-Rice method first introduced in [7]. For more details on this method, see [8].

A. The replicated Kac-Rice formula

We begin by deriving the expression of the density ↽(ε)S,n appearing in Eq. (8) in the main text, and given more
extensively in the End Matter. We introduce

$(ε)
I ( ςN, ςf) =

∏

i↑I

⇀(Ni)ϖ(fi)
∏

i/↑I

ϖ(Ni)⇁
(ε)(fi), ⇁(ε)(f) =

{
⇀(→f) if ε = u

1 if ε = t,
(7)

where ⇀(x) = 1 for x > 0 and 0 otherwise. For a fixed realization of the random GLV equations, the number of fixed

points N
(ε)
S (φ) admits the following integral representation:

N
(ε)
S (φ) =

∑

I:|I|=Sϱ

∫

RS↘RS

d ςNdςf $(ε)
I ( ςN, ςf)

∣∣∣∣∣det

(
↼Fi

↼Nj

)

ij↑I

∣∣∣∣∣ ϖ
(

ςF ( ςN) → ςf
)

. (8)

The last term in the integral enforces that the vector of e”ective growth rates takes values ςf . For any possible choice

of the index set I compatible with the diversity φ, $(ε)
I ( ςN, ςf) enforces that the configuration ςN is an equilibrium,

and that it is uninvadable when ε = u. The term containing the determinant is a Jacobian factor accounting for
the multiplicity of possible solutions of the fixed point constraint. Notice that the only di”erence between the total
number of equilibria and the number of uninvadable ones is in the factors ⇀(→fi), that is absent for ε = t.

The replica trick requires to compute higher moments of the random variable (8). From (8) we get:

[
N

(ε)
S (φ)

]n
=

∑

(I1,··· ,In)
|Ia|=Sϱ

∫

RSn↘RSn

S∏

i=1

n∏

a=1

dNa
i dfa

i

n∏

b=1

$(ε)
Ib

( ςN b, ςf b)

∣∣∣∣∣∣
det

(
↼F b

i

↼N b
j

)

ij↑Ib

∣∣∣∣∣∣
ϖ
(

ςF b → ςf b
)

, (9)

where we set Ia ⇒ I( ςNa) and ςF a ⇒ F ( ςNa). The replicated Kac-Rice formula is obtained averaging (9) over the random
couplings εij . Denoting with N = ( ςN1, ..., ςNn) the concatenation of the configurations and with F(N) = (ςF 1, . . . , ςFn)
the concatenation of e”ective growth rates, we can write:

W
(n)
N (f) :=


n∏

b=1

∣∣∣∣∣∣
det

(
↼F b

i

↼N b
j

)

ij↑Ib

∣∣∣∣∣∣
ϖ
(

ςF b → ςf b
)

= D
(n)
N (f) ⇑ P

(n)
N (f), (10)
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where

D
(n)
N (f) =


n∏

a=1

∣∣∣∣∣∣
det

(
ϖF a

i

ϖNa
j

)

i,j↑Ia

∣∣∣∣∣∣

∣∣∣F(N) = f


(11)

is the conditional expectation of the product of determinants given that F(N) = f , while P
(n)
N (f) = ≃ϖ (F(N) → f)⇐ is

the probability that F(N) = f . We then recognize that

[
N

(ε)
S (φ)

]n
=

∫

RSn

n∏

a=1

d ςNa ↽(ε)S,n

(
ςNa

n

a=1
; φ

)
, ↽(ε)S,n =

∑

(I1,··· ,In)
|Ia|=Sϱ

∫

RSn

n∏

a=1

dςfa $(ε)
Ia

( ςNa, ςfa)W(n)
N (f), (12)

as reported in the main text and in the End Matter. Eq. (12) is the replicated Kac-Rice formula. Let’s stress that
the general n case is relevant for the quenched computation, while n = 1 gives us the annealed complexity.

To proceed, we need to determine (12) to leading exponential order in S in order to perform a saddle point

calculation. In W
(n)
N (f), the objects containing the randomness are the e”ective growth rates ςF a: these are vectors

with Gaussian statistics, owning to the Gaussianity of the couplings εij ; moreover, the statistics of the vectors
components is isotropic: their first and second moments depend on the components Na

i only through rotationally

invariant combinations, that are, scalar products. In other words, W(n)
N (f) depends on the ςNa and ςfa only through

the functions:

q( ςNa, ςN b) =
ςNa · ςN b

S
, ξ(ςfa, ςf b) =

ςfa · ςf b

S
, z( ςNa, ςf b) =

ςNa · ςf b

S
, m( ςNa) =

ςNa ·ς1
S

, p(ςfa) =
ςfa ·ς1
N

(13)

for all a ↘ b = 1, · · · , b. In here, we denoted ς1 = (1, 1, · · · , 1)T . We can therefore conveniently perform a change
of variable and rewrite the integration over the (Sn)2 parameters Na

i , fa
i as an integration over the variables (13).

Denoting with qab the value taken by the function q( ςNa, ςN b) and similarly for the others, and defining with x =

{qab, ξab, zab, ma, pa} the collection of such values for all a ↘ b and with x̂ =


q̂ab, ξ̂ab, ẑab, m̂a, p̂a


a set of auxiliary

variables, we obtain the integral representation

[
N

(ε)
S (φ)

]n
=

∫
dxdx̂

(2π)2n2+3n
eSgn(x,x̂,ϱ)V(ε)

n (x̂)Dn(x, φ)Pn(x) (14)

where Dn and Pn denote the terms D
(n)
N and P

(n)
N now expressed as a function of the variables x, and

gn(x, x̂, φ) =
n∑

a=1

(
m̂ama + p̂apa + φ̂aφ

)
+

n∑

a≃b=1

(
q̂abqab + ξ̂abξab

)
+
∑

a ⇐=b

ẑabzab. (15)

The ‘volume term’ V(ε)
n (x, x̂) contains the integration over the variables Na

i , fa
i and it reads explicitly:

V(ε)
n (x̂) = S4n(n+1)+n

∑

ς1
i =0,1

· · ·
∑

ςn
i =0,1

∫ n∏

a=1

d ςNa dςfa e↓m̂a
ωNa·ω1↓p̂a

ωfa·ω1↓ϱ̂a ωςa·ωςa

⇑

⇑
n∏

a,b=1
a ⇐=b

e↓ẑab
ωNa·ωfb

n∏

a≃b=1

e↓q̂ab
ωNa· ωNb↓φ̂ab

ωfa·ωfb
n∏

a=1




∏

i:ςa
i =1

⇀(Na
i )ϖ(fa

i )
∏

i:ςa
i =0

ϖ(Na
i )⇁(ε)(fa

i )



 ,

(16)

where we have introduced the S-dimensional vectors ς▷a that have components ▷a
i = 1 if i ↗ Ia (meaning, if the species

labeled by i is present in the given configuration), and ▷a
i = 0 otherwise. These expressions are obtained enforcing

that the functions (13) take values x through delta functions, which are then expressed as ϖ(x) = 1
2↼


dx̂ eixx̂ with

the help of the conjugate parameters x̂. The constraint ς▷a · ς▷a = Sφ is enforced by the conjugate parameter φ̂a. The
introduction of the order parameters x allows for a drastic reduction in dimensionality, as is standard in statistical
physics calculations for high-dimensional fully connected systems.
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B. The replica symmetric assumption

We proceed making a replica symmetric (RS) assumption, that corresponds to:

qab = ϖabq1 + (1 → ϖab)q0, q̂ab = ϖabq̂1 + (1 → ϖab)q̂0 (17)

ξab = ϖabξ1 + (1 → ϖab)ξ0, ξ̂ab = ϖabξ̂1 + (1 → ϖab)ξ̂0 (18)

zab = (1 → ϖab)z, ẑab = (1 → ϖab)ẑ (19)

ma = m, m̂a = m̂ (20)

pa = p, p̂a = p̂, (21)

where zab = 0 for a = b because of the equilibrium condition. For a discussion on the relevance of this assumption,
see [5]. We now give, under this assumption, the value of each of the terms appearing in 14, to leading exponential
order in S. We remark that the derivation of the asymptotics of the terms Pn(x) and Dn(x, φ) is discussed in Ref. [5],
and we refer the reader to that reference for further details. As in that work, we find:

pn(x) := lim
S↔↗

logPn(x)

S
= → 1

2ϑ2(1 + ϱ)

n Un(x)

(q1 → q0)2 [q1 + (n → 1)q0]
2 → n

2
log


2πϑ2


→ n → 1

2
log(q1 → q0)

→ 1

2
log [q1 + (n → 1)q0]

(22)

with

Un(x) = (ω → µm)2(q1 → q0)
2

(1 + ϱ) [q1 + (n → 1)q0] → ϱnm2


+ (1 + ϱ)ξ1(q1 → q0) [q1 + (n → 2)q0] [q1 + (n → 1)q0]

→ 2(ω → µm)(q1 → q0)
2 {m [q1 + (n → 1)(q0 → ϱz)] + (1 + ϱ)p [q1 + (n → 1)q0]} → ϱ(n → 1)z2


q21 + (n → 1)q20



+ (q1 → q0)
2 [q1 + (n → 1)q0]

2 → (n → 1)(1 + ϱ)ξ0q0(q1 → q0) [q1 + (n → 1)q0]

→ 2(n → 1)q0z(q1 → q0) [q1 + (n → 1)q0] .
(23)

Similarly, to leading order in S:

n d(φ) := lim
S↔↗

Dn(x, φ)

S
= n






1

4ϱϑ2

(
1 →

√
1 → 4ϱϑ2φ

)
+ φ log

(
1 +

√
1 → 4ϱϑ2φ

)
→ φ

(
1

2
+ log 2

)
aϑ,ϖ(φ) < 1

1

2ϑ2

1

1 + ϱ
→ φ

2
+

φ

2
log


ϑ2φ


aϑ,ϖ(φ) > 1

(24)

with aϑ,ϖ(φ) = ϑ
↑

φ(1 + ϱ). The asymptotics of the volume term V
(ε)
n (x̂) is obtained in [5] for the case ε = u. A

generalization of that calculation, whose details can be found in Sec. V A of this Supplemental Material, gives:

J(ε)
n (x̂) := lim

S↔↗

logV(ε)
n (x̂)

S
= log

[∫
du1 du2 Gx̂(u1, u2)

(
e↓ϱ̂g(u)(m̂ → u1; 2q̂1 → q̂0) + g(ε)(u2 → p̂; 2ξ̂1 → ξ̂0)

)n
]

(25)
where

Gx̂(u1, u2) =
1

2π
√

q̂0ξ̂0 → ẑ2
exp

(
ξ̂0u2

1 + q̂0u2
2 → 2ẑu1u2

2(q̂0ξ̂0 → ẑ2)

)
,

g(ε)(x, y) =

√
π

2y
e

x2

2y

(
2ϖε,t + ϖε,uErfc

(
x↑
2y

))
.

(26)

This expression is obtained assuming that the matrix in the quadratic form at the exponent of the Gaussian kernel is
positive definite, that is, assuming that q̂0ξ̂0 → ẑ2 > 0. When q̂0ξ̂0 → ẑ2 ↓ 0, the asymptotics of the volume reduces to:

J(ε)
n (x̂)

q̂0φ̂0↓ẑ2↔0→↓ log

[∫
du e↓

u2

2

(
e↓ϱ̂g(u)(m̂ → u

√
→q̂0; 2q̂1 → q̂0) + g(ε)(u

√
→ξ̂0 → p̂; 2ξ̂1 → ξ̂0)

)n]
, (27)

as we show in Sec. V A. Combining everything, within the Replica Symmetric assumption we get
[

N
(ε)
S (φ)

]n
=

∫
dxdx̂eSA(ω)

n (x,x̂,ϱ)+o(S),

A(ε)
n (x, x̂, φ) = pn(x) + n d(φ)+n

(
q̂1q1 + ξ̂1ξ1 + m̂m + p̂p + φ̂φ

)
+

n(n → 1)

2

(
q̂0q0 + ξ̂0ξ0 + 2ẑz

)
+ J(ε)

n (x̂).

(28)
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C. The replica trick and the saddle point

The complexities #(ε)
ϑ,ϖ , #(ε,A)

ϑ,ϖ are obtained via a saddle point argument. We distinguish between the quenched and
annealed calculation.

Quenched Case. For the quenched case, we need to analytically continue A
(ε)
n to take the limit n ↓ 0. Expanding

to linear order in n we find A
(ε)
n = nĀ(ε)(x, x̂, φ) + O(n2) with

Ā(ε)(x, x̂, φ) = p̄(x) + d(φ) + q̂1q1 + ξ̂1ξ1 + m̂m + p̂p + φ̂φ → 1

2

(
q̂0q0 + ξ̂0ξ0

)
→ ẑz + J̄(ε)(x̂), (29)

where

p̄(x) =
(ω → µm) m(q1 → q0 + zϱ)

ϑ2(1 + ϱ)(q1 → q0)2
+

(ω → µm) p

ϑ2(q1 → q0)
→ ϱ

2ϑ2(1 + ϱ)

z2(q1 + q0)

(q1 → q0)3

→ ξ1
2ϑ2(q1 → q0)

→ q0(ξ0 → ξ1)

2ϑ2(q1 → q0)2
→ 1

2ϑ2(1 + ϱ)

[
1 +

2q0z

(q1 → q0)2

]

→ 1

2ϑ2

(ω → µm)2

q1 → q0
→

log

2πϑ2(q1 → q0)



2
→ q0

2[q1 → q0]
,

(30)

and

J̄(ε)(x̂) =

∫
du1 du2 Gx̂(u1, u2) log

[
e↓ϱ̂g(m̂ → u1; 2q̂1 → q̂0) + h(ε)(u2 → p̂; 2ξ̂1 → ξ̂0)

]
. (31)

The saddle point equations for the quenched case read

↼Ā(ε)(x, x̂, φ)

↼x

∣∣∣∣∣
x→,x̂→

= 0,
↼Ā(ε)(x, x̂, φ)

↼x̂

∣∣∣∣∣
x→,x̂→

= 0 (32)

and we get directly the quenched complexity #(ε)
ϑ,ϖ(φ) = Ā(ε)(x→, x̂→, φ). For ease of notation, we are not indicating

explicitly the dependence of the saddle point solutions x, x̂ on the choice of ε.

Annealed Case. By choosing n = 1, we obtain instead:

A
(ε)
1 (x, x̂, φ) = p1(x) + d(φ) + q̂1q1 + ξ̂1ξ1 + m̂m + p̂p + φ̂φ + J

(ε)
1 (x̂), (33)

with

p1(x) = → 1

2ϑ2q21

[
(ω → µm)2

(
q1 → ϱm2

1 + ϱ

)
→ 2(ω → µm)q1

(
p +

m

1 + ϱ

)
+ ξ1q1

]
→ 1

2
log


2πϑ2q1


→ 1

2ϑ2(1 + ϱ)
,

(34)
and (see Sec. V A of this Supplementary for further details):

J
(ε)
1 (x̂) = log



e↓ϱ̂

2

√
π

q̂1
e

m̂2

4q̂1 Erfc

(
m̂

2
↑

q̂1

)
+

1

2

√
π

ξ̂1
e

p̂2

4ε̂1



2ϖε,t + ϖε,u Erfc



→ p̂

2
√

ξ̂1











 . (35)

As expected we obtain a functional that does not depend on q0, q̂0, ξ0, ξ̂0, z, ẑ which exist only when more than one
replica are present. The saddle point equations for the annealed complexity read

↼A(ε)
1 (x, x̂, φ)

↼x

∣∣∣∣∣
x→,x̂→

= 0,
↼A(ε)

1 (x, x̂, φ)

↼x̂

∣∣∣∣∣
x→,x̂→

= 0, (36)

and the annealed complexity is obtained as #(ε,A)
ϑ,ϖ (φ) = A

(ε)
1 (x→, x̂→, φ). Again, for ease of notation we are not

indicating explicitly the dependence of the saddle point solutions x, x̂ on the choice of ε.
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III. SELF-CONSISTENT EQUATIONS AND THEIR NUMERICAL SOLUTION

The saddle point equations obtained from (32) and (36) correspond to a set of coupled equations for the conjugate
parameters x̂ and the order parameters x. In particular, by di”erentiating (29) or (33) with respect to the order
parameters x we get a representation of the conjugate parameters x̂ as a function of x, and conversely we get a
representation of x by di”erentiating with respect to x̂. Therefore, plugging the second set of equations back into
the first set of equations, one gets a set of self-consistent relations for the parameters x̂. Once the solutions to these
self-consistent equations is found, the value of the order parameters x can be obtained straightforwardly using the
parametrization given by the second set of equations.
We report the self-consistent equations written in the simplest form, that is also convenient for their numerical
solution, in Sec. III A for the quenched calculation and in Sec. III B for the annealed one. In Sec. III C we discuss
the mapping of the quenched set of equations in to the annealed one, achieved at a critical value of parameters.
The equations presented here follow from several manipulations of the original equations that are obtained from the
variational problems (32) and (36). For the sake of completeness, we provide the original equations and discuss their
manipulations in Sec. V B.

A. Quenched self-consistent equations and the procedure to solve them

The self-consistent equations for the conjugate parameters are more conveniently expressed in terms of the rescaled
variables:

x1 =
m̂↑

2q̂1 → q̂0
, x2 =

p̂√
2ξ̂1 → ξ̂0

, y =

√
2ξ̂1 → ξ̂0, r =

√
2q̂1 → q̂0

2ξ̂1 → ξ̂0
, ◁1 =

q̂0
y2

, ◁2 =
ξ̂0
y2

, ◁3 =
ẑ

y2
. (37)

We define the function

K(x) = ex
2/2Erfc

(
x↑
2

)
, (38)

and the Gaussian kernel:

Gx̂(u1, u2) =
r

2π
√

◁1◁2 → ◁2
3

exp

(
→→u2

1◁2r2 + 2◁3ru1u2 → u2
2◁1

2(◁1◁2 → ◁2
3)

)
. (39)

From the second set of equations obtained from (32), one sees that the order parameters, properly rescaled by factors
of y, admit the following integral representations in terms of the quantities (37) and of φ̂:

my =

∫
du1 du2 Gx̂(u1, u2)

1

r

√
2
↼ → (x1 → u1)K(x1 → u1)

K(x1 → u1) + eϱ̂r[ϖε,t2e
(u2↑x2)2

2 + ϖε,uK(u2 → x2)]
(40)

py =

∫
du1 du2 Gx̂(u1, u2) reϱ̂

→ϖε,u
√

2
↼ → (x2 → u2)[ϖε,t2e

(u2↑x2)2

2 + ϖε,uK(u2 → x2)]

K(x1 → u1) + eϱ̂r[ϖε,t2e
(u2↑x2)2

2 + ϖε,uK(u2 → x2)]
(41)

q1y
2 =

∫
du1 du2 Gx̂(u1, u2)

1

r2

→
√

2
↼ (x1 → u1) +


1 + (x1 → u1)2


K(x1 → u1)

K(x1 → u1) + eϱ̂r[ϖε,t2e
(u2↑x2)2

2 + ϖε,uK(u2 → x2)]
(42)

ξ1y
2 =

∫
du1 du2 Gx̂(u1, u2)re

ϱ̂
ϖε,u

√
2
↼ (x2 → u2) + (1 + (x2 → u2)2)[ϖε,t2e

(u2↑x2)2

2 + ϖε,uK(u2 → x2)]

K(x1 → u1) + eϱ̂r[ϖε,t2e
(u2↑x2)2

2 + ϖε,uK(u2 → x2)]
(43)

q0y
2 =

∫
du1 du2 Gx̂(u1, u2)

1

r2





√
2
↼ → (x1 → u1)K(x1 → u1)

K(x1 → u1) + eϱ̂r[ϖε,t2e
(u2↑x2)2

2 + ϖε,uK(u2 → x2)]





2

(44)

ξ0y
2 =

∫
du1 du2 Gx̂(u1, u2)r

2e2ϱ̂




→ϖε,u

√
2
↼ → (x2 → u2)[ϖε,t2e

(u2↑x2)2

2 + ϖε,uK(u2 → x2)]

K(x1 → u1) + eϱ̂r[ϖε,t2e
(u2↑x2)2

2 + ϖε,uK(u2 → x2)]





2

(45)
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zy2 =

∫
du1 du2 Gx̂(u1, u2)e

ϱ̂

[√
2
↼ → (x1 → u1)K(x1 → u1)

] [
→ϖε,u

√
2
↼ → (x2 → u2)[ϖε,t2e

(u2↑x2)2

2 + ϖε,uK(u2 → x2)]

]

[
K(x1 → u1) + eϱ̂r[ϖε,t2e

(u2↑x2)2

2 + ϖε,uK(u2 → x2)]
]2

(46)

φ =

∫
du1 du2 Gx̂(u1, u2)

K(x1 → u1)

K(x1 → u1) + eϱ̂r[ϖε,t2e
(u2↑x2)2

2 + ϖε,uK(u2 → x2)]
, (47)

where we remark that the integrands depend on the choice of ε, i.e., on whether we are considering the total or
uninvadable complexity. These integral representations express how the order parameters x can be obtained in terms
of the conjugate parameters x̂; we see that the right hand sides depend on all the rescaled conjugate parameters
except y.

Manipulating the first set of equations obtained from (32), one finds the following six self-consistent relations
coupling the parameters x1, x2, ◁1, ◁2, ◁3 and r:

ϑ2[q0y
2] = →◁2 (48)

ϑ2[q1y
2] = 1 → ◁2 (49)

ϑ2 [py] =
1 + ϱ

ϱ

r2x2
1(1 → 2◁2)

x3
2

+
rx1(◁2 → 1 + ◁3 + ◁3ϱ)

x2
2ϱ

→ ϑ2x2, (50)

ϑ2 [my] =
1 + ϱ

ϱ

◁2

x2

(
2rx1

x2
→ 1

1 + ϱ

)
→ 1 + ϱ

ϱ

rx1

x2
2

+
1 + ϱ

ϱ

1

x2

(
1

1 + ϱ
→ ◁3

)
(51)

ϑ2 [ξ0y
2] = →1 + ϱ

ϱ

2r2x2
1(1 + ◁2)

x2
2

+
2rx1(1 + ◁2 + ◁3 + ◁3ϱ)

x2ϱ
→ ◁1 + 2r2◁2 → 2◁3

ϱ
+ x2

2ϑ
2 → ◁2ϑ

2, (52)

ϑ2 [ξ1y
2] = ◁2(2r2 → ϑ2) + ϑ2 → r2 → ◁1 + ϑ2x2

2 → 1 + ϱ

ϱ

(
2r2x2

1◁2

x2
2

→ 2rx1◁3

x2

)
+

2rx1◁2

x2ϱ
→ 2◁3

ϱ
, (53)

where the notation [·] indicates that the quantity in brackets is expressed as the corresponding integral representa-
tion (40)-(46). These equations are here written in a form that assumes ϱ ⇓= 0 (for the case ϱ = 0, see [5]) and
y > 0. Their derivation is explained in detailed in Sec. V B. These six self-consistent equations do not depend on the
parameter y, and can be solved for each value of the parameter φ̂. Once these equations are solved, the parameter y
can be obtained using the identity:

ωy = →x2 + µ[my]. (54)

Therefore, the only conjugate parameters that depends explicitly on the constants ω and µ is y. Once the conjugate
parameters are determined (for fixed φ̂), the order parameters can be obtained using Eqs. (40)-(46). Finally, one
can use Eq. (47) to determine the value of φ corresponding to the considered φ̂: following this procedure, one finally
obtains the typical values of the order parameters as a function of φ. The quenched complexity admits the following
representation in terms of the conjugate parameters, as we also derive in Sec. V D:

#(ε)
ϑ,ϖ(φ) =

1

2

(
1 → r2[q0y

2] → [ξ1y
2] → 1

ϑ2(ϱ + 1)

)
→ ϑ2 ϱ

2(ϱ + 1)
[zy2]2 + d(φ) + φ̂(φ → 1) → log(2r)

+

∫
du1 du2 Gx̂(u1, u2) log

(
K(x1 → u1) + eϱ̂r[ϖε,t2e

(u2↑x2)2

2 + ϖε,uK(u2 → x2)]

)
.

(55)

B. Annealed self-consistent equations and the procedure to solve them

In the annealed calculation, the self-consistent equations for the conjugate parameters can be also expressed in
terms of some rescaled variables, in this case given by:

x1 =
m̂↑
2q̂1

, x2 =
p̂√
2ξ̂1

, y =

√
2ξ̂1, r =

√
q̂1

ξ̂1
. (56)
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Notice that these variables do not coincide with the quenched ones, and we indicate this exploiting a di”erent font.
Similarly to the quenched case, the second set of equations obtained from (36) give a parametrization of the order
parameters in terms of the rescaled conjugate ones, that in the annealed case reads:

my =
1

r

√
2
↼ → x1K(x1)

K(x1) + eϱ̂r[ϖε,t2e
x22
2 + ϖε,uK(→x2)]

(57)

py = →reϱ̂
ϖε,u

√
2
↼ + x2[ϖε,t2e

x22
2 + ϖε,uK(→x2)]

K(x1) + eϱ̂r[ϖε,t2e
x22
2 + ϖε,uK(→x2)]

(58)

q1y
2 =

1

r2

→
√

2
↼x1 + (1 + x21)K(x1)

K(x1) + eϱ̂r[ϖε,t2e
x22
2 + ϖε,uK(→x2)]

(59)

ξ1y
2 = eϱ̂r

ϖε,ux2
√

2
↼ + (1 + x22)[ϖε,t2e

x22
2 + ϖε,uK(→x2)]

K(x1) + eϱ̂r[ϖε,t2e
x22
2 + ϖε,uK(→x2)]

(60)

φ =
K(x1)

K(x1) + eϱ̂r[ϖε,t2e
x22
2 + ϖε,uK(→x2)]

. (61)

The right hand sides again depend on all the rescaled conjugate parameters except y. Manipulating the remaining
saddle point equations, for ϱ ⇓= 0 one finds the following three self-consistent equations coupling x1, x2 and r:

ϑ2[q1y
2] = 1 (62)

ϑ2[my2] =
1

ϱx2
→ 1 + ϱ

ϱ

rx1
x22

(63)

ϑ2[ξ1y
2] = ϑ2 → r2 + ϑ2x22. (64)

where the notation [·] now indicates that the quantity in brackets is expressed as the corresponding representation

(57)-(60). One can check that the additional relation ϑ2[py] = → x1r
ϖx22

→ϑ2x2 + 1+ϖ
ϖ

x21r
2

x32
holds true. As for the quenched

case, the equation in this form are derived under the assumption that ϱ ⇓= 0 (for ϱ = 0 see [5]) y > 0. They can
be solved for fixed value of φ̂, and the remaining parameter y is obtained from the resulting solutions through the
identity

x2 = →ωy + µ[my]. (65)

Exactly as in the quenched calculation, y is the only conjugate parameters that depends on ω, µ. Once the conjugate
parameters are solved for at fixed φ̂, the order parameters are retrieved from equations (57)-(60), and the corresponding
value of diversity φ from (61). Finally, the annealed complexity can be expressed as a function of the rescaled conjugate
parameters as:

#(ε,A)
ϑ,ϖ (φ) =

1

2

(
1 → [ξ1y

2] → ϱ

ϱ + 1
ϑ2[my2]x22 → 1

ϑ2(1 + ϱ)

)
+ φ̂(φ → 1) + d(φ) → log(2r)

+ log

(
K(x1) + eϱ̂r[ϖε,t2e

x22
2 + ϖε,uK(→x2)]

)
.

(66)

For an account on the the derivation of these formulas, we refer the reader to Sec. V D.

C. The quenched-annealed matching point

The quenched saddle point equations reported in Sec. III A are derived under the assumption that ◁1◁2 → ◁2
3 > 0.

Solving them numerically, we remark that when φ approaches (from above) a critical value φMatch(ϱ, ϑ), parametrized
in terms of the conjugate parameter φ̂Match(ϱ, ϑ), this bounds saturates and the argument of the Gaussian kernel
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FIG. 1: All quantities in is plot are with respect to total complexity. Left. Relative di”erence between annealed and
quenched total complexities for di”erent ϱ and φ at ϑ = 5, showing convergence for small φ. Right. Convergence of

◁1◁2 → ◁2
3 to zero as φ ↓ φ+

Match(ϱ, ϑ), indicating divergence of the Gaussian determinant.

Gx̂ diverges. This happens for both the uninvadable and total complexities. Mathematically, the solutions of the six
equations (48)-(53) satisfy:

!(◁1, ◁2, ◁3) := ◁1◁2 → ◁2
3 →→→→→→↓

ϱ̂↔ϱ̂↑
Match

0. (67)

Fig. 1 (right) shows the behavior of !(◁1, ◁2, ◁3) for ϑ = 5 and various ϱ, for the case ε = u. The limit (67) is attained
while ◁1, ◁2 and ◁3 remain di”erent from zero, and it corresponds to the boundary of stability of the quenched saddle
point equations of Sec. III A. We now discuss how to treat the equations for φ̂ ⇔ φ̂Match, corresponding to φ ↘ φMatch.

The matching point: convergence to the annealed and cavity methods

When the limit (67) is attained, the integral representations Eqs. (40)-(47) take a simplified form, that is consistent
with the limiting value of the volume term given in (27). In particular, setting

gx̂(u) :=
re↓

1
2

r2u2

↑ϑ1

√
2π(→◁1)

, 0(r, ◁1, ◁2) := r

√
◁2

◁1
, (68)

one has:

my ↓
∫

du gx̂(u)
1

r

√
2
↼ → (x1 → u)K(x1 → u)

K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]

(69)

py ↓
∫

du gx̂(u) reϱ̂
→ϖε,u

√
2
↼ + (0u → x2) [ϖε,t2e

1
2 (↽u↓x2)

2

+ ϖε,uK (0u → x2)]

K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]

(70)

q1y
2 ↓

∫
du gx̂(u)

1

r2

→
√

2
↼ (x1 → u) +


1 + (x1 → u)2


K(x1 → u)

K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (r0u → x2)]

(71)

ξ1y
2 ↓

∫
du gx̂(u) reϱ̂

→ϖε,u
√

2
↼ (0u → x2) + [1 + (0u → x2)

2][ϖε,t2e
1
2 (↽u↓x2)

2

+ ϖε,uK (0u → x2)]

K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]

(72)

q0y
2 ↓

∫
du gx̂(u)

1

r2





√
2
↼ → (x1 → u)K(x1 → u)

K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]





2

(73)
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ξ0y
2 ↓

∫
du gx̂(u) r2e2ϱ̂




→ϖε,u

√
2
↼ + (0u → x2)[ϖε,t2e

1
2 (↽u↓x2)

2

+ ϖε,uK (0u → x2)]

K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]





2

(74)

zy2 ↓
∫

du gx̂(u) reϱ̂

[√
2
↼ → (x1 → u)K(x1 → u)

] [
→ϖε,u

√
2
↼ + (0ux2)[ϖε,t2e

1
2 (↽u↓x2)

2

+ ϖε,uK (0u → x2)]
]

[
K(x1 → u) + eϱ̂r[ϖε,t2e

1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]

]2 (75)

φ ↓
∫

du gx̂(u)
K(x1 → u)

K(x1 → u) + eϱ̂r[K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]

. (76)

We now argue that in this limit, the quenched calculation maps into the annealed one, as shown in [5] for the special
case ε = u and ϱ = 0. Moreover, when ε = u this matching point is described by the cavity equations [3, 9, 10].

Complexity of uninvadable equilibria (ε = u). In this case, numerically, one finds that when (67) is attained, the
remaining order parameters satisfy also the following limiting conditions:

ϖ(x1, x2) := x1 → x2 →→→→→→↓
ϱ̂↔ϱ̂Match

0, 0(r, ◁1, ◁2) = r

√
◁2

◁1
→→→→→→↓
ϱ̂↔ϱ̂Match

1 a(r, φ̂) := reϱ̂ →→→→→→↓
ϱ̂↔ϱ̂Match

1. (77)

When these limiting values are attained, the integral representations (69)-(76) map into the representation (57)-(61)
obtained within the annealed calculation, provided that one identifies:

y =
y↑

1 → ◁2
, x2 =

x2↑
1 → ◁2

, x1 =
x1↑

1 → ◁2
, r = r (78)

and exploits the fact that x1 = x2 and reϱ̂ = 1. Moreover, the equations (49), (51) and (53) map into (62)-(64).
Therefore, similarly to the ϱ = 0 case [5], also for general ϱ when (67) is attained, the quenched calculation of the
complexity of uninvadable equilibria maps into the annealed one. Notice that solving the quenched self-consistent
equations becomes numerically di%cult when φ̂ approaches φ̂Match(ϱ, ϑ) and ! gets small, due to the divergence of
the Gaussian kernel; therefore, to check that (77) are satisfied at φ̂Match, for the values of φ̂ fo which ! ↘ 10↓4 we
solve the approximate set of equations obtained placing the representations (69)-(76) into (48)-(53). We denote with
xapp
1 , xapp

2 , ◁app
1 , ◁app

2 , ◁app
3 , rapp the solutions of this approximate set of equations. These solutions are exact, i.e.,

they coincide with the solutions of (48)-(53) without approximations only for the value of φ̂ for which (67) is satisfied:
this allows to identify φ̂Match and to show that (77) are indeed satisfied, as Fig. 2 illustrates.

We now show that the typical properties (i.e., the values of m and q1) of the equilibria having diversity φ = φMatch

are described by the cavity method [4]. The core idea of the method is to study the e”ect of adding one extra
species to an interacting ecosystem, and to link the properties of the enlarged (S+1)-species ecosystem to those of
the original S-species ecosystem. By construction, this method assumes the existence of a single equilibrium, that is
internaly stable with respect to perturbations (such as the addition of one species), and determined the properties
of this single equilibrium (its diversity φ, mean abundance m, and self-overlap q1) by imposing self-consistency. As
a consequence, in principle the cavity method allows one to properly describe only the Unique Fixed Point phase, in
which one single uninvadable and internaly stable equilibrium is present. However, as we now show, the cavity method
yields meaningful information also within the Multiple Equilibria phase: it describes the properties of a particular
family of equilibria, those having diversity φMatch. When applied to the GLV equations, the cavity method gives and
emergent e”ective variable (ω → µm)/

√
ϑ2q1 [9], which we recognize to coincide (up to a sign) with the parameter x2

in our annealed formalism; manipulating the standard equations obtained within the cavity method, one can derive
a self-consistent equation for this parameter, which reads:

ϑ2[w2(→x2) + ϱw0(→x2)]
2 = w2(→x2), wn(x) =

∫ x

↓↗
ds

e↓
s2

2

↑
2π

(x → s)n. (79)

From the solution xcav2 to this equation, one can show that the self-similarity qcav1 , average abundance mcav and
diversity φcav are obtained as (see for instance [11]):

φcav = w0(→xcav2 ), qcav1 =
ω2 w2(→xcav2 )

{µw1(→xcav2 ) → xcav2 ϑ2[w2(→xcav2 ) + ϱw0(→xcav2 )]}2
, mcav =

ω + xcav2 ϑ
√

qcav1

µ
.

(80)
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FIG. 2: Behavior of 0app = rapp
√

◁app
2 /◁app

1 (left) and xapp
1 , xapp

2 (right) as a function of φ̂, for ϑ = 4.3, ϱ = 1/2 and
ε = u. Here xapp

1 , xapp
2 , rapp, ◁app

1 , ◁app
2 solve the approximate equations obtained plugging (69)-(76) into (48)-(53),

and coincide with the solutions of the exact equations only at φ̂ = φ̂Match = 1.079, where
!app = ◁app

1 ◁app
2 → (◁app

3 )2 = 0 (inset). At this point, 0app = 1 and xapp
1 = xapp

2 .

The considerations above imply that at φ = φMatch, the solutions to the annealed saddle point equations satisfy

x1 = x2 and reϱ̂ = 1. Plugging this into (60) and using the explicit expressions of the functions 1n(x), we see that at
this point ϑ2[ξ1y2] = ϑ2(1 + x22) → ϑ212(→x2), that combined with (64) leads to r2 = ϑ212(→x2). On the other hand,

(63) with x1 = x2 and reϱ̂ = 1 implies that

r = ϱ

[
ϑ2

2
e↓

x22
2

(√
2

π
x2 → x22K(x2)

)
+ r2

]
+ r2 = ϱ

[
ϑ2

2
e↓

x22
2

(√
2

π
x2 → x22K(x2)

)
+ ϑ212(→x2)

]
+ r2

=
ϱϑ2

2
Erfc

(
→ x2↑

2

)
+ r2 = ϱϑ210(→x2) + r2, r2 = ϑ212(→x2).

(81)

The square of this equation is equivalent to (79). The identities of the order parameters follow immediately.

Total complexity of equilibria (ε = t). Also in this case, when (67) is attained the quenched saddle point equations
map into the annealed ones, with the identification

y =
y↑

1 → ◁2
, x2 =

x2↑
1 → ◁2

, x1 =
x1√

1 +
(

x2
1

x2
2

→ 2
)

◁2

, r = r

√√√√1 +
(

x2
1

x2
2

→ 2
)

◁2

1 → ◁2
. (82)

In particular, by comparing the quenched and annealed sets of self-consistent equations one can show that when
(82) hold, the values of the order parameters m, p, q1, ξ1 obtained solving the quenched equations coincide with those
obtained solving the annealed equations. In Fig. 3, we show a numerical check that (82) hold at the value of φ̂ for which
!(◁1, ◁2, ◁3) = 0. To perform this check, we compute the right-hand-sides of Eq. 82 by solving the approximate set of
equations obtained placing the representations (69)-(76) into (48)-(53), and subtract the values obtained within the
annealed calculation. Once more, the solutions xapp

1 , xapp
2 , ◁app

1 , ◁app
2 , ◁app

3 , rapp of this approximate set of equations
coincide with the solutions of (48)-(53) without approximations at the value of φ̂ for which (67) is satisfied. We find
that the second of the limits in (77) is again satisfied, while the other two limits are not attained. In particular, at
φ̂Match it does not hold x1 = x2, as we show in Fig. 3 (Bottom right). This is consistent with the asymmetry between
the variables associated to the abundances and those associated to the e”ective growth rates when ε = t. Notice that
by construction the cavity method allows to characterize only uninvadable equilibria, and thus no comparison can be
made between the total complexity (that is contributed by invadable equilibria) and the cavity equations.

Beyond the matching point

At φ̂Match(ϱ, ϑ), the quenched complexity coincides with the annealed one. Beyond that point, i.e., for φ̂ ⇔
φ̂Match(ϱ, ϑ), the quenched complexity can either depart from the annealed one, or coincide with it. Discriminating
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FIG. 3: Plots referring to the total complexity ε = t, ϑ = 2 and ϱ = 1/2. (Top) Di”erence between the
right-hand-sides of Eqs. 82 evaluated at xapp

1 , xapp
2 and ◁app

2 , and the corresponding parameters r, x1 obtained
solving the annealed equations. The di”erence vanishes at the estimated φ̂Match. (Bottom left) Convergence to zero
of !app = ◁app

1 ◁app
2 → (◁app

3 )2 as φ̂ ↓ φ̂Match. (Bottom right) Di”erence between the values of x1, x2 obtained within
the annealed calculation.

between these two situations numerically is challenging, since would require to solve the quenched equations for very
small values of !(◁1, ◁2, ◁2). To get insight we assume that for φ̂ ⇔ φ̂Match(ϱ, ϑ) the conjugate parameters are frozen
to the boundary value !(◁1, ◁2, ◁2) = 0. We determined a new set of saddle point equations in which ! = 0 is
enforced, i.e., ◁3 is not optimized over but set to ◁3 = →

↑
◁1◁2. This new set of equations is derived in Sec. V E. We

solve these equations for φ̂ ⇔ φ̂Match(ϱ, ϑ), and remark that the resulting complexity is numerically indistinguishable
from the annealed in the regime of parameters that we explore, see Fig. 1 (left). Therefore, for φ ↘ φMatch(ϱ, ϑ) we
make use of the annealed expression for the complexity to derive some of the results reported in the main text. In
particular, we remark that the transition between the robust and fragile phase occurs in this regime of parameters.

D. Details on the numerical solution of the self-consistent equations

We solved the self-consistent equations numerically using a fixed point (SLSQP) approach. For both the total
(ε = t) and uninvadable (ε = u) complexities, we search a solution at fixed ϱ, ϑ and φ̂, the latter fixing the value of
φ. We truncated the integrals to (u1, u2) ↗ [→20, 20]2 as the integrands decay rapidly because of the Gaussian weight
Gx̂. The integrals were calculated using a quadrature method with n = 5002 points. The results did not change when
we increased the number of points or the integration domain. For the initial guess of the fixed point algorithm, we
used the results from the uninvadable case in the beginning, then we implemented a step by step continuation method
on the grid of parameters (ϑ, ϱ, a), using the previous solution as an initial guess for the next computation.
As discussed above, when φ̂ ↖ φ̂↓

Match(ϱ, ϑ) we have the limit ◁1◁2 → ◁2
3 ↖ 0 so that the determinant of the Gaussian

measure Gx̂ diverges, making the quenched equations di%cult to solve. We therefore solve the modified saddle
point equations discussed in Sec. III C where we enforce ! = 0. In this case we compute the integrals sticking to
u ↗ [→10, 10]. The threshold chosen for the switch between the two sets of equations is ! = ◁1◁2 → ◁2

3 < 10↓4.
We checked that the results do not change when we vary this threshold. We also check that at φ = φMatch, the
complexities obtained solving the two di”erent sets of equations match perfectly (this is shown by the fact that all
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FIG. 4: (Left) Total complexities #(t)
ϑ,ϖ(φ) for ϑ = 2 and ϑ = 5. For φ < φmatch, annealed values are plotted. (Right)

Maximal complexity maxϱ #(ε)
ϑ,ϖ(φ) as a function of ϑ for ϱ ↗ {0, 1}

curves displayed thereafter are continuous).

IV. THE COMPLEXITY: ADDITIONAL RESULTS

Total complexity and the Unique Fixed Point phase. Plots of the total complexity #(t)
ϑ,ϖ(φ) for two di”erent

values of variability ϑ are given in Figure 4 (left). We make three observations: (i) increasing the reciprocity ϱ of the
interactions leads to a smaller number of equilibria, as shown by the fact that the complexity is a decreasing function
of ϱ at fixed φ, ϑ. (ii) The complexity is also a decreasing function of ϑ at fixed φ, ϱ. (iii) Decreasing ϑ also increases
the spread between the complexity at ϱ = 0 and ϱ = 1, especially around the value of diversity where the complexity
is maximal. These observations imply that the total complexity remains positive also in the Unique Fixed Point

(UFP) phase. This is completely at odds with the uninvadable case, Since #(u)
ϑ,ϖ(φ) ↓ 0 at ϑ = ϑc(ϱ) =

↑
2/(1 + ϱ).

These behaviors are summarized in Fig. 4 (right), which shows how maxϱ #(ε)
ϑ,ϖ(φ) behaves in ϑ, for ϱ ↗ {0, 1}. We

check that indeed, there exists multiple invadable, internally stable equilibria for ϑ < ϑc(ϱ) =
↑

2/(1 + ϱ). We also
verify numerically that the uninvadable complexity is negative in this regime. Surprisingly, in the UFP phase the
dynamics is not a”ected by these exponentially-numerous invadable equilibria, as it converges fast to the uninvadable
fixed point of the dynamical equations, that is indeed unique. A similar phenomenology is found in [12] for a di”erent
model. Thus in the UFP phase: (i) There exists a unique, internally stable and uninvadable equilibrium. (ii) There
exists exponentially-many other invadable equilibria, some internally stable and some internally unstable. (iii) The
dynamics ignores completely the invadable equilibria and converges directly to the unique uninvadable equilibrium.

Uninvadable equilibria, May stability and the fragile-to-robust ME transition. Let
[
φ(u)
min, φ

(u)
max

]
denote

the support of the quenched complexity, i.e., the range of diversity where the quenched complexity #(u)
ϑ,ϖ(φ) is positive.

A key observation is that while the total complexity remains positive, the uninvadable complexity becomes negative as

φ ↓ 0, since φ(u)
min > 0. Thus, whether φ(u)

min lies below or above the May threshold φMay = [ϑ2(1 + ϱ)2]↓1 depends on
the values of (ϱ, ϑ), giving rise to the phase boundary between the fragile and robust ME phases discussed in the main

text. Figure 5 (left, center) shows #(ε)
ϑ,ϖ(φMay) for ϑ = 5, as a function of ϱ: while the total complexity #(t)

ϑ,ϖ(φMay)
is always positive (implying that the rGLV equations always admit an exponentially-large number of invadable,

marginally stable equilibria), #(u)
ϑ,ϖ(φMay) vanishes at a critical value ϱFR. By continuity and by monotonicity in φ,

this implies that for ϱ < ϱFR there are no internally stable, uninvadable equilibria as S ↓ ↔, while for ϱ > ϱFR they
are exponentially numerous.

To determine ϱFR for a fixed ϑ, we compute #(u)
ϑ,ϖ(φMay) for various ϱ and do a polynomial fit of φMay ↙↓ #(u)

ϑ,ϖ(φMay)

to find the critical φMay,c such that #(u)
ϑ,ϖ(φMay) = 0, see Fig. 5 (right). We then set φMay,c = [ϑ2(1 + ϱ)2], which gives

us ϱFR. The line in the phase diagram in Fig. 1 in the main text is obtained by performing a hyperbolic fit to find
ϱFR ↖ 0.318/ϑ + 0.549. We remark that in Fig. 5 (right) the complexity at φMay increases again with φMay for ϱ
small. In fact, the complexity becomes 0 again at a φ that corresponds to ϑc(ϱ) =

↑
2/(1+ ϱ), which is the boundary

of the UFP phase.
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FIG. 5: (Left) Total complexity (ε = t) evaluated at φMay = [ϑ2(1 + ϱ)2]↓1 for ϑ = 5, as a function of ϱ. (Center)

Uninvadable complexity (ε = u) evaluated at φMay for ϑ = 5, as a function of ϱ. (Right) #(u)
ϑ,ϖ(φMay) evaluated for

di”erent ϑ (represented by di”erent colors) and various ϱ (represented by di”erent φMay). The dashed lines are

polynomial fits used to find the critical φMay,c such that #(u)
ϑ,ϖ(φMay,c) = 0. Red points indicate the (φMay,c),

corresponding to the critical ϱFR for each ϑ. The grey dots correspond to the UFP phase boundary.

V. THE REPLICATED KAC-RICE CALCULATION: DETAILS ON THE DERIVATION

A. The derivation of the volume terms

The calculation of the asymptotics (22) and (24) is identical to that reported in Ref. [5], and we refer the interested
reader to that reference for the details. The calculation of the volume term (25) also follows the steps delineated
in Ref. [5], but it is slightly di”erent depending on whether one considers the total complexity, or the complexity of
uninvadable equilibria. For completeness, we show here how this di”erence arises. Following the same steps as in [5],
one shows that (16) takes the following form:

V(ε)
n (x̂) =

(
n∏

a=1

∑

ςa=0,1

e↓ϱ̂aς
a
∫

dNadfaj(ε)x̂ (Na, fa)

)S

eo(Sn), (83)

j(ε)x̂ (Na, fa) = e↓
∑n

a=1(m̂aN
a+p̂af

a)↓
∑n

a↓b=1(ẑabN
afb+q̂abN

aNb+φ̂abf
afb)

∏

a:ςa=1

⇀(Na)ϖ(fa)
∏

a:ςa=0

ϖ(Na)⇁(ε)(fa). (84)

Within the replica symmetric assumption, setting k =
∑

a ▷a and defining gb = →f b, this expression reduces to:

V(ε)
n (x̂) = e

S log
[∑n

k=0 (nk)e
↑kϖ̂I(ω)

k (x̂)
]
+o(Sn)

(85)

with

I(ε)k (x̂) =

∫ ↗

0

k∏

a=1

dNa

∫ ↗

↓↗

n↓k+1∏

b=1

dgb

ϖε,t + ⇀(gb)ϖε,u


e↓

1
2 ⇀k(N

a,gb)
k∏

a=1

e↓
1
2 (2q̂1↓q̂0)(N

a)2↓m̂Na
n↓k+1∏

b=1

e↓
1
2 (2φ̂1↓φ̂0)(g

b)2+p̂gb

and

⇀k(N
a, gb) = q̂0

(
k∑

a=1

Na

)2

+ ξ̂0

(
n↓k+1∑

b=1

gb
)2

→ 2ẑ

(
k∑

a=1

Na

)(
n↓k+1∑

b=1

gb
)

. (86)

To proceed, we exploit the representation

e↓
1
2 ⇀k(N

a,gb) =

∫
du1du2

2π
↑

det A
e↓

1
2 (u1,u2)A

↑1(u1,u2)
T

k∏

a=1

eu1N
a
n↓k+1∏

b=1

e↓u2g
b

, (87)

where we are assuming that the matrices

A =

(
→q̂0 →ẑ
→ẑ →ξ̂0

)
, A↓1 =

1

q̂0ξ̂0 → ẑ2

(
→ξ̂0 ẑ
ẑ →q̂0

)
, (88)
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are positive definite, namely that q̂0ξ̂0 → ẑ2 > 0. Introducing

g(ε)(x, y) =

√
π

2y
e

x2

2y

(
2ϖε,t + ϖε,uerfc

(
x↑
2y

))
, (89)

we see that

I(ε)k (x̂) =

∫
du1du2

2π
↑

det A
e↓

1
2 (u1,u2)A

↑1(u1,u2)
T

(∫ ↗

0
dNe↓

1
2 (2q̂1↓q̂0)N

2↓(m̂↓u1)N

)k

⇑

⇑
(∫ ↗

↓↗
dg [ϖε,t + ⇀(g)ϖε,u] e↓

1
2 (2φ̂1↓φ̂0)g

2+g(p̂↓u2)

)n↓k+1

=

∫
du1du2

2π
↑

det A
e↓

1
2 (u1,u2)A

↑1(u1,u2)
T
(
g(u)(m̂ → u1; 2q̂1 → q̂0)

)k (
g(ε)(u2 → p̂; 2ξ̂1 → ξ̂0)

)n↓k+1
.

(90)

Performing the sum over k we get

V(ε)
n (x̂) =

[∫
du1du2

2π
↑

det A
e↓

1
2 (u1,u2)A

↑1(u1,u2)
T
(
e↓ϱ̂g(u)(m̂ → u1; 2q̂1 → q̂0) + g(ε)(u2 → p̂; 2ξ̂1 → ξ̂0)

)n
]S

, (91)

from which it follows the asymptotics (25). The quenched expansion (31) then follows straightforwardly from the
small n expansions An = 1 + n log A and log(1 + A) = A when A ↓ 0. The corresponding annealed term (35) is
obtained selecting n = 1 in (85). Alternatively, it can be recovered from (91) setting n = 1 and performing the
integration over the variables u1, u2, making use of the relation:

∫
dx Erfc(ax + b) · 1↑

2πϑ2
exp

(
→ (x → µ)2

2ϑ2

)
= Erfc

(
aµ + b↑
1 + 2a2ϑ2

)
. (92)

As stressed above, this derivation assumes that the matrix A is positive definite. For certain relevant values
of parameters, however, this assumption is violated, as the matrix A develops a vanishing eigenvalue, leading to
a divergence of the Gaussian kernel in (91). This occurs whenever the conjugate parameters satisfy the relation

q̂0ξ̂0 → ẑ2 = 0, corresponding to ẑ = →
√

q̂0ξ̂0. When this limit is attained, the integration variables u1, u2 in (91)

become functionally related. Indeed, when ẑ = →
√

q̂0ξ̂0 the term (86) reduces to a perfect square, and (87) simplifies
into

e↓
1
2 ⇀k(N

a,gb) q̂0φ̂0↓ẑ2↔0→↓ 1↑
2π

∫
du e↓

1
2u

2

e
u
(⇒

↓q̂0
∑k

a=1 Na↓
↑

↓φ̂0
∑n↑k+1

b=1 gb
)

. (93)

and therefore

I(ε)k (x̂)
q̂0φ̂0↓ẑ2↔0→↓ =

∫
du↑
2π

e↓
u2

2 g(u)(m̂ → u
√

→q̂0; 2q̂1 → q̂0)
k g(ε)(u

√
→ξ̂0 → p̂; 2ξ̂1 → ξ̂0)

n↓k, (94)

so that finally

J(ε)
n (x̂)

q̂0φ̂0↓ẑ2↔0→↓ log

[∫
du e↓

u2

2

(
e↓ϱ̂g(u)(m̂ → u

√
→q̂0; 2q̂1 → q̂0) + g(ε)(u

√
→ξ̂0 → p̂; 2ξ̂1 → ξ̂0)

)n]
(95)

and

J̄(ε)(x̂)
q̂0φ̂0↓ẑ2↔0→↓ J̄

(ε)
!=0(x̂) :=

∫
du e↓

u2

2 log

[
e↓ϱ̂g(u)(m̂ → u

√
→q̂0; 2q̂1 → q̂0) + g(ε)(u

√
→ξ̂0 → p̂; 2ξ̂1 → ξ̂0)

]
. (96)

B. Saddle point equations in their original form

The quenched equations

We report in this section the expression obtained deriving the function (29) with respect to the order and conjugate
parameters x and x̂. We begin by noticing that the term that changes with ε = u, t (controlling whether the counting



17

is restricted to uninvadable equilibria or not) is a function of the conjugate parameters only: therefore, the derivatives
with respect to the order parameters are equal for both choices of ε, and equal to those already obtained in [5]. They
read:

ξ̂1 =
q1 → 2q0

2ϑ2(q1 → q0)2
, (97)

ξ̂0 = → q0
ϑ2(q1 → q0)2

, (98)

p̂ = → ω → µm

ϑ2(q1 → q0)
, (99)

m̂ = → µ(ω → µm)

ϑ2(q1 → q0)
→ (ω → µm)

(ϱ + 1)ϑ2(q1 → q0)
+

µm

(ϱ + 1)ϑ2(q1 → q0)
+

µp

ϑ2(q1 → q0)
→ ϱ

1 + ϱ

(ω → 2µm)z

ϑ2(q1 → q0)2
, (100)

ẑ =
ϱm(ω → µm)

(ϱ + 1)ϑ2(q1 → q0)2
→ ϱz(q1 + q0)

(ϱ + 1)ϑ2(q1 → q0)3
→ q0

(ϱ + 1)ϑ2(q1 → q0)2
, (101)

q̂1 = → (ω → µm)[m + (ϱ + 1)p]

(ϱ + 1)ϑ2(q1 → q0)2
+

2(ω → µm)[m(q1 → q0 + ϱz) + p(ϱ + 1)(q1 → q0)]

(ϱ + 1)ϑ2(q1 → q0)3

+
q0(2q0z → 2ϱz2)

(ϱ + 1)ϑ2(q1 → q0)4
→ q20(3ξ1 → 2ξ0)

2ϑ2(q1 → q0)4
→ q1q0(ξ0 → 2ξ1)

ϑ2(q1 → q0)4
→ q1[2q0z + ϱz2]

(ϱ + 1)ϑ2(q1 → q0)4

→ ξ1q21
2ϑ2(q1 → q0)4

→ q0
2(q1 → q0)2

+
1

2(q1 → q0)
→ (ω → µm)2

2ϑ2(q1 → q0)2
, (102)

q̂0 =
2(ω → µm)(→m → (ϱ + 1)p)

(ϱ + 1)ϑ2(q1 → q0)2
+

4(ω → µm)(m(q1 → q0 + ϱz) + (ϱ + 1)p(q1 → q0))

(ϱ + 1)ϑ2(q1 → q0)3

+
→2z(q21 + ϱz(2q1 + q0) → q20) + 2(ϱ + 1)ξ1q0(q1 → q0) → (ϱ + 1)ξ0(q1 → q0)(q1 + q0)

(ϱ + 1)ϑ2(q1 → q0)4

→ q0
(q1 → q0)2

→ (ω → µm)2

ϑ2(q1 → q0)2
. (103)

We now come to the derivatives with respect to the conjugate parameters x̂. We introduce the function:

R
(ε)
x̂ (u1, u2) = e

(m̂↑u1)2

2(2q̂1↑q̂0) Erfc

(
m̂ → u1√

2(2q̂1 → q̂0)

)
+ eϱ̂

√
2q̂1 → q̂0

2ξ̂1 → ξ̂0
e

(p̂↑u2)2

2(2ε̂1↑ε̂0)



2ϖε,t + Erfc



 →p̂ + u2√
2(2ξ̂1 → ξ̂0)



 ϖε,u



 (104)

so that

J̄(ε)(x̂) =

∫
du1 du2 Gx̂(u1, u2) log

(
e↓ϱ̂

√
π

2(2q̂1 → q̂0)
R

(ε)
x̂ (u1, u2)

)
. (105)

Then, it holds

φ =

∫
du1 du2 Gx̂(u1, u2)

↼

↼φ̂
log

(
e↓ϱ̂Rε

x̂ (u1, u2)
)

(106)

m = →
∫

du1 du2
Gx̂(u1, u2)

Rε
x̂ (u1, u2)

↼Rε
x̂ (u1, u2)

↼m̂
(107)

p = →
∫

du1 du2
Gx̂(u1, u2)

Rε
x̂ (u1, u2)

↼Rε
x̂ (u1, u2)

↼p̂
(108)

q1 = →
∫

du1 du2
Gx̂(u1, u2)

Rε
x̂ (u1, u2)

√
2q̂1 → q̂0

↼

↼q̂1

(
Rε

x̂ (u1, u2)↑
2q̂1 → q̂0

)
(109)

ξ1 = →
∫

du1 du2
Gx̂(u1, u2)

Rε
x̂ (u1, u2)

↼Rε
x̂ (u1, u2)

↼ξ̂1
(110)

q0 = 2

∫
du1 du2

↼

↼q̂0

[
Gx̂(u1, u2) log

(
Rε

x̂ (u1, u2)↑
2q̂1 → q̂0

)]
(111)

ξ0 = 2

∫
du1 du2

↼

↼ξ̂0
[Gx̂(u1, u2) log(Rε

x̂ (u1, u2))] (112)
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z =

∫
du1 du2

↼

↼ẑ
[Gx̂(u1, u2) log (Rε

x̂ (u1, u2))] . (113)

The first five equations follow straightforwardly from the identity

d

dx

(
e

x2

2 Erfc

(
x↑
2

))
= x

(
e

x2

2 Erfc

(
x↑
2

))
→
√

2

π
. (114)

To get a simpler form of the equations for the last three parameters, we use the fact that

↼Gx̂(u1, u2)

↼q̂0
= →1

2

↼2Gx̂(u1, u2)

↼u2
1

,
↼Gx̂(u1, u2)

↼ξ̂0
= →1

2

↼2Gx̂(u1, u2)

↼u2
2

,
↼Gx̂(u1, u2)

↼ẑ
= →↼2Gx̂(u1, u2)

↼u1↼u2
, (115)

so that, integrating by parts:

q0 = 2

∫
du1du2Gx̂(u1, u2)

[
↼

↼q̂0
→ 1

2

↼2

↼u2
1

]
log

(
R

(ε)
x̂ (u1, u2)↑
2q̂1 → q̂0

)
(116)

ξ0 = 2

∫
du1du2Gx̂(u1, u2)

[
↼

↼ξ̂0
→ 1

2

↼2

↼u2
2

]
log

(
R

(ε)
x̂ (u1, u2)

)
(117)

z =

∫
du1du2Gx̂(u1, u2)

[
↼

↼ẑ
→ ↼2

↼u1↼u2

]
log

(
R

(ε)
x̂ (u1, u2)

)
. (118)

Performing the derivatives and setting

Du = du1 du2 Gx̂(u1, u2) (119)

we finally get:

m =

∫
Du

1↑
2q̂1 → q̂0

√
2
↼ → (m̂↓u1)⇒

2q̂1↓q̂0
e

(m̂↑u1)2

2(2q̂1↑q̂0) Erfc

(
m̂↓u1↑
2(2q̂1↓q̂0)

)

R
(ε)
x̂ (u1, u2)

(120)

p =

∫
Du

eϱ̂
√

2q̂1↓q̂0
2φ̂1↓φ̂0√

2ξ̂1 → ξ̂0





u2↓p̂↑
2φ̂1↓φ̂0

e
(p̂↑u2)2

2(2ε̂1↑ε̂0)

(
2ϖε,t + ϖε,uErfc

(
u2↓p̂↑

2(2φ̂1↓φ̂0)

))
→ ϖε,u

√
2
↼

R
(ε)
x̂ (u1, u2)



 (121)

q1 =

∫
Du

1

2q̂1 → q̂0

(
1 + (m̂↓u1)

2

2q̂1↓q̂0

)
e

(m̂↑u1)2

2(2q̂1↑q̂0) Erfc

(
(m̂↓u1)↑
2(2q̂1↓q̂0)

)
→ m̂↓u1⇒

2q̂1↓q̂0

√
2
↼

R
(ε)
x̂ (u1, u2)

(122)

ξ1 =

∫
Du

eϱ̂
√

2q̂1↓q̂0
2φ̂1↓φ̂0

2ξ̂1 → ξ̂0





(
1 + (u2↓p̂)2

2φ̂1↓φ̂0

)
e

(u2↑p̂)2

2(2ε̂1↑ε̂0)

(
2ϖε,t + ϖε,uErfc

(
u2↓p̂↑

2(2φ̂1↓φ̂0)

))
→ ϖε,u

√
2
↼

u2↓p̂↑
2φ̂1↓φ̂0

R
(ε)
x̂ (u1, u2)



 (123)

q0 =

∫
Du

1

2q̂1 → q̂0





√
2
↼ → m̂↓u1⇒

2q̂1↓q̂0
e

(m̂↑u1)2

2(2q̂1↑q̂0) Erfc

(
m̂↓u1↑
2(2q̂1↓q̂0)

)

R
(ε)
x̂ (u1, u2)





2

(124)

ξ0 =

∫
Du

e2ϱ̂
(

2q̂1↓q̂0
2φ̂1↓φ̂0

)

2ξ̂1 → ξ̂0





u2↓p̂↑
2φ̂1↓φ̂0

e
(p̂↑u2)2

2(2ε̂1↑ε̂0)

(
2ϖε,t + ϖε,uErfc

(
u2↓p̂↑

2(2φ̂1↓φ̂0)

))
→ ϖε,u

√
2
↼

R
(ε)
x̂ (u1, u2)





2

(125)

z =

∫
Du

eϱ̂

2ξ̂1 → ξ̂0





√
2
↼ → (m̂↓u1)⇒

2q̂1↓q̂0
e

(m̂↑u1)2

2(2q̂1↑q̂0) Erfc

(
m̂↓u1↑
2(2q̂1↓q̂0)

)

R
(ε)
x̂ (u1, u2)




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⇑





u2↓p̂↑
2φ̂1↓φ̂0

e
(p̂↑u2)2

2(2ε̂1↑ε̂0)

(
2ϖε,t + ϖε,uErfc

(
u2↓p̂↑

2(2φ̂1↓φ̂0)

))
→ ϖε,u

√
2
↼

R
(ε)
x̂ (u1, u2)



 (126)

φ =

∫
Du

exp
(

(m̂↓u1)
2

2(2q̂1↓q̂0)

)
Erfc

(
m̂↓u1↑
2(2q̂1↓q̂0)

)

R
(ε)
x̂ (u1, u2)

. (127)

For ε = u, we recover the equations already reported in Ref. [5].

The annealed equations

We report the expression obtained deriving the function (33) with respect to the order and conjugate parameters
x and x̂. As for the quenched case, the term that changes with ε is a function of the conjugate parameters only,
and the derivatives with respect to the order parameters are equal for both choices of ε, and equal to those already
obtained in [5]:

p̂ = → (ω → µm)

ϑ2 q1
(128)

ξ̂1 =
1

2ϑ2 q1
(129)

m̂ =
µp

ϑ2q1
+

µm

ϑ2q1(1 + ϱ)
→ µ(ω → µm)

ϑ2q1
+

ϱm(ω → µm) [µm → (ω → µm)]

ϑ2(1 + ϱ)q21
→ (ω → µm)

ϑ2q1(1 + ϱ)
(130)

q̂1 = → ξ1
2ϑ2q21

+
2(ω → µm)[(ϱ + 1)p + m]

2ϑ2(1 + ϱ)q21
→ (ω → µm)2

2ϑ2q21
+ 2

ϱ

1 + ϱ

m2(ω → µm)2

2ϑ2q31
+

1

2q1
. (131)

We now consider the derivatives with respect to the conjugate parameters. The derivative with respect to φ̂ reads

φ =
e

m̂2

4q̂1 Erfc
(

m̂
2
⇒
q̂1

)

e
m̂2
4q̂1 Erfc

(
m̂

2
⇒
q̂1

)
+ eϱ̂

√
q̂1
φ̂1

e
p̂2

4ε̂1

(
2ϖε,t + ϖε,uErfc

(
↓p̂

2
↑

φ̂1

)) . (132)

Di”erentiating with respect to the conjugate parameters x̂ we obtain:

m =

√
2
↼ → m̂⇒

2q̂1
e

m̂2

4q̂1 Erfc
(

m̂
2
⇒
q̂1

)

↑
2q̂1

(
e

m̂2
4q̂1 Erfc

(
m̂

2
⇒
q̂1

)
+ eϱ̂

√
q̂1
φ̂1

e
p̂2

4ε̂1

[
2ϖε,t + ϖε,uErfc

(
↓p̂

2
↑

φ̂1

)]) , (133)

q1 =
e

m̂2

4q̂1


m̂2 + 2q̂1


Erfc

(
m̂

2
⇒
q̂1

)
→

√
2
↼ m̂

↑
2q̂1

4q̂21

(
e

m̂2
4q̂1 Erfc

(
m̂

2
⇒
q̂1

)
+ eϱ̂

√
q̂1
φ̂1

e
p̂2

4ε̂1

[
2ϖε,t + ϖε,uErfc

(
↓p̂

2
↑

φ̂1

)]) , (134)

p =

↑
2q̂1eϱ̂

(
ϖε,u

√
2
↼ + p̂e

p̂2

4ε̂1↑
2φ̂1

[
2ϖε,t + ϖε,uErfc

(
↓p̂

2
↑

φ̂1

)])

2ξ̂1

(
e

m̂2
4q̂1 Erfc

(
m̂

2
⇒
q̂1

)
+ eϱ̂

√
q̂1
φ̂1

e
p̂2

4ε̂1

[
2ϖε,t + ϖε,uErfc

(
↓p̂

2
↑

φ̂1

)]) , (135)

ξ1 = →

↑
2q̂1eϱ̂



ϖε,u
√

2
↼ p̂ +

e
p̂2

4ε̂1 (2φ̂1+p̂2)↑
2φ̂1

[
2ϖε,t + ϖε,uErfc

(
↓p̂

2
↑

φ̂1

)]



4ξ̂21

(
e

m̂2
4q̂1 Erfc

(
m̂

2
⇒
q̂1

)
+ eϱ̂

√
q̂1
φ̂1

e
p̂2

4ε̂1

[
2ϖε,t + ϖε,uErfc

(
↓p̂

2
↑

φ̂1

)]) (136)
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Notice that, exploiting the equation for φ, these equations can be re-written in the form:

m = →φ
m̂

2q̂1
+

φ↑
π q̂1

e↓
m̂2

4q̂1

Erfc
(

m̂
2
⇒
q̂1

) (137)

q1 =
φ

2q̂1
+

φm̂2

4 q̂21
→ φm̂

2
↑

πq̂
3
2
1

e↓
m̂2

4q̂1

Erfc
(

m̂
2
⇒
q̂1

) (138)

p = →(1 → φ)




p̂

2ξ̂1
+ ϖε,u

1√
πξ̂1

e
↓ p̂2

4ε̂1

1 + Erf

(
p̂

2
↑

φ̂1

)



 (139)

ξ1 = (1 → φ)




1

2ξ̂1
+

p̂2

4 ξ̂21
+ ϖε,u

p̂

2
↑

π ξ̂
3
2
1

e
↓ p̂2

4ε̂1

1 + Erf

(
p̂

2
↑

φ̂1

)



 . (140)

This form shows a decoupling between the two equations for the parameters m̂, q̂1 associated to the abundances, and
those for the parameters p̂, ξ̂1 associated to the e”ective growth rates. This decoupling is natural within the annealed
approximation. Again, for ε = u we recover the results of [5].

C. Self-consistent equations for the conjugate parameters in the rescaled variables

The quenched self-consistent equations

The above equations are more conveniently expressed in terms of the rescaled conjugate parameters (37). It is
straightforward to show that the integral representations (120)-(127) are equivalent to (40)-(47). We now aim at re-
writing Eqs. (97)-(103) in terms of these rescaled conjugate parameters (37). Combining (97) and (98) we immediately
obtain:

y =

√
2ξ̂1 → ξ̂0 =

1√
ϑ2(q1 → q0)

, (141)

which allows us to re-write the denominators in Eqs. (97)-(103) in terms of powers of y. The first three equations
(97), (98) and (99) take therefore the form:

1 =ϑ2

[q1y

2] → [q0y
2]


(142)

◁2 = → ϑ2[q0y
2] (143)

x2 = → ωy + µ[my], (144)

where the quantities in brackets can be replaced by the integral representations (40)-(47). Using these three equations,
the remaining Eqs. (100)-(103) take the following form:

rx1 = x2

(
1

(ϱ + 1)
+ µ +

ϱ

1 + ϱ
ϑ2[zy2]

)
+ µ

[my]

ϱ + 1
+ µ[py] + µ

ϱ

1 + ϱ
ϑ2[zy2][my], (145)

◁3 = → ϱ

ϱ + 1
ϑ2x2[my] → ϱ

ϱ + 1
ϑ2[zy2] + ◁2

(
1 + 2ϱϑ2[zy2]

ϱ + 1

)
, (146)

r2 = ϑ2

(
[ξ0y

2] → [ξ1y
2] +

2[zy2]

ϱ + 1

)
+ ϑ2 + 2

ϱ

ϱ + 1
ϑ4[zy2]2, (147)

◁1 = →2x2ϑ
2

(
[my]

1 + ϱ
+ [py]

)
→ 4 ϑ4x2ϱ

1 + ϱ
[zy2] [my] → ϑ2x2

2 + ◁2ϑ
2

1 → 2[ξ1y

2]


→ 2ϱϑ4

1 + ϱ
(1 → ◁2)[zy2]2

+ ϑ2(2◁2 → 1)

(
2

1 + ϱ
[zy2] +

2ϱ

1 + ϱ
ϑ2 [zy2]2 + [ξ0y

2]

)
, (148)
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where once more the quantities in brackets can be expressed in terms of the integral representations (40)-(47). Since
the latter are functions of the rescaled conjugate parameters only, these equations allow to determine such parameters
self consistently. From these equations one sees that introducing the parameter y through the rescaling (37) is
convenient, since the integral representations corresponding to the terms in brackets do not depend explicitly on y,
and therefore instead of solving 7 coupled self-consistent equations, we can solve 6 of them (all except (144)) and then
determine y using (144).

Despite these simplifications, solving the system of coupled equations in the form given above is still suboptimal,
since the equations contain multiple terms that are expressed in terms of integral convolutions. We now discuss how
to reach the simpler form of the equations that we have reported in Sec. III A. As a first step, one can notice that the
integral representations (40)-(47) satisfy the following relations, obtained through partial integration:

rx1[my] = →(◁1 + r2)[q1y
2] + ◁1[q0y

2] + φ + ◁3[zy2] (149)

x2[py] = ◁3[zy2] + ◁2[ξ0y
2] → (◁2 + 1)[ξ1y

2] + (1 → φ). (150)

These are obtained making use of the identities:

◁1↼u1Gx̂(u1, u2) + ◁3r ↼u2Gx̂(u1, u2) = →r2(x1 → u1)Gx̂(u1, u2) + r2x1Gx̂(u1, u2), (151)

◁3↼u1Gx̂(u1, u2) + ◁2r↼u2Gx̂(u1, u2) = →r(x2 → u2)Gx̂(u1, u2) + rx2 Gx̂(u1, u2), (152)

and

d

du1
K(x1 → u1) = →(x1 → u1)K(x1 → u1) +

√
2

π
, (153)

d

du2
K(u2 → x2) = →(x2 → u2)K(u2 → x2) →

√
2

π
, (154)

where we remind that K(x) = ex
2/2Erfc


x/

↑
2

. Summing the two equations (149) and (150) we get:

rx1[my] + x2[py] = →r2[q1y
2] + ◁1([q0y

2] → [q1y
2]) + ◁2([ξ0y

2] → [ξ1y
2]) → [ξ1y

2] + 2◁3[zy2] + 1. (155)

Plugging the equations for ◁1 and r2 we obtain the identity

rx1[my] + x2[py] = →
(

1 + 2
1 + ϱϑ2[zy2]

µ(ϱ + 1)

)
x2
2 +

2

µ
rx1x2. (156)

This identity can be exploited in combination with Eq. (145), to show that the latter equation is equivalent to the
following two relations (assuming y > 0):

rx1 → x2

ϱ + 1


1 + ϱϑ2[zy2]


= 0, (157)

x2 + [py] +
[my]

ϱ + 1
+

ϱ

ϱ + 1
ϑ2[zy2][my] = 0. (158)

Notice that for ϱ = 0, (157) allows to eliminate the variable x2 and reduce the number of coupled self-consistent
equations to five. If ϱ ⇓= 0, these identities are still useful: first, they imply that the set of six self-consistent equations
does not depend on the parameter µ, only the equation used to determine y does; moreover, the integral [zy2] can be
eliminated from all the equations using:

ϑ2[zy2] =
1 + ϱ

ϱ

(
rx1

x2
→ 1

1 + ϱ

)
, (for ϱ ⇓= 0). (159)

With this substitution, we are left with six self-consistent equations, containing six integral representations. Substi-
tuting one equation into the other, the system of equations is reduced to the form (48)-(53), in which each equation
contains only one integral representation, that is particularly convenient for the numerical solution.

The annealed self-consistent equations

As in the quenched case, also in the annealed case the saddle point equations are more compactly written in terms
of the rescaled parameters (56). Again, one can easily check that the equations (132)-(136) are equivalent to (57)-(61).
Eqs. (128)-(131) take the following form:

ϑ2[q1y
2] = 1, (160)
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x2 = →ωy + µ[my], (161)

x1r = µ

(
[py] +

[my]

1 + ϱ
+ x2 → ϱ

1 + ϱ
ϑ2x2[my]2

)
→ ϱ

1 + ϱ
ϑ2x22[my] +

x2
1 + ϱ

, (162)

r2 = →ϑ2[ξ1y
2] → 2x2ϑ

2

(
[py] +

[my]

1 + ϱ

)
→ ϑ2x22 + 2

ϱ

1 + ϱ
ϑ4x22[my]2 + ϑ2, (163)

where the quantities in brackets [·] denote the representations (57)-(61). Similarly to the quenched case, one can
derive the following identity satisfied by these representations:

r2[q1y
2] + [ξ1y

2] = →rx1[my] → x2[py] + 1 ∝ r2 + ϑ2[ξ1y
2] → ϑ2 = →ϑ2rx1[my] → ϑ2x2[py]. (164)

Eq.(163) implies

1 → r2

ϑ2
→ [ξ1y

2] = →x22 +
2

µ
x2

(
rx1 → x2

ϱ + 1

)
+ 2

ϱ

µ(ϱ + 1)
ϑ2[my]x32 = rx1[my] + x2[py]. (165)

Using (162) to eliminate [py], we find that the right hand side also equals to:

rx1[my] + x2[py] = rx1[my] +
x2
µ

(
rx1 → x2

(
1

ϱ + 1
+ µ

)
→ µ[my]

ϱ + 1
+

ϱ

1 + ϱ
ϑ2x2[my](µ[my] + x2)

)
(166)

which plugged into (164) gives

(
rx1 → x2

ϱ + 1
+ ϑ2 ϱ

ϱ + 1
[my]x22

)
ωy

µ
= 0 (167)

so again for y ⇓= 0 we get the relation:

rx1 =
x2

ϱ + 1


1 → ϱϑ2[my]x2


. (168)

This relation, plugged into (162), shows that that equation is equivalent to the two relations

x1r = → ϱ

1 + ϱ
ϑ2x22[my] +

x2
1 + ϱ

, (169)

[py] = → [my]

1 + ϱ
→ x2 +

ϱ

1 + ϱ
ϑ2x2[my]2. (170)

Once more, for ϱ = 0 these imply x1r = x2, allowing to eliminate one conjugate parameter. For ϱ ⇓= 0, one has:

ϑ2[my] =
1 + ϱ

ϱ

(
1

x2(1 + ϱ)
→ x1r

x22

)
, (for ϱ ⇓= 0). (171)

Plugging these into (163), one recovers the system of equations presented in Sec. III B.

D. The complexity as a function of the rescaled variables

Quenched complexity

We here account for the derivation of the expressions (55). We begin with the expression (29): evaluated at the
solutions of the saddle point equations, this equals to the quenched complexity. The identity (155) reads m̂m + p̂p =
2(ẑz → q̂1q1 → ξ̂1ξ1) + q̂0q0 + ξ̂0ξ0 + 1, so that

#(ε)
ϑ,ϖ(φ) = p(x) + d(φ) +

1

2
(m̂m + p̂p + 1) + φ̂φ + J̄(ε)(x̂). (172)

Written in terms of the rescaled variables:

1

2
(mm̂ + pp̂) =

1

2
(rx1[my] + x2[py]) (173)
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and

p̄(x) = →rx1[my] → x2[py] + ◁3[zy2] +
ϱ

(ϱ + 1)
ϑ2[my] + ϑ2 ϱ

2(ϱ + 1)
[zy2]2 → 1

2ϑ2(ϱ + 1)

→ 1

2
[ξ1y

2] +
◁2

2
([ξ0y

2] → [ξ1y
2]) → 1

2
x2
2 →

log[ 2↼y2 ]

2
+

◁2

2

(
1 → 2

ϱϑ2[zy2]2

ϱ + 1

) (174)

so that, using again (155) and the equation

◁1

2ϑ2
=

◁2

2
(2

r2

ϑ2
→ 1) → 1

2
(ξ1y

2) +
1

2
→ 1

2ϑ2
r2 +

1

2
x2
2 → ϑ2 ϱ

ϱ + 1


[my][zy2]x2 + (1 → ◁2)[zy2]2


, (175)

which is equation 148 where we plugged equation 158, we have

1

2
(mm̂ + pp̂ + 1) + p̄ = →1

2


→r2[q1y

2] + ◁1([q0y
2] → [q1y

2]) + ◁2([ξ0y
2] → [ξ1y

2]) → [ξ1y
2] + 2◁3[zy2] + 1



+
1

2
+ ◁3[zy2] +

ϱ

(ϱ + 1)
ϑ2[my] + ϑ2 ϱ

2(ϱ + 1)
[zy2]2 → 1

2ϑ2(ϱ + 1)

→ 1

2
[ξ1y

2] +
◁2

2
([ξ0y

2] → [ξ1y
2]) → 1

2
x2
2 →

log
(

2↼
y2

)

2
+

◁2

2

(
1 → 2

ϱϑ2[zy2]2

ϱ + 1

)
(176)

=
1

2

(
1 → r2[q0y

2] → [ξ1y
2] → 1

ϑ2(ϱ + 1)

)
→ ϑ2 ϱ

2(ϱ + 1)
[zy2]2 → 1

2
log

(
2π

y2

)
. (177)

Eq. (55) follows from noticing that

J̄(ε)(x̂) =

∫
du1 du2 Gx̂(u1, u2) log



K(x1 → u1) + eϱ̂r[ϖε,t2e
(u2↑x2)2

2 + ϖε,uK(u2 → x2)]

2r



 +
1

2
log

(
2π

y2

)
→ φ̂.

(178)

Annealed Complexity

We here account for the derivation of (66). The expression (33), evaluated at the solutions of the saddle point
equations, gives the annealed complexity. The identity (164) is equivalent to q̂1q1+ ξ̂1ξ1+m̂m+ p̂p = 1

2 (m̂m+ p̂p+1),
so that:

#(ε,A)
ϑ,ϖ (φ) = p1(x) + d(φ) +

1

2
(m̂m + p̂p + 1) + φ̂φ + J

(ε)
1 (x̂). (179)

In terms of the rescaled variables:

1

2
(m̂m + p̂p) =

1

2
(rx1[my] + x2[py]) =

1

2

(
1 → r2

ϑ2
→ [ξ1y

2]

)
(180)

and

p1(x) = →1

2

[
x22

(
1 → ϑ2 ϱ[my]2

1 + ϱ

)
+ 2x2

(
[py] +

[my]

1 + ϱ

)
+ [ξ1y

2]

]
→ 1

2
log

(
2π

y2

)
→ 1

2ϑ2(1 + ϱ)

= →1

2

[
→ r2

ϑ2
+ 1 + ϑ2 ϱ

ϱ + 1
[my]2x22

]
→ 1

2
log

(
2π

y2

)
→ 1

2ϑ2(1 + ϱ)
.

where we used (163) in the second line. Combining everything, we recover (66) using that:

J
(ε)
1 (x̂) =

1

2
log

(
2π

y2

)
→ φ̂ + log

(
K(x1) + eϱ̂r[ϖε,t2e

x22
2 + ϖε,uK(→x2)]

)
→ log(2r). (181)
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E. Self-consistent equations enforcing ! = 0

Enforcing ẑ = →
√

q̂0ξ̂0 into (29) one finds the modified function:

Ā
(ε)
!=0(x, x̂, φ) = p̄(x) + 2(φ) + q̂1q1 + ξ̂1ξ1 + m̂m + p̂p + φ̂φ → 1

2

(
q̂0q0 + ξ̂0ξ0

)
+

√
q̂0ξ̂0z + J̄

(ε)
!=0(x̂),

with J̄
(ε)
!=0(x̂) given in (96). The modified saddle point equations are obtained taking the derivatives of Ā(ε)

!=0(x, x̂, φ)
with respect to the parameters x and x̂. Notice that this leads to one less equation, since ẑ does not have to be
determined through the saddle point.
The derivatives with respect to the order parameters x are identical to (97)-(103), where ẑ in Eq. (101) has to

be replaced with ẑ ↓ →
√

q̂0ξ̂0. When expressed in terms of the rescaled conjugate parameters, this set of

equations maps into Eqs. (142)-(148), with ◁3 ↓ →
↑

◁1◁2, and where the expression for the order parameters

my, py, q1y2, ξ1y2, q0y2, ξ0y2 have to be determined taking the derivatives of Ā(ε)
!=0(x, x̂, φ) with respect to x̂. Notice

that zy2 is fixed from Eq. (101), as:

zy2 = →ϱ + 1

ϑ2ϱ

↑
◁1◁2

2◁2 → 1
→ 1

2◁2 → 1

(
◁2

ϱϑ2
→ x2my

)
. (182)

When computing these derivatives we recover Eqs. (69)-(72), and Eq. (76). The equations for the remaining parameters
q0, ξ0 take the modified form:

q0y
2 ↓

∫
du gx̂(u)

1

r2





√
2
↼ → (x1 → u)K(x1 → u)

K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]





2

→

√
◁2

◁1
zy2

+

√
◁2

◁1

∫
du gx̂(u) reϱ̂

[√
2
↼ → (x1 → u)K(x1 → u)

] [
→ϖε,u

√
2
↼ + (0ux2)[ϖε,t2e

1
2 (↽u↓x2)

2

+ ϖε,uK (0u → x2)]
]

[
K(x1 → u) + eϱ̂r[ϖε,t2e

1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]

]2 ,

and

ξ0y
2 ↓

∫
du gx̂(u) r2e2ϱ̂




→ϖε,u

√
2
↼ + (0u → x2)[ϖε,t2e

1
2 (↽u↓x2)

2

+ ϖε,uK (0u → x2)]

K(x1 → u) + eϱ̂r[ϖε,t2e
1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]





2

→

√
◁1

◁2
zy2

+

√
◁1

◁2

∫
du gx̂(u) reϱ̂

[√
2
↼ → (x1 → u)K(x1 → u)

] [
→ϖε,u

√
2
↼ + (0ux2)[ϖε,t2e

1
2 (↽u↓x2)

2

+ ϖε,uK (0u → x2)]
]

[
K(x1 → u) + eϱ̂r[ϖε,t2e

1
2 (↽u↓x2)

2
+ ϖε,uK (0u → x2)]

]2 .

Plugging these expressions back into Eqs. (97)-(103), one gets the modified saddle point equations that we discussed
in Sec. III C.
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