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We investigate the Multiple Equilibria phase of generalized Lotka—Volterra dynamics with random,
non-reciprocal interactions. We compute the topological complexity of equilibria, which quantifies
how rapidly the number of equilibria of the dynamical equations grows with the total number of

species.

We perform the calculation for arbitrary degree of non-reciprocity in the interactions,

distinguishing between configurations that are dynamically stable to invasions by species absent
from the equilibrium, and those that are not. We characterize the properties of typical (i.e., most
numerous) equilibria at a given diversity, including their average abundance, mutual similarity, and
internal stability. This analysis reveals the existence of two distinct ME phases, which differ in how
internally stable equilibria behave under invasions by absent species. We discuss the implications of

this finding for the system’s dynamical behavior.

Nonreciprocal interactions drive a broad class of out-
of-equilibrium dynamics and are nowadays at the core of
an established line of research. Systems with a large num-
ber of heterogeneous components interacting asymmet-
rically are a particularly interesting realization of non-
reciprocity, since their high dimensionality provides a
natural framework for analytical approaches. This set-
ting is well justified for modeling biological neural net-
works [1-4] and ecosystems composed of many coexist-
ing species such as the microbiota, tropical rainforests, or
plankton communities [5-7]. The models often incorpo-
rate randomness to represent interactions among neurons
or species, with different levels of structural organization.
The fully unstructured case in which couplings are drawn
independently at random was, for instance, famously ex-
ploited by R. May in his seminal analysis of the diver-
sity—stability problem in ecology [8].

In ecosystems modeling, the non-reciprocal interac-
tion terms enter the dynamical equations governing the
time evolution of species abundances. These (random)
interactions compete with single-species terms that en-
code the intrinsic growth or suppression of the abun-
dances in the absence of other species, as determined by
environmental resources and intra-species dynamics [9].
This competition naturally leads to distinct dynamical
regimes: at weak randomness (henceforth, variability),
the abundances relax to time-independent values, while
at stronger variability they persistently fluctuate in time.
In presence of non-reciprocity, these fluctuations display
signatures of chaotic behavior [10-16]. While the first
type of behavior is simple to characterize analytically,
the second poses a quite significant theoretical challenge.

We focus here on a prototypical model exhibiting such
a transition, the generalized Lotka—Volterra equations
with random interactions (rGLV). The existence of a
dynamical transition in this (and equivalent) models is
known since the early studies [17-19]. In the weak vari-
ability phase, the dynamical equations admit a unique
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fixed point (or equilibrium) configuration that is stable
with respect to perturbations of the species abundances,
both for the species coexisting at the fixed point and
also for those that are absent, and can potentially in-
vade. When the variability reaches a critical value, this
equilibrium loses its stability, and the system correspond-
ingly displays a qualitatively different dynamics. It is ex-
pected that this complex dynamical phase appears con-
comitantly with the emergence of a multitude of fixed
points of the dynamical equations [20]. In the limiting
case of reciprocal interactions, this expectation is rein-
forced by the similarity between the rGLV model and
spin-glass models [19, 21, 22]; in this limit indeed the
rGLV equations describe a dynamical descent into an en-
ergy landscape (conservative dynamics), and the stable
fixed points are local minima of such landscape. As in
other high-dimensional optimization problems with ran-
domness [23-25], one expects a multitude of marginally
stable local minima [26] and a dynamical descent that
exhibits slowing down and aging due to marginality [27].
The existence of exponentially many fixed points has
also been shown in the opposite limit of strong non-
reciprocity [28, 29], and dynamical studies in this set-
ting [30, 31] hint that certain fixed points may exert an
influence on the (chaotic) dynamics in this case, too.
More broadly, investigating to what extent the out-of-
equilibrium dynamics of non-reciprocal systems can be
understood through the fixed points of the dynamics is an
open challenge that is attracting increasing interest [32—
35]. In this work, we provide a statistical characterization
of the fixed points of the gLVE for arbitrary degrees of
non-reciprocity, thereby establishing the basis for assess-
ing their impact on dynamics.

Fized points and stability.
equations

We consider the rGLV

dN;
dt

N;Fy(N), Fy(N)= (ni—Ni—iaiij) (1)

where NV, is the properly scaled abundance of species i =
1,--+,S, F;(N) is the effective growth rate associated to
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FIG. 1. Phase diagram in the variability-reciprocity space
(0,7), highlighting the existence of three distinct phases. The
black dotted line marks the boundary between the Unique
Fixed Point (UFP) phase (gray), where a unique uninvadable
and internally stable equilibrium equilibrium exists, and the
Multiple Equilibria (ME) phase. The latter is split into a
Fragile (orange) phase, where all internally stable equilibria
are unstable to invasions, and a Robust (blue) phase, where
uninvadable internally stable equilibria exist in exponential
number. The red crosses identify the critical line yrr, the
red full line is the hyperbolic fit yrr &~ 0.318/0 + 0.549.

species i, and k; denote the species carrying capacities.
The interaction couplings between species

g
aij =g + 75 aij,  {aijar) =0 0 +v0udj  (2)

are Gaussian variables with mean p/S, variance o2/9
and reciprocity parameter v € [0,1]: they are entries
of random matrices belonging to the Gaussian elliptic
ensemble [36, 37]. We set k; = 1 and assume S > 1. A
fixed point (or equilibrium) N* of the rGLV equations is
a configuration satisfying

Ni* 1-— Ni* - ZaijN;‘ = 07

J

N:>0 (3)

forall ¢ =1,...,5. Any solution of (3) can have a cer-
tain number of vanishing entries N = 0, and a frac-
tion ¢(N*) = |{i: N > 0}|/S of species with positive
abundance, defining the fixed point diversity (that is, the
number of coexisting species in the equilibrium).

An important aspect in assessing the influence of fixed
points on the dynamics is their stability. We distinguish
two complementary notions of stability: internal stability
denotes the linear stability with respect to fluctuations
in the abundances of the species that are present at the
fixed point (N} > 0); this is controlled by the eigenval-
ues of the Jacobian matrix restricted to the subspace of

coexisting species [38], defined as

o OF;(N*)

H;;(N*) = ON. ford,j: N, Nj >0, (4)
J

and requires that all its eigenvalues have negative real
parts. Uninvadability concerns instead the stability with
respect to the invasion by species that are absent in the
fixed point (N} = 0), and it is satisfied whenever

—

Fi(N*) <0 fori: Ny =0. (5)

For large S, the spectral properties of the matrices (4)

at a fixed point N* can be characterized using random
matrix theory, as we recall below. A generalization of
the argument in [8] implies that an equilibrium is in-
ternally stable provided that its diversity is bounded by
O(N*) < duay = [02(1 4+ 7)1, When this inequality is
saturated, the equilibrium N* is marginally stable.
Topological complexity. When o is small and p is pos-
itive, there is a unique solution of (3), which is both inter-
nally stable and uninvadable: the rGLV system is in the
Unique Fixed Point (UFP) phase (gray area in Fig. 1).
Dynamical trajectories of the abundances, initialized ar-
bitrarily, converge to this configuration. Properties of
this unique stable equilibrium, such as its diversity, are
determined as solutions of self-consistent equations de-
rived in the limit of large S [18, 19]. The internal stability
of this unique uninvadable equilibrium breaks down at a
critical value o.(y) = v2/(y + 1) (black dashed curve
in Fig. 1), as first shown in [17]: at this point, the di-
versity of the UFP reaches ¢ = 1/2 and the equilibrium
becomes marginally stable, while remaining uninvadable.
For v = 0, it is known that at o, the uninvadable equi-
librium also loses its uniqueness: the typical value of

the number ng“)(@ of uninvadable equilibria of given ¢
starts growing exponentially in S and the system enters
into a Multiple Equilibria (ME) phase, which is the focus
of this work. In particular, the topological complexity of
uninvadable fixed points,

has been computed explicitly in [28, 29] for v = 0. It
is shown that, within the exponentially large family of
fixed points that are stable against invasions, none is
also internally stable. This feature is expected to break
down when increasing the reciprocity ~: in particular, for
~v = 1 one knows that uninvadable internally stable fixed
points exist in exponential number (at least, their aver-
age number is exponentially large [20, 28]). In parallel,
the equilibria that actually matter the most for the out-
of-equilibrium dynamics for v = 0 might be the invadable
ones [30, 31], which are not considered in [28, 29]. The
latter are even more numerous than the uninvadable: de-
noting with ng)(gb) the total number of equilibria, which
includes invadable ones, we define the total topological
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FIG. 2. Total complexity Ef,t)w (¢) (upper curves) and un-

invadable complexity E((,“»)Y(gé) (lower curves) for ¢ = 5 and
various . The gray vertical band indicates the range of
dMay = [02(14+7)?]7" for ¢ =5 and v € [0, 1].

complexity

1
20(0) = Jim 5 (logn$(9)) = 2(9(6). (1)

Here, we discuss the behavior of Ef,a%(qﬁ) for both a €
{t,u} and for arbitrary reciprocity degree v € [0, 1].
Fized points properties. The calculation of Z((,a%(d)) is
performed using the replicated Kac—Rice formalism in-
troduced in [39]. This technique relies on the Kac—Rice
formula for the average number of solutions of a system
of random equations, in our case (3). This formula ex-

presses <7’lga) (¢)> as the integral of a density [40, 41], and

it can be straightforwardly extended to compute higher
n-th moments:

(Inor) = [T TLone ) (1N}iii0) . )
a=1i=1

The density pfga,)L enforces that the vectors N satisfy (3),
i.e., that they are equilibria. For o = u, it also enforces
the condition (5). Its explicit form is given in the End
Matter. To obtain the complexity, this must be combined
with the replica limit [42]

5 (¢) = lim lim <m(sa)(¢)]n> .

7 S—o0n—0 Sn

, (9)
in analogy with the standard procedure used to com-
pute the free energy of conservative disordered systems at
equilibrium. The calculation follows closely [28] (see [43]
for a pedagogical review of these techniques): we report it
in the Supplemental Material (SM) for completeness [44].
The key step in this procedure is a dimensionality reduc-
tion, which allows one to rewrite (8) as an integral over

a smaller set of variables (or order parameters) y € R¢
with d(=15) <« S,

<[nga)(¢)]"> = /dy S AW (v,)+o(Sn) (10)

The entries of y are collective functions ! of the equilibria
N @ some of which are easily interpretable: they include
the average abundance m := m(N®) = §~! Ziszl N;,
their self-similarity ¢ := ¢;(N%) = §~1 Zle(Nf)Q
and the mutual similarity between pairs of distinct equi-
libria, qo := qo(ﬁa, ]\_ﬁ’) = §1 Zle NENp, as well
as the average effective growth rate p := p(]\7 9y =
S—1 Zle F;(N*%). For S > 1, the moments (10) are
dominated by the family of fixed points having the prop-
erties yﬁa) that maximize the function at the expo-
nent, and the integral can be evaluated using a saddle-
point approximation. Combined with (9), this yields

Z,(,ana(tb) =A@ (yg(f)‘)7 ¢) where y{*) are solutions of the
saddle point equations Vyﬁ(a)(y£a), ¢) = 0. The vector

y,&a) directly encodes the properties (average abundance,
self-similarity, similarity, average growth rate) of the typ-
ical fixed points (i.e., those that are most numerous) at

given ¢; fixed points with values of the order parame-

ters that differ from y,ﬁa) are exponentially less numer-

ous. The Kac-Rice approach thus generalizes the result
for the UFP phase, where the unique equilibrium is char-
acterized by a value of the parameters m,q; and p that
can be computed exploiting the assumption of unique-
ness [19, 45]. Notice that our notation for the order pa-
rameters m, q1, qo, p, without explicit indices a, b labeling
the specific equilibria where these functions are evalu-
ated, implicitly assumes that for S > 1 these quantities
take the same value across typical equilibria at fixed ¢.
In the language of disordered systems, this is an assump-
tion of Replica Symmetry. We report the saddle-point
equations obtained under this assumption in [44], and
focus here on the results.

Results. Fig. 2 shows S5 (¢) for fixed variability o =
5and v € [0,1]. The complexity Z((,u,)y(qﬁ) is positive for all
~y over a finite interval of diversity, ¢ € [¢f§;11(7), ngx(y)]:
at this o the system is in a ME phase (¢ = 5 > 0.(7),
see Fig. 1), with exponentially-many uninvadable fixed
points of the dynamical equations. Equilibria with diver-
sity lying outside this range exist with probability that
is exponentially suppressed in S. As expected, Zf,“@w) is
much smaller than the total complexity Egi )A, (¢), which
counts both invadable and uninvadable equilibria: when
S is large, at any ¢ the total complexity is dominated by
equilibria that are unstable to invasions, whose number
exponentially exceeds that of the uninvadable ones. As y
decreases, the distribution of diversities of the equilibria
becomes monotonically narrower, and the complexity at
any fixed ¢ decreases. The maximal diversity ¢>§3§21X(y)
remains always bounded away from one, in agreement
with the statement that feasible solutions of (3) (i.e., so-
lutions with all entries strictly positive) occur with non-

I By collective we mean that they are defined as sums over all
components of the N, and therefore involve all species.
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FIG. 3. Order parameters of the typical equilibria at given
diversity ¢, for 0 = 2, u = 1 and various . The parameters
are the average abundance m (top left), the average growth
rate p (top right), the self similarity ¢1 (bottom left) and the
mutual similarity qo (bottom right). These values refer to
invadable equilibria (o = t), as also indicated by p > 0.

zero probability only when the interactions are further
rescaled by a factor of order y/logS [46]. For any ~,

Erqfa)x ("Y) < QSErtl)ax ("Y)

o€ Eﬁgx(’y), x(xgx(’y)] where equilibria are exponentially

numerous, but none of them is uninvadable when S > 1.

Notice that the complexities £5%(¢) turn out to be in-
dependent of k, u, that influence the typical properties
m,q1,qo of the equilibria, but not their number. The
values of m, ¢ increase with p until divergence, that cor-
responds to the unbounded growth phase in [45]. Fig. 3
shows the order parameters of the typical (invadable)
equilibria at ¢ = 2,p = 1. At fixed ¢, the average
abundance, self-similarity and similarity between differ-
ent equilibria all increase with . This generalizes the
trend of the order parameters of the unique equilibrium
in the UFP phase, and it can be understood from simple
two-species arguments (the average abundance increases
when interactions are more correlated). The average ef-
fective growth rate p is instead non-monotonic in 7: at
small ¢, equilibria have higher values of p when the degree
of reciprocity « is higher (invading species grow faster),
while at large ¢ the trend is reversed. This behavior is
overall robust to changes in ¢ in the ME phase.
Recovering the UFP phase.

u)

oc(7), the complexity X¢ 5 (¢) decreases and the range

thus, there is a range of diversity

As one approaches o —

[¢I(:1Li)rl (), N (7)] shrinks, reducing to one single point at
0 = 0. this point is exactly @nay, and Zgu)(,y) ,Y(d)May) =
0: the transition to the UFP phase is recovered. How-

ever, E((,{ )A,(qb) remains positive below the transition: in
the UFP phase, there actually exists an exponentially
large number of equilibria, some of which are even inter-
nally stable, but all of which are unstable to invasions.
The dynamics is oblivious to these equilibria and con-
verges to the unique uninvadable fixed point.

Two distinct ME phases. The fixed points counted by
the complexities (whether invadable or not) are internally
stable whenever (4) has no eigenvalues with positive real
part. In the ME phase, one has to characterize the statis-
tics of the matrices H;;(N) conditional on N solving (3)
and having a given ¢. The replicated Kac-Rice formal-
ism is well suited for this analysis [28, 39]. One finds that
the Jacobian at fixed points is statistically equivalent to
an elliptic Gaussian matrix of size S¢ x S¢, deformed
by finite-rank perturbations and shifted by the identity
matrix. Importantly, the finite-rank perturbations do
not affect the eigenvalue density? for large S: eigenval-

ues are complex and uniformly distributed in the ellipse
Soy = {z eC: Jgﬁfﬁjz + azgffz:)z < 1}, and there-
fore they all have negative real part whenever ¢ < ¢nay-
By tracking the internal stability of the equilibria, we
find that the ME region splits into two distinct phases,
see Fig. 1, which we call fragile and robust. In the fragile
phase, all uninvadable equilibria are internally unstable
(¢f§i)n > Pmay ), and thus internally stable fixed points are

invadable. In the robust phase, instead, qbgfl)n < PMay, SO

internally stable equilibria that are also resistant to inva-
sions do exist. The two phases are separated by a critical
curve Ypgr(0), defined by qﬁf;fi)n = (PMay. A numerical fit
yields ypr (0 — 00) = 0.549. Thus, for v € [0, 0.549] only
the fragile ME phase exists, consistent with the v = 0 re-
sults [28, 29]. For v € (0.549, 1), both phases coexist. At
~v = 1 the critical line meets the transition to the UFP
phase, implying that no fragile ME phase exists in the
conservative limit—consistent with the expected energy
landscape, which possess many local minima (internally
stable, uninvadable fixed points).

Discussion. Assessing to what extent the out-of-
equilibrium dynamics of systems with non-reciprocal in-
teractions can be understood in terms of the equilibria
of the underlying (non-conservative) equations of motion
is an open challenge. While a qualitative correspondence
between equilibria properties and the dynamics can be
identified [32, 33, 47], recent results indicate that estab-
lishing a quantitative connection is generally far from
straightforward [11]. Assuming nonetheless that out-of-
equilibrium dynamics is influenced by fixed points, one
can derive predictions for the rGLV dynamics from the
phase diagram in Fig. 1. In particular, one should ex-
pect two qualitatively different regimes; when ~ is small
and the system is in the fragile ME phase, if internally
stable fixed points attract the dynamics, they are eventu-
ally destabilized by the growth of species absent from the
fixed point, as all internally stable equilibria are invad-
able. This seems consistent with [30], where (for v = 0)
species abundances under weak immigration exhibit a
separation of scales: they split into well-separated high-

2 We stress that the eigenvalue density does not account for pos-
sible isolated eigenvalues that provide subleading corrections to
the spectrum.



and low-abundance subsets, with dynamical turnover be-
tween them. The diversity of the high-abundance subset
(extrapolated to vanishing immigration) lies below the
stability threshold ¢wmay [30], and in a region where we

find Z( o, to be high, though not maximal. This behavior
can be interpreted as the system fluctuating between in-
ternally stable but invadable fixed points, with dynamics
largely driven by migration/takeover of low-abundance
species. From our complexity analysis, we expect this
~ = 0 phenomenology to extend across the fragile ME
phase. When ~ is larger, the system enters the ro-
bust ME phase, where internally stable and uninvadable
fixed points exist in exponential number. Understanding
which of these equilibria dominate the chaotic dynam-
ics, if any, requires comparing their properties (computed
here) with those of the configurations visited by dynami-
cal trajectories at large times. Such a comparison was re-
cently carried out in a family of models with random non-
reciprocal interactions and chaotic dynamics [11], show-
ing that while the chaotic attractor may be largely con-
tributed by fixed points, these are not the typical ones,
even though correlations exist between properties of the
attractor and those of the fixed points. Investigating
these links in the gLVE dynamics, especially the qualita-
tive changes in the dynamics across the two ME phases,
and establishing quantitative connections with the prop-
erties of equilibria are natural perspectives of this work.
Another natural direction is to generalize the complexity
calculation to models with structured or stronger inter-
actions [48, 49]. Finally, our complexity analysis relies on
the assumption of replica symmetry. Verifying the sta-
bility of this ansatz, analogously to the stability checks
routinely performed in equilibrium replica calculations,
in another open perspective.
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END MATTER

We provide the explicit form of the density appear-
ing in the replicated Kac-Rice formula for the higher
moments, Eq. (8), and of the function A (% (y,¢) in
(10). From these formulas, the complexities can be de-
rived directly through a saddle point method. We de-
note with N = (N!,..,N") and F(N) = (F!,...,F")
the concatenations of n vectors of dimension .S, where
Fo := F(N%) is a shorthand notation for the effec-

tive growth rate associated to the configuration Ne.
I = {il,--- ail_Sdnj} are index sets with [S¢| distinct
components i, € {1,---,S}. With this notation, the
density in (8) reads:

o) = 3 / T[T e

(11 i=1a=1
[a|= S¢>

@, FYwe (6).

(11)
In this formula, the I, are index sets that identify the
species that are present in the configuration N¢, i.e
those with N/ > 0, and

— —

9( N f H 9 Na fa H 5 Na (a) fa)
icla igla
(12)
with
0(—f) if a=u
(o) —

) {1 it a=t (13)

The integrand
Wi (£) = 2 (5) DR (£) (14)

contains the probablhty that the effective growth rates
F take a given value f”

P23 (F <H 5 (F(N f“)> (15)

where (-) denotes the average over the random interaction
couplings, and the expectation of the product of Jacobian

matrices (4) evaluated at the different N¢,

D (£) = <ﬁ det <§§> [B(N) :f>, (16)
i/ ijera

a=1

conditional to % = f@. Therefore, (12) enforces that the
configurations N are (uninvadable) fixed points of the
dynamical equations, and (16) accounts for the multiplic-
ity of these solutions. The representation (10) is obtained
exploiting the fact that the statistics of the Gaussian vari-
ables F* and of their derivatives is isotropic, and depends
on the N¢, f ¢ only trough the rotationally-invariant func-
tions

q(N®, N% = N*.N°/S, m(N?®) = N®.1/8,
S =1 1S, p(Ne) = Fe -1/, (17)

2(N®, f7) = (1 — 845)N - f/8,

where T is the S-dimensional vector with all components
equal to 1. We introduce the quantities gqp = g(N®, N?)
(and similarly for the others) representing the values
taken by these functions. A change of variables allows



to rewrite the integrals (11) over N, F as an integral over
these quantities only. As it is standard in these type of
calculations, the Jacobian of this change of variables is
parametrlzed in terms of a set of conjugate parameters
(Lagrange mlﬂtlphers) qabv gab; Zab mavpaa ¢a» where ¢a
additionally enforces that the configurations N have di-
versity ¢. Under the assumption that the order param-
eters associated to fixed points at given ¢ concentrate
when S — oo to values that are constant among the
fixed points (Replica Symmetry), we can set

gab = 6ab§1 + (1 - 5ab)£0

Mg =M, Pa =P,

dab = Oapq1 + (1 — dap)qo,
Zab = (1 - 5ab)27

and similarly for the conjugate parameters. Introducmg
X = (qlaq0a§155072 m p) X = (qlaq0a§17§07z m p7 ¢)
and y = (x,%) and performing and expansion to leading
order in large S and small n, we get (10) with

A = p(x) +nd(¢) — ! (@o% + €o&o + 252)

) 2 i ) (18)
+qrq1 + E& +m + pp + 96 + (O (%).
In this function,
oy (1 —pm) [m(fh —Q+7y2) (1’””)}
() = o?(q1 —qo0) L (1 +7)(q1 — qo) P 2 i

q0 1 fl 1

202(qlw)<1 o 1+v) 202 (q1 —qo+1+v)_
v Alata) lg2rof(n-w)]  w

202(1 + ) (@1 — q0)° 2 2(q1 — qo)

is the contribution coming from the large-S expansion of
(15), while

) 1;7‘;(29%’)+¢ log (125’(‘;5)) —ﬂ i a(¢) < 1
o) ={ Ho?
if a(¢) > 1
(19)
with s(¢) = /1 — 4y52¢ and a(¢) = o+/P(1 +) derives

from the conditional expectation (16). The remaining
terms are the contribution of the Jacobian of the change
of variables (N, f) — y, with:

éou1+qou2*2zu1U2

g(a)(fi) :/duldu2e 2(d0€p—22) y

21/ Gofo — 22

log le=? [ ™ qw_MZwm (20)
& l 2(2¢1 — do) 2(2¢1 — do)

A7T A (e Uz —p 1
2(261 — &o) 2(26; — &)
where
“Bric(z), if a=u
@ c ’ 21
(@) {26“2, if a=t (21)

Ounly this term discriminates between the total (a = )

and uninvadable (o = u) complexities. The Z;g(@ are
obtained fixing ¢ and solving the 15 coupled equations
VA (y;$) = 0. For v = 0, a = u one recovers [28, 29].
We remark that the integral representation (20) of the Ja-
cobian §(® (%) is derived under the assumption that the
matrix in the quadratic form at the exponent has nega-
tive eigenvalues. By solving the saddle point equations in
the ME phases, we find that when the diversity ¢ reaches
from above a critical value ¢p1atcn, the linear combination

doéo approaches zero, implying that the quadratic
form at the exponent of (20) develops a divergent mode.
At this point, the double integral converges to a single
integral over an effective variable, that is an appropri-
ate linear combination of u; and ws. Exactly at this
value of parameters, the complexities i )(ng) map into
their annealed counterparts, that are obtained exchang-
ing the order in which the logarithm and the average over

the randomness are taken in (6) (equivalently, by taking
n =1 in (10)):

ES;(XWA)(@ = lim %log <n(a)(¢)>-

S—o0

(22)

In other words, at this point the large-S scaling of the

(@)

typical values of the random variables 71, which is con-

trolled by Eg ),, coincides with the large-S scaling of the
average values of the random variables n(SO‘), controlled

by EE;?‘:YA). In addition, we find that for o = u, ¢maten
and the typical properties of the equilibria at that diver-
sity can be predicted with the cavity method [19, 45] in
its simplest form. This method assumes the existence of
a unique, uninvadable equilibrium, and derives its prop-
erties under this assumption. In principle, its limit of
validity is restricted to the values of o,~ within the UFP
phase. Our analysis shows that, when extended within
the ME phase, it still correctly describes the properties
of a specific family of equilibria, those of diversity ¢match-
This family is however not typical: they are not the most
numerous at the given values of o,, as indicated by the
fact that Egu,)y(gb) peaks at ¢ # dmaten-

For ¢ < ¢maten, the solution of the quenched saddle point
equations is numerically unaccessible, presumably due

\/ qA()é(). In this

regime, we expect that Ef,a),(qﬁ) = E((,%’A) (¢) continues
to hold. We solve a modified set of saddle point equa-

tions obtained enforcing Z + (joéo = 0, and find that
the resulting branch of complexity and the saddle point
values of the order parameters are numerically indistin-
guishable from the values in the annealed counterpart,
reinforcing our hypothesis. Notice that we consistently
find ¢match > PMay, and thus the transition line sepa-
rating the robust and fragile ME phases lies within the
region of parameters where this matching is expected.

to the smallness (or vanishing) of 2z +



[1] H. Sompolinsky, Statistical mechanics of neural networks,
Physics Today 41, 70 (1988).

[2] H. Sompolinsky and I. Kanter, Temporal association in
asymmetric neural networks, Physical review letters 57,
2861 (1986).

[3] A. Crisanti and H. Sompolinsky, Dynamics of spin sys-
tems with randomly asymmetric bonds: Langevin dy-
namics and a spherical model, Physical Review A 36,
4922 (1987).

[4] H. Sompolinsky, A. Crisanti, and H.-J. Sommers, Chaos
in random neural networks, Physical review letters 61,
259 (1988).

[5] K. Faust and J. Raes, Microbial interactions: From net-
works to models, Nature Reviews. Microbiology 10, 538
(2012).

[6] G. E. Hutchinson, The Paradox of the Plankton, The
American Naturalist 95, 137 (1961), 2458386.

[7] M. Stomp, J. Huisman, G. G. Mittelbach, E. Litchman,
and C. A. Klausmeier, Large-scale biodiversity patterns
in freshwater phytoplankton, Ecology 92, 2096 (2011).

[8] R. M. May, Will a Large Complex System be Stable?,
Nature 238, 413 (1972).

[9] I. Akjouj, M. Barbier, M. Clenet, W. Hachem, M. Maida,
F. Massol, J. Najim, and V. C. Tran, Complex systems in
ecology: a guided tour with large lotka—volterra models
and random matrices, Proceedings of the Royal Society
A 480, 20230284 (2024).

[10] S. J. Fournier and P. Urbani, High-dimensional dynami-
cal systems: co-existence of attractors, phase transitions,
maximal lyapunov exponent and response to periodic
drive, arXiv preprint arXiv:2511.09679 (2025).

[11] S. J. Fournier, A. Pacco, V. Ros, and P. Urbani, Non-
reciprocal interactions and high-dimensional chaos: com-
paring dynamics and statistics of equilibria in a solvable
class of models, arXiv preprint arXiv:2503.20908 (2025).

[12] S. Fournier and P. Urbani, Chaos in high-dimensional
dynamical systems with tunable non-reciprocity, arXiv
preprint arXiv:2601.04702 (2026).

[13] F. Roy, G. Biroli, G. Bunin, and C. Cammarota, Numer-
ical implementation of dynamical mean field theory for
disordered systems: Application to the Lotka-Volterra
model of ecosystems, Journal of Physics A: Mathemati-
cal and Theoretical 52, 484001 (2019).

[14] M. T. Pearce, A. Agarwala, and D. S. Fisher, Stabi-
lization of extensive fine-scale diversity by ecologically
driven spatiotemporal chaos, Proceedings of the National
Academy of Sciences 117, 14572 (2020).

[15] E. Blumenthal, J. W. Rocks, and P. Mehta, Phase tran-
sition to chaos in complex ecosystems with nonreciprocal
species-resource interactions, Physical review letters 132,
127401 (2024).

[16] J. B. Sanders, J. D. Farmer, and T. Galla, The preva-
lence of chaotic dynamics in games with many players,
Scientific reports 8, 4902 (2018).

[17] H. Rieger, Solvable model of a complex ecosystem with
randomly interacting species, Journal of Physics A:
Mathematical and General 22, 3447 (1989).

[18] S. Diederich and M. Opper, Replicators with random in-
teractions: A solvable model, Physical Review A 39, 4333
(1989).

[19] M. Opper and S. Diederich, Phase transition and 1/f
noise in a game dynamical model, Physical review let-
ters 69, 1616 (1992).

[20] M. Opper and S. Diederich, Replicator dynamics, Com-
puter physics communications 121, 141 (1999).

[21] P. Biscari and G. Parisi, Replica symmetry breaking in
the random replicant model, Journal of Physics A: Math-
ematical and General 28, 4697 (1995).

[22] K. Tokita, Species abundance patterns in complex evo-
lutionary dynamics, Physical review letters 93, 178102
(2004).

[23] S. Franz and G. Parisi, The simplest model of jamming,
Journal of Physics A: Mathematical and Theoretical 49,
145001 (2016).

[24] S. Franz, A. Sclocchi, and P. Urbani, Critical jammed
phase of the linear perceptron, Physical review letters
123, 115702 (2019).

[25] G. Folena and P. Urbani, Marginal stability of soft anhar-
monic mean field spin glasses, Journal of Statistical Me-
chanics: Theory and Experiment 2022, 053301 (2022).

[26] G. Biroli, G. Bunin, and C. Cammarota, Marginally
stable equilibria in critical ecosystems, New Journal of
Physics 20, 083051 (2018).

[27] J.-P. Bouchaud, L. F. Cugliandolo, J. Kurchan, and
M. Mézard, Out of equilibrium dynamics in spin-glasses
and other glassy systems, Spin glasses and random fields
12, 9 (1998).

[28] V. Ros, F. Roy, G. Biroli, and G. Bunin, Quenched com-
plexity of equilibria for asymmetric generalized lotka—
volterra equations, Journal of Physics A: Mathematical
and Theoretical 56, 305003 (2023).

[29] V. Ros, F. Roy, G. Biroli, G. Bunin, and A. M.
Turner, Generalized Lotka-Volterra Equations with Ran-
dom, Nonreciprocal Interactions: The Typical Number of
Equilibria, Physical Review Letters 130, 257401 (2023).

[30] T. Arnoulx De Pirey and G. Bunin, Many-Species Eco-
logical Fluctuations as a Jump Process from the Brink of
Extinction, Physical Review X 14, 011037 (2024).

[31] D. A. Kessler and N. M. Shnerb, Generalized model of
island biodiversity, Physical Review E 91, 042705 (2015).

[32] X. Yang, G. La Camera, and G. Mongillo, On the rela-
tionship between equilibria and dynamics in large, ran-
dom neuronal networks, arXiv preprint arXiv:2510.19091
(2025).

[33] J. Stubenrauch, C. Keup, A. C. Kurth, M. Helias, and
A. van Meegen, Fixed point geometry in chaotic neural
networks, Physical Review Research 7, 023203 (2025).

[34] S. Wang and H. Huang, How high dimensional neural
dynamics are confined in phase space, arXiv preprint
arXiv:2410.19348 (2024).

[35] Y. V. Fyodorov and B. A. Khoruzhenko, Nonlinear Ana-
logue of the May-Wigner Instability Transition, Proceed-
ings of the National Academy of Sciences 113, 6827
(2016), arXiv:1509.05737 [cond-mat].

[36] N. Lehmann and H.-J. Sommers, Eigenvalue statistics
of random real matrices, Physical review letters 67, 941
(1991).

[37] H. J. Sommers, A. Crisanti, H. Sompolinsky, and
Y. Stein, Spectrum of large random asymmetric matrices,
Physical review letters 60, 1895 (1988).



[38] L. Stone, The feasibility and stability of large complex bi-
ological networks: a random matrix approach, Scientific
reports 8, 1 (2018).

[39] V. Ros, G. B. Arous, G. Biroli, and C. Cammarota, Com-
plex energy landscapes in spiked-tensor and simple glassy
models: Ruggedness, arrangements of local minima and
phase transitions, Physical Review X 9, 011003 (2019).

[40] Y. Fyodorov, High-dimensional random fields and ran-
dom matrix theory, Markov Processes and Related Fields
21, 483 (2015).

[41] V. Ros and Y. V. Fyodorov, The high-dimensional land-
scape paradigm: Spin-glasses, and beyond, in Spin Glass
Theory and Far Beyond: Replica Symmetry Breaking Af-
ter 40 Years (World Scientific, 2023) pp. 95-114.

[42] M. Mézard, G. Parisi, and M. A. Virasoro, Spin glass the-
ory and beyond: An Introduction to the Replica Method
and Its Applications, Vol. 9 (World Scientific Publishing
Company, 1987).

[43] V. Ros, High-dimensional random landscapes: From typ-
ical to large deviations, SciPost Phys. Lect. Notes , 102
(2025).

[44] T. Louis-Sarrola and V. Ros, Supplementary material
for fragile vs robust multiple equilibria phases in gen-
eralized lotka-volterra model with non-reciprocal inter-

actions, (2026).

[45] G. Bunin, Ecological communities with Lotka-Volterra
dynamics, Physical Review E 95, 042414 (2017).

[46] P. Bizeul and J. Najim, Positive solutions for large ran-
dom linear systems, Proceedings of the American Math-
ematical Society 149, 2333 (2021).

[47] G. Wainrib and J. Touboul, Topological and dynamical
complexity of random neural networks, Physical review
letters 110, 118101 (2013).

[48] J. Giral Martinez, M. Barbier, and S. De Monte, In-
terplay of structured and random interactions in many-
species ecological dynamics, bioRxiv , 2024 (2024).

[49] E. Mallmin, A. Traulsen, and S. De Monte, Chaotic
turnover of rare and abundant species in a strongly in-
teracting model community, Proceedings of the National
Academy of Sciences 121, 2312822121 (2024).

[50] M. Barbier, J.-F. Arnoldi, G. Bunin, and M. Loreau,
Generic assembly patterns in complex ecological commu-
nities, Proceedings of the National Academy of Sciences
115, 2156 (2018).

[51] T. Galla, Dynamically evolved community size and sta-
bility of random lotka-volterra ecosystems (a), Euro-
physics Letters 123, 48004 (2018).



Supplementary material for “Fragile vs robust Multiple Equilibria phases in
generalized Lotka-Volterra model with non-reciprocal interactions”

Thomas Louis-Sarrold] and Valentina Ros
Université Paris-Saclay, CNRS, LPTMS, 91405, Orsay, France

This supplementary material is structured as follows. In section |l we recall useful definitions and results on the
random Generalized Lotka Volterra (rGLV) equations. In sectionwe recall the structure of the Kac-Rice calculation,
that is behind the derivation of our results. In section [[TI} we present the self-consistent equations obtained from this
method. In section [[V, we present some additional results on the complexity calculation. Finally, section [V] contains
further details on the derivation of the self-consistent equations.
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I. MODEL SETUP AND DEFINITIONS

The model. The Generalised Lotka Volterra (GLV) equations read, in their standard rescaled form:

dN; d .
dt Ni(liiNijzlaiij), Z:].,...,S (1)

where N; is the abundance of species ¢, and where we have rescaled each population by its carrying capacity, which
we assume to be uniform: k; = k for all ¢ = 1,...,S. This formulation allows for arbitrary networks of interactions
between species, which can be competitive, predatory, or mutualistic. We assume that the elements o;; of the
interaction matrix are drawn at random from a Gaussian distribution with mean /S and variance 02/, so that

with  (agjar) = 6ik 00 + 7 6t G- (2)

b, o
as=C2 4 .

(%] 9 \/g (%]
Note that although it is customary to set a;; = 0 in the GLV model, in what follows we allow Gaussian fluctuations
of the diagonal elements as well, as specified in ; this does not affect any of the results obtained in the S — oo
limit considered below. In this limit, certain system-level trends are robust to changes in modeling choices, and the
minimal Gaussian model for interaction statistics appears appropriate, as suggested by arguments of Gaussian
universality [1]. The reciprocity of the interactions is controlled by the parameter v € [0, 1].

Definitions. A fized point or equilibrium of the GLV equations is a vector N* = (NY,...,N§) which verifies

NiF(N* ) =0foralli=1,....5, F(N):=r- 523 N, - N~ -5 ayN;, (3)

where F(N ) is the vector of forces or effective growth rates associated to each species. In a fixed point configuration,
for all 4 =1,...,S5 either N} = 0 (the species is absent in the equilibrium) or F;(N;) = 0. We define the index set
I (N *) = (i1,...,1s) collecting the labels of the species coexisting in the equilibrium. The equilibrium diversity and
average abundance are given by

—i* S
osv) =HEL g = 53w (@

©nl

Henceforth, we denote simply with ¢, m the S — oo limit of these quantities. The Kac-Rice calculation allows to
determine the distribution of ¢, m over the multiple fixed points of the GLV equations.

Given the factorized structure of the fixed point condition NI*F,(Z\? *) = 0, we define two types of stability of each
equilibrium. Uninvadibility is the stability with respect to the injections of the species that are absent in the fixed
point, and it is guaranteed whenever F;(N*) < 0 for all i ¢ 1 (]\7 *). The internal stability of a fixed points is instead
the stability with respect to small fluctuations in the abundance of the existing species. Mathematically, this is
guaranteed by the fact that the eigenvalues of the stability matrix

[ OF,(N*)
H’L] - ( (SN] > - (5)
i,jeI(N™)

all have a real part that is negative. For the GLV model with Gaussian interactions, stable equilibria are those that
verify ¢ < ¢may = [0(1+ )] 72, as it follows from a random matrix theory argument recalled in the main text [2].

Multiple equilibria and complexity. We recall here the phase diagram obtained in [3] using the so called cavity
method [4], in (i, o) space. For general «, the GLV model exhibits three phases: (i) A Unique Fized Point (UFP)
phase, (ii) an Unbounded Growth phase and (iii) a Multiple Equilibria (ME) phase. The results of |2, [5] for v = 0 show
that both the Multiple Equilibria phase and the unbounded growth phase are characterized by the existence of an
exponentially large (in S) number of fixed points of the GLV equations. In the unbounded growth phase, a fraction
of these fixed points is characterized by a divergent value of their average abundance. The line separating UFP and
ME phases lies at o.(7) = v/2/(1 + ), as first obtained in [6].
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We denote with ng")((b) and nf;)(@ the number of uninvadable equilibria and the total number of equilibria (both

invadable and uninvadable) at fixed diversity ¢. We use the notation 71(50‘)@)) with « € {u,t}. Our objects of interest
is the topological complexity Yg(¢) = S~ logNs(¢). More precisely, we aim at the deterministic functions:

1 a a o1 a
S0(0) = Jim <(logN§7 (@), BV (@) = Jim < log( (), (6)

where Zg,t)n,(qﬁ) is the quenched total complexity, Zgi ’VA)(gZ)) the annealed total complexity, and E‘(,u% (¢) and Et(,%A)(gb)
are the uninvadable counterparts. The distinction between quenched and annealed averages is central in disordered
systems, where the quenched complexity is the relevant quantity to consider, as it describes the correct asymptotic
behavior of the random variable X g(¢), which is self-averaging and whose distribution concentrates around its mean
when S — co. The annealed complexity is much simpler to calculate, though, and often considered in the mathematical
literature as it can be derived within a rigorous formalism; it furnishes an upper bound to the quenched complexity,
Eg‘f‘%(qﬁ) < Eg‘fx,;a)(gb) with o € {u,t}. Below, we present the derivation of the formulas of both quenched and annealed
complexities.

II. THE REPLICATED KAC-RICE CALCULATION: THE STRUCTURE

In this Section, we discuss the step leading to the integral representation (10) in the main text. The structure of
the calculation is very similar to that presented in Ref. [5], and we report it here for completeness. It relies on the
replicated Kac-Rice method first introduced in [7]. For more details on this method, see [§].

A. The replicated Kac-Rice formula

We begin by deriving the expression of the density P(S(XBL appearing in Eq. (8) in the main text, and given more

extensively in the End Matter. We introduce

@ga) N, f H9 5(fi) H5 X(a X(a)(f) _ {9(_f) if a=u )

iel igl 1 if a=t

where 0(z) = 1 for x > 0 and 0 otherwise. For a fixed realization of the random GLV equations, the number of fixed

OF;
det( 7’>
aNj ijel

The last term in the integral enforces that the vector of effective growth rates takes values f For any possible choice

points nf;')(gz)) admits the following integral representation:

=

)

NP = [ v 5 (F() - 7). (8)

I:|1|=S¢

of the index set I compatible with the diversity ¢, © a)(N f ) enforces that the configuration N is an equilibrium,
and that it is uninvadable when o = u. The term containing the determinant is a Jacobian factor accounting for
the multiplicity of possible solutions of the fixed point constraint. Notice that the only difference between the total
number of equilibria and the number of uninvadable ones is in the factors 6(— f;), that is absent for o = t¢.

The replica trick requires to compute higher moments of the random variable (8). From we get:

’ﬂ

b
[ 0)]" = Z /R - HHdN“df“ H@““ (N, ) det<8F ) s(F-P), o
XR=™ ijely

(153 0n) i=la=1 J
[Io|=S¢

where we set I, = I(N%) and F* = F(N®). The replicated Kac-Rice formula is obtained averaging ([9) over the random
couplings «;;. Denoting with N = (N',..., N™) the concatenation of the configurations and with F(N) = (F, ... F™)
the concatenation of effective growth rates, we can write:

N A
b=1 ij€lp

J




where

D (£) = <H det ((‘:ﬁ_) )F(N) - f> (11)

a=1 J

is the conditional expectation of the product of determinants given that F(IN) = f, while @1(\?) (f) = (6 (F(N) —f)) is
the probability that F(N) = f. We then recognize that

(o] [ oo () 0). da- T [ Hatepi fudm. o

(17“7’)@
[Ta|=5¢

as reported in the main text and in the End Matter. Eq. is the replicated Kac-Rice formula. Let’s stress that
the general n case is relevant for the quenched computation, while n = 1 gives us the annealed complexity.

To proceed, we need to determine to leading exponential order in S in order to perform a saddle point
calculation. In W(n)(f), the objects containing the randomness are the effective growth rates F: these are vectors
with Gaussian statistics, owning to the Gaussianity of the couplings c;j;; moreover, the statistics of the vectors
components is isotropic: their first and second moments depend on the components N only through rotationally
invariant combinations, that are, scalar products. In other words, W&n)(f ) depends on the N® and fa only through
the functions:

o NNt fp o Fep o jef L ff
N* N’ = ——, ;2N fY) = , m(N%) = 7 “) = 13

oW, N = S = ey = S i = S5 =t )
foralla < b =1,---,b. In here, we denoted I = (1,1,--- ,1)T. We can therefore conveniently perform a change

of variable and rewrite the integration over the (Sn)? parameters N2, f& as an integration over the variables (13).
Denoting with gq;, the value taken by the function ¢(N¢, N®) and similarly for the others, and defining with x =

{qabs Eabs Zab, Ma, Pa} the collection of such values for all ¢ < b and with X = {(jalh éab, Zabs ma,ﬁa} a set of auxiliary

variables, we obtain the integral representation
@ ]"\ — dxdx g9, (x5.0)()(0) (3
nS (¢) - (271—)2n2+3n € Vn (X)mn (Xv ¢)‘@n (X) (14)

where @,, and #,, denote the terms CDI(\? ) and @1(\? ) now expressed as a function of the variables x, and

n

gn (X,}A(, ¢) = Z (mama + ﬁapa + éaqb) + Z (qAaanb + éabfab) + Z 7:'abzab' (15)

a=1 a<b=1 a#b

The ‘volume term’ Ué“)(x, %) contains the integration over the variables N2, f& and it reads explicitly:

( ) S4n(n+1)+n Z Z /HdNa fa —thg N T—pg f&-T—g 7¢-7%

.,——01 7=0,1

(16)
XHeszf HefqabN“N ﬁbffH Hg(Na (f&) H(gNa @ (fay |,
a,b=1 a<b=1 =1
a;ﬁb
where we have introduced the S-dimensional vectors 7* that have components 7% = 1 if ¢ € I, (meaning, if the species
labeled by i is present in the given configuration), and 7 = 0 otherwise. These expressions are obtained enforcing
that the functions ) take values x through delta functlons which are then expressed as d(x) = 1 f dz e™*?* with
the help of the conJugate parameters x. The constraint 7¢ = S¢ is enforced by the conjugate parameter $a. The

introduction of the order parameters x allows for a drastlc reductlon in dimensionality, as is standard in statistical
physics calculations for high-dimensional fully connected systems.



B. The replica symmetric assumption

We proceed making a replica symmetric (RS) assumption, that corresponds to:

ab = Oabq1 + (1 - 5ab>QOa Gab = Oapf1 + (1 — 5ab)(j (17)
Eab = 0apé1 + (1 — 5ab)507 gab = 5abfl + (1 - ab)é (18)
Zab = (1= 0ap)2, Zap = (1 — 0ap)2 (19)
Mg =M, Mg =1m (20)
Pa =D, Da=D0; (21)

where z,, = 0 for a = b because of the equilibrium condition. For a discussion on the relevance of this assumption,
see [5]. We now give, under this assumption, the value of each of the terms appearing in to leading exponential
order in S. We remark that the derivation of the asymptotics of the terms &, (x) and D, (x, ¢) is discussed in Ref. [5],
and we refer the reader to that reference for further details. As in that work, we find:

. log ®, (%) 1 n U, (x) n o n—1
Pn(x) := lim =— — —log(2mc*) — log(q1 — qo)
S50 S 202(1+7) (1 — q0)2 [1 + (n — Dgo]” 2 ( ) (22)

- %log [g1 + (n — 1)qo]
with
Un(x) = (k= pm)*(q1 — q0)* {(1 +7) [g1 + (n = 1)go] — ynm®} + (1 +1)é1(q1 — q0) [a1 + (n = 2)q0] [1 + (n — 1)qo]
—2(k — pm)(q1 — q0)* {m [q1 + (n = 1)(q0 —72)] + (L +)p [ + (n = Vgol} = v(n — 1)2% [¢§ + (n — 1)gg]
+ (@1 — 90)? [a1 + (n — 1)qo]* — (n — 1)(1 +7)éoqo(a1 — o) [ + (n — 1)go]

—2(n —1)goz(q1 — qo) [q1 + (n — 1)qo] - (23)
23

Similarly, to leading order in S:

n 9, 4 2
nd(¢) = lim Dnlx, ) =n{
e 1 1 ¢ ¢ )
77_,+,10g(0 ¢) Aoy (P) > 1
(24)
with aq~(¢) = 0v/@(1 + 7). The asymptotics of the volume term U,Ea)(fc) is obtained in [5] for the case @ = u. A
generalization of that calculation, whose details can be found in Sec. [VA] of this Supplemental Material, gives:

) C log 0\ (% o o VRN

i (%) = Sh_{go gf() = log [/ duy dup Gx (u1,uz) (6 29 (5 — u1; 21 — Go) + g\ (ug — 5 261 — fo)) ]
(25)

where
1 éou% + dou% — 2Zuqusg
Gx(u1,uz) = exp ( - )
— S

2my/ oo — 2 2dofo = %) (26)

T 22 x
g(a)(x,y) = /@e 2y <25a,t + g Erfc (\/@)) .

This expression is obtained assuming that the matrix in the quadratic form at the exponent of the Gaussian kernel is
positive definite, that is, assuming that oy — 22 > 0. When §o&o — 22 — 0, the asymptotics of the volume reduces to:

99 (%) q°é°72—270 log [/due uz( ¢ ) (7 — ur/~Go; 21 — o) + 9 (u uy/ —&o — P; 261 — éo)) }, (27)

as we show in Sec. Combining everything, within the Replica Symmetric assumption we get

<[néa)(¢)}”> = /dxdieSﬂf)(x,ic,qS)qLo(S)’

M) (o + ot +222) + 95 (5).

) (28)
2

AL (3,%,6) = pa(x) +1d(9)+n (@1a1 + €161 + 1 + jp + o) +



C. The replica trick and the saddle point

The complexities Z,(Tofq),, Z,(,?‘«;A) are obtained via a saddle point argument. We distinguish between the quenched and

annealed calculation.

Quenched Case. For the quenched case, we need to analytically continue ﬂ,(ﬁ) to take the limit n — 0. Expanding
to linear order in n we find AL = nA Y (x,%, ) + O(n?) with

A(x,%,0) = 50+ 4(8) + s + 61+ 1m + pp + 30 — 5 (doto + o) — 22 + GO (), (29)
where
) = B — g +29) | (s—pm)p v (et o)
o?(1+7v)(q1 — qo)* o2(q1 —q) 20%2(14+7) (1 —q0)?3
_ &1 @ —&) 1 [ 2q0z ]
202(q1 —qo)  20%(q1 —qo)* 202%(1+7) b (@1 — q0)? (30)
1 (s pum)? _ log (2702 (g1 — qo)] B 9o
202 q1—qo 2 2[q1 — qo)’
and
g(x) = /dul dug Gx(u1,ug)log [e_ég(m —u1; 261 — Go) + h(Y (ug — p; 26, — éo)] . (31)

The saddle point equations for the quenched case read

OA (x,%, ¢)
ox

=0, T =0 (32)

* <7 < ¥
xX*,x* X*,X

and we get directly the quenched complexity El(,a%(qﬁ) = A (x*,%*,¢). For ease of notation, we are not indicating
explicitly the dependence of the saddle point solutions x,% on the choice of «.

Annealed Case. By choosing n = 1, we obtain instead:

A (%%, 6) = pr(x) + d(6) + dugr + a1+ 1m + p + b + ¢{) (%), (33)
with
_ 1 _ 9 _’ym2 ok — m _11 91020,) — 1
p1(x) = 20’2(]%|:(K: um) (q1 1+'y) (k — pm)q <p+1+)+§16h} iog( T qr) 20211 7)’
(34)

and (see Sec. of this Supplementary for further details):

-¢ 1 2 H
(a) R [ m2 T p
1 (%) =log | ——/ T et Erfe ( ) = —6451 204t + 0o Erfe - . (35)
2V Was o 2Ve 2/é

As expected we obtain a functional that does not depend on qq, o, &0, 50, z, 2 which exist only when more than one
replica are present. The saddle point equations for the annealed complexity read

DA (x,%, ¢)
ox

A (x, %, )

=0 %

kK
xX* X

=0, (36)

* ok
xX*,X

and the annealed complexity is obtained as E(a A)(d)) A (O‘)( *,X* ¢). Again, for ease of notation we are not
indicating explicitly the dependence of the saddle point solutions x, X on the choice of a.



III. SELF-CONSISTENT EQUATIONS AND THEIR NUMERICAL SOLUTION

The saddle point equations obtained from and correspond to a set of coupled equations for the conjugate

parameters X and the order parameters x. In particular, by differentiating or with respect to the order
parameters x we get a representation of the conjugate parameters x as a function of x, and conversely we get a
representation of x by differentiating with respect to x. Therefore, plugging the second set of equations back into
the first set of equations, one gets a set of self-consistent relations for the parameters x. Once the solutions to these
self-consistent equations is found, the value of the order parameters x can be obtained straightforwardly using the
parametrization given by the second set of equations.
We report the self-consistent equations written in the simplest form, that is also convenient for their numerical
solution, in Sec. for the quenched calculation and in Sec. [[IIB for the annealed one. In Sec. [[ILC we discuss
the mapping of the quenched set of equations in to the annealed one, achieved at a critical value of parameters.
The equations presented here follow from several manipulations of the original equations that are obtained from the
variational problems (32]) and . For the sake of completeness, we provide the original equations and discuss their
manipulations in Sec. [V Bl

A. Quenched self-consistent equations and the procedure to solve them

The self-consistent equations for the conjugate parameters are more conveniently expressed in terms of the rescaled
variables:

m p < N 2A_A ] 2
PO | N T T N - R A

/72qu — quy /7251 B éo 251 - 507 y2 ’ y2 ) y
We define the function
2 X
K(z) = e* /?Erfc () , 38
(@) N (39)

and the Gaussian kernel:

(39)

—u2Bor2 49 9
Qﬁ(ul,uz): ulﬁzr + 283ru1Us u261>.

r
R, (_

2w/ B1B2 — B3 2(B1 82 — 53)
From the second set of equations obtained from , one sees that the order parameters, properly rescaled by factors
of y, admit the following integral representations in terms of the quantities and of ¢:

duy dug Gx(u1,uz)— - PEESE
" K(x1 —u1) + e?r[0n,2¢ 2 + 0a,u K (uz — z2)]

iy — / 1 \/g— (1 —w)K (21 — 1) (40)

ug—z5)?2
; —5%\/% (@ — u2)[6us26 TP 4 60 K (ug — 72)]

(ug—wg)?
p)

py = /du1 dus Qx(u1,u2)re -
K(z1 —u1) + e®r[dq,2e + O uK (U2 — x2)]

Q1y2 = /d'LL1 dUZ Qﬁ(ULUQ)iQ _\/;(xl B ul) + (1 + (.%‘1 o ul) )K(ml - ul) (42)

" K(xy —up)+ edsr[éa’ﬂe (a2 ? + o u K (uz — x2)]
o —20)2
) 0/ 2 (2 = u2) + (1+ (@2 = 12)*) B2 7 + 00k (1 = 22)]
§uy” = /dul duy Gg(u1,uz)re - (i—72)? (43)
K(z1 —u1) +e®r[do 2 2 + o u K (uz — x2)]
2
2
1 \/;—(331 —Ul)K($1 —U1)
quQ = /du1 dUQ (j,z(’u,]_,’u,g)f2 N (ug—2g)? (44)
" K(zy —u) + ePr[dn 2 2 + Oo,u K (ug — x2)]
U9 —x 2 2
, ) a2 — (22 = )26 “HFH 4 b0 K (s — 22)]
oy = /du1 dug Gx(u1,ug)re - Ty (45)
K(z1 —u1) + e®r[dq,2e 2

+ 5a’uK(UQ — xg)]



(/2 = @1 = ) = )] [~/ = (02 = )00 2655 400K 0z~ 22)

2y = /du1 dusg gﬁ(u1,u2)€¢;

A ug—xo 2
[K(xl —up) + €¢T[5a7t2€( _— + 0a,u K (ug — )]
(46)
K(x1 —u
¢ = / duy dusy Gs(u1,up) X iuz,z;l : (47)
K(z1 —u1) + €?r[dq,2e 2 + 0o, u K (uz — x2)]

where we remark that the integrands depend on the choice of «, i.e., on whether we are considering the total or
uninvadable complexity. These integral representations express how the order parameters x can be obtained in terms
of the conjugate parameters X; we see that the right hand sides depend on all the rescaled conjugate parameters
except y.

Manipulating the first set of equations obtained from , one finds the following six self-consistent relations
coupling the parameters x1, x2, 81, B2, 3 and r:

?lqoy’] = =P (48)
gy’ =1 - B2 (49)
1 222(1 -2 -1
o2 [py] = + 7 riai( . B2) . rz(Be 24-53 +B37) 25, (50)
Yy .TQ xz’y
1 2 1 1 1 1 1
o2 [my] = LE P2 (2ron e AR e (S S (51)
72\ 22 1+~ v v w2 \1+7
14+ ~2r222(1 4+ 2rzq (1 + By + B3 +
o? [boy’] = — v - 1§;2 i * ! 53:227 B Bi+2r° B — ﬁ + 507 — B0, (52)
2
1 2242 2 - 2 23
02 [610%] = Ba(2r? — 02) + 0% — 1% — By + 023 — +v (2r x;ﬂz  2rz1fB N rzify ﬁ7 (53)
v 3 T2 Toy v

where the notation [-] indicates that the quantity in brackets is expressed as the corresponding integral representa-
tion (40)-(46). These equations are here written in a form that assumes y # 0 (for the case v = 0, see [5]) and
y > 0. Their derivation is explained in detailed in Sec. [V B. These six self-consistent equations do not depend on the
parameter y, and can be solved for each value of the parameter aAS Once these equations are solved, the parameter y
can be obtained using the identity:

Ky = —x2 + plmy]. (54)

Therefore, the only conjugate parameters that depends explicitly on the constants x and p is y. Once the conjugate
parameters are determined (for fixed ¢) the order parameters can be obtained using Egs. ( . . Finally, one
can use Eq. ( . ) to determine the value of ¢ corresponding to the considered gf) following this procedure, one finally
obtains the typical values of the order parameters as a function of ¢. The quenched complexity admits the following
representation in terms of the conjugate parameters, as we also derive in Sec. [V D}

200)= 5 (1 = rlaoy’] - [G1y”] - 02(71 - 1)> — 0 sy ) 40 + 66— 1) — log(21)

) (55)
+ /du1 dus Qs (u1,uz)log <K(x1 —uy) + €¢T[5a7t26

(ug— Tz)

+ Sou K (ug — $2)]>

B. Annealed self-consistent equations and the procedure to solve them

In the annealed calculation, the self-consistent equations for the conjugate parameters can be also expressed in
terms of some rescaled variables, in this case given by:

X2 = y Y= 2617 r= ? (56)



Notice that these variables do not coincide with the quenched ones, and we indicate this exploiting a different font.
Similarly to the quenched case, the second set of equations obtained from give a parametrization of the order
parameters in terms of the rescaled conjugate ones, that in the annealed case reads:

27}(1 X1
| NERENEN -

"t ; 2
K(Xl) + €¢I‘[5a t2€ 2 + 501 uK(—Xg)]

da U\/> + X2 a t26 7 + 5a,uK(7X2)}
—re?

K(x1)+ e¢r[(5a)t26 2 + 0o, u K (—%2)]
e R e L o
r K(x1)+ e‘ﬁr[éa t2ex72 + O u K (—%2)]

x2
a qu\/> + 1 + X2 t2€72 + 5a7uK(_x2)}

py = (58)

Gy’ =er (60)
K(x1) + e¢r[(5a,t267 + 0a,u K (—%2)]
b= Kix) . (61)

K(x1) + €92[00.426F + 600K (—%2)]

The right hand sides again depend on all the rescaled conjugate parameters except y. Manipulating the remaining
saddle point equations, for v # 0 one finds the following three self-consistent equations coupling x1, x> and r:

oy =1 (62)
1 14+ ~vrx;
21 2
oc’lmy’ = — - —— 63
my’) = o - (63)
a?l&1y?] = 0% — r? + o?x3. (64)

where the notation [-] now indicates that the quantity in brackets is exprebsed as the corresponding representation
(57)-(60). One can check that the additional relation o?[py] = Xlr —o%xg + 1+7 Lt r holds true. As for the quenched

case, the equation in this form are derived under the assumptlon that v # 0 (for v = 0see [5]) y > 0. They can

be solved for fixed value of z;S, and the remaining parameter y is obtained from the resulting solutions through the
identity

X2 = —Ky + p[my]. (65)

Exactly as in the quenched calculation, y is the only conjugate parameters that depends on &, . Once the conjugate
parameters are solved for at fixed ¢, the order parameters are retrieved from equations —, and the corresponding
value of diversity ¢ from . Finally, the annealed complexity can be expressed as a function of the rescaled conjugate
parameters as:

24 0) =5 (1 09°) = 30my?led = s ) + 66 1)+ 4(0) ~ (20

a?(1+7)

+log (K )+ efal5n e + 50, K (o))

v+1

For an account on the the derivation of these formulas, we refer the reader to Sec.

C. The quenched-annealed matching point

The quenched saddle point equations reported in Sec. [IIl A|are derived under the assumption that (3132 — 35 > 0.
Solving them numerically, we remark that when ¢ approaches (from above) a critical value ¢paten (7, o), parametrized
in terms of the conjugate parameter @uaten(7y, o), this bounds saturates and the argument of the Gaussian kernel
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FIG. 1: All quantities in is plot are with respect to total complexity. Left. Relative difference between annealed and
quenched total complexities for different v and ¢ at ¢ = 5, showing convergence for small ¢. Right. Convergence of
B1B2 — 33 to zero as ¢ — (bf(/[atch (v, 0), indicating divergence of the Gaussian determinant.

Cx diverges. This happens for both the uninvadable and total complexities. Mathematically, the solutions of the six

equations — satisfy:

A(By, Ba, Bs) := P18z — B3 —— 0. (67)

_>¢Match

Fig.[1| (right) shows the behavior of A(S1, B2, B3) for o = 5 and various v, for the case & = u. The limit @ is attained
while 51, 82 and (3 remaln different from zero, and it corresponds to the boundary of stability of the quenched saddle
point equations of Sec. IHA We now discuss how to treat the equations for qb > qﬁMatCh, corresponding to ¢ < dmatch-

The matching point: convergence to the annealed and cavity methods
When the limit @ is attained, the integral representatlons Eqgs. . take a simplified form, that is consistent

with the limiting value of the Volume term given in . In partlcular setting

_;ru
2

re 2 —A Bo
w(U) (= ——, A(r, By, =Ty =, 68
)= e A B =y (68)
one has:
! V2 - 0K - w)
my > [ du gslu) A (69)
r K<x1 - U’) + e¢r[6a,t2€§(AU7z2) + 5a,uK ()‘u - x2)]
. ;=0 a2+ O = 22) [6e, t2e%w—w2>2 4 Gan (u— 22)] i
— u gx(u)re 0
P / 93 (u) K(z1 — u) + e91[0q,2e200=72)" 165 K (Au — )] (70)
2—>/d ()1 —\/;(xl—u)-i- (1+ (z1 —u)?) K(z1 — u) -
U gx\u) — = 1 2
ny g m K(x1 —u) + e?r[04, 202 A2 4 5, K (rAu — x2)]
[ a2 O 22) + [ (= 22) )8 263007 46, K (Nt — )] )
— u gz (u)re > T 3
v g K(xy —u) + e¢r[6a7t265()‘“*m2) + O, u K (Au — x2)]
2
1 \/g—(:vl—u)K(xl—u)
QY — /du 9x(u) — (73)
2| K (21 — u) 4 ePr[0, 1202 3u=22)* 45 K (M — 29)]
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2
By 2 O ) 60,1263 057 46, LK (At — )]

— | du gx(u) r2e? 5 74
oy’ / 93 K(zy —u) + e¢r[6a 2e2Qu—w2)” 4 SauK (M — z29)] (74)
,r (r1 —u)K (21 — u)} {—5a’u\/g+ (/\uacQ)[(56Y7,52e%(’\“_m2‘)2 + ol (Au — x2)]
2% — /du gx(u )re¢ - 5 (75)
[K(xl — ) + €Pr[0q,2e2 M=)’ L5 K (Au— zg)}]
K(z —
¢ / du gx(u) h o —w) . (76)
K(z1 — u) + ePr[K (x) — u) + ePr[0q,2e2Av=72)" 16, K (Au — )]

We now argue that in this limit, the quenched calculation maps into the annealed one, as shown in [5] for the special
case o = u and v = 0. Moreover, when o = u this matching point is described by the cavity equations [3] [9] [10].

Complexity of uninvadable equilibria (o = w). In this case, numerically, one finds that when is attained, the
remaining order parameters satisfy also the following limiting conditions:

0(z1,m2) := 21 — 29 — 0, A(r, B, B2) =7 ’82 e 1 a(r, (b) = re? A—>1. (77)
= Praten ﬂl = dMaten ¢—PMatch

When these limiting values are attained, the integral representations (69)-(76) map into the representation (57))-(61)
obtained within the annealed calculation, provided that one identifies:

Yy T2 x1

iV ey i e A Y

and exploits the fact that x; = xo and re® = 1. Moreover, the equations 7 and map into —.
Therefore, similarly to the v = 0 case [5], also for general v when is attained, the quenched calculation of the
complexity of uninvadable equilibria maps into the annealed one. Notice that solving the quenched self-consistent
equations becomes numerically difficult when ¢ approaches ngatCh(’y, o) and A gets small, due to the divergence of
the Gaussian kernel; therefore, to check that (| are satisfied at (bMdtCh, for the Valueb of ¢ fo which A < 10~* we
solve the approximate set of equations obtalned placmg the representations (69| into . . We denote with
PP a5PP BIPP, BaPP, BEPP rAPP the solutlons of this approximate set of equatlons These solutlons are exact, i.e.,
they coincide with the solutions of (4 . w1th0ut approximations only for the value of d) for which (67) is satlsﬁed
this allows to identify ngMatCh and to show that ( are indeed satisfied, as Fig. 2 I illustrates.

r=r (78)

We now show that the typical properties (i.e., the values of m and ¢;) of the equilibria having diversity ¢ = ¢maten
are described by the cavity method [4]. The core idea of the method is to study the effect of adding one extra
species to an interacting ecosystem, and to link the properties of the enlarged (S+1)-species ecosystem to those of
the original S-species ecosystem. By construction, this method assumes the existence of a single equilibrium, that is
internaly stable with respect to perturbations (such as the addition of one species), and determined the properties
of this single equilibrium (its diversity ¢, mean abundance m, and self-overlap ¢;) by imposing self-consistency. As
a consequence, in principle the cavity method allows one to properly describe only the Unique Fixed Point phase, in
which one single uninvadable and internaly stable equilibrium is present. However, as we now show, the cavity method
yields meaningful information also within the Multiple Equilibria phase: it describes the properties of a particular
family of equilibria, those having diversity ¢natcn- When applied to the GLV equations, the cavity method gives and
emergent effective variable (k — um)/+/02q1 [9], which we recognize to coincide (up to a sign) with the parameter x
in our annealed formalism; manipulating the standard equations obtained within the cavity method, one can derive
a self-consistent equation for this parameter, which reads:

z _s2
2 2 e n
o wa(—x2) + ywo(—x = wa(—x2), wy () = ds—— (x — s)". 79

wa—x2) + o () = wa(xa). ()= [ S @ (79)
From the solution x§*" to this equation, one can show that the self-similarity ¢f*', average abundance m®*" and
diversity ¢ are obtalned as (see for instance [11]):

d)cav — wo( CaV) qtlzav — /4/2 wz(— gav) mcav — K + Xgavo— qi:av .
| o (=) = x5 a5 + (=]} !

(80)
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FIG. 2: Behavior of AP = PP /3PP J3%PP ([eft) and 22PP | 28PP (right) as a function of ¢, for a = 4 3,7= 1/2 and
a = u. Here xiPP 3PP raPP IPP 52PP golve the approx1mate equations obtained plugging ([69] into (48)-(53).

and Commde with the solutions of the exact equations only at ¢ = dpaten = 1.079, where
ABPP = BIPPRAPP _ (BIPPY2 — () (inset). At this point, A*PP =1 and z{PP = z3PP.

The considerations above imply that at ¢ = @paten, the solutions to the annealed saddle point equations satisfy
X] = X and re® = 1. Pluggmg this into and using the explicit expressions of the functions w,, (), we see that at
this point 02[&1y?] = 02(1 + x2) — 02wa(—x2), that combined with leads to r? = 02wy(—x%2). On the other hand,
with x; = xo and redA’ = 1 implies that

o® _3 2 2p 2 2 o® _s3 2 2f 2 2
r=7vy ?e 2 ;XQ — X9 (XQ) +r +r° = Yy 76 2 ;XQ — X5 (XQ) + o CUQ(—XQ) +r
(81)
2
o X2 2 2 2 2 2
= —Frfc|—— | +* =y0°wo(—x2) + r~, r° = 0“we(—%2).
5 ( \/§> Yo wo(—x2) 2(—x%2)

The square of this equation is equivalent to . The identities of the order parameters follow immediately.

Total complexity of equilibria (o =t). Also in this case, when is attained the quenched saddle point equations
map into the annealed ones, with the identification

14 (% -2
Y o X1 + ;g_ ﬂQ

A A e =
+(g_)ﬂ2

In particular, by comparing the quenched and annealed sets of self-consistent equations one can show that when
hold, the values of the order parameters m, p, q1,&; obtained solving the quenched equations coincide with those
obtained solving the annealed equations. In Fig.[3] we show a numerical check that (82]) hold at the value of qAS for which

A(B1, B2, B3) = 0. To perform this check, we compute the right- hand—sides of Eq. [82[ by solving the approximate set of
equations obtained placing the representations (69)-(76) into ., and subtract the values obtained within the
annealed calculation. Once more, the solutions z7*P, xgpp, "fp , 3PP, BSPP PP of this approxnnate set of equations
coincide with the solutions of l.b 53)) without approximations at the value of qS for which ( is satisfied. We find
that the second of the limits in (77)) is again satisfied, while the other two limits are not attained. In particular, at
ngatCh it does not hold x; = %2, as we show in Fig. |§| (Bottom right). This is consistent with the asymmetry between
the variables associated to the abundances and those associated to the effective growth rates when o = ¢. Notice that
by construction the cavity method allows to characterize only uninvadable equilibria, and thus no comparison can be
made between the total complexity (that is contributed by invadable equilibria) and the cavity equations.

Beyond the matching point

At ngatch(’y,U), the quenched complexity coincides with the annealed one. Beyond that point, i.e., for qE >
OMaten (77, 0), the quenched complexity can either depart from the annealed one, or coincide with it. Discriminating
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FIG. 3: Plots referring to the total complexity a = ¢, 0 = 2 and v = 1/2. (Top) Difference between the
right-hand-sides of Eqs. [82| evaluated at z{P?, 25" and B5PP, and the corresponding parameters r, x; obtained
solving the annealed equations. The difference vanishes at the estimated éMamh. (Bottom left) Convergence to zero
of A?PP = BPPBIPP _ (BEPP)2 ag b = duaten.- (Bottom right) Difference between the values of x1, x5 obtained within
the annealed calculation.

between these two situations numerically is challenging, since would require to solve the quenched equations for very
small values of A(S1, B2, 82). To get insight we assume that for b > draten (v, 0) the conjugate parameters are frozen
to the boundary value A(f, 52,82) = 0. We determined a new set of saddle point equations in which A = 0 is
enforced, i.e., B3 is not optimized over but set to 3 = —+/152. This new set of equations is derived in Sec. We
solve these equations for ¢ > qf)Match(’y, o), and remark that the resulting complexity is numerically indistinguishable
from the annealed in the regime of parameters that we explore, see Fig. [1| (left). Therefore, for ¢ < dnaten(y,0) we
make use of the annealed expression for the complexity to derive some of the results reported in the main text. In
particular, we remark that the transition between the robust and fragile phase occurs in this regime of parameters.

D. Details on the numerical solution of the self-consistent equations

We solved the self-consistent equations numerically using a fixed point (SLSQP) approach. For both the total
(a = t) and uninvadable (o = u) complexities, we search a solution at fixed 7, o and 6, the latter fixing the value of
¢. We truncated the integrals to (uy,us) € [—20,20]? as the integrands decay rapidly because of the Gaussian weight
Gx. The integrals were calculated using a quadrature method with n = 5002 points. The results did not change when
we increased the number of points or the integration domain. For the initial guess of the fixed point algorithm, we
used the results from the uninvadable case in the beginning, then we implemented a step by step continuation method
on the grid of parameters (o,~, a), using the previous solution as an initial guess for the next computation.

As discussed above, when g% ~ gZ)IT/Iatch(PY’ o) we have the limit 3182 — 35 ~ 0 so that the determinant of the Gaussian
measure Gy diverges, making the quenched equations difficult to solve. We therefore solve the modified saddle
point equations discussed in Sec. [[TIC where we enforce A = 0. In this case we compute the integrals sticking to
u € [~10,10]. The threshold chosen for the switch between the two sets of equations is A = 3,8, — 32 < 107
We checked that the results do not change when we vary this threshold. We also check that at ¢ = @njaten, the
complexities obtained solving the two different sets of equations match perfectly (this is shown by the fact that all
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Total Complesity (7)

o

FIG. 4: (Left) Total complexities Efft)v(qﬁ) for 0 =2 and o = 5. For ¢ < ¢maten, annealed values are plotted. (Right)

Maximal complexity max Efﬁz (¢) as a function of o for v € {0,1}

curves displayed thereafter are continuous).

IV. THE COMPLEXITY: ADDITIONAL RESULTS

Total complexity and the Unique Fixed Point phase. Plots of the total complexity E((,t)y(d)) for two different
values of variability o are given in Figure [4| (left). We make three observations: (i) increasing the reciprocity v of the
interactions leads to a smaller number of equilibria, as shown by the fact that the complexity is a decreasing function
of v at fixed ¢, 0. (ii) The complexity is also a decreasing function of o at fixed ¢,~. (iii) Decreasing o also increases
the spread between the complexity at v = 0 and v = 1, especially around the value of diversity where the complexity
is maximal. These observations imply that the total complexity remains positive also in the Unique Fixed Point
(UFP) phase. This is completely at odds with the uninvadable case, Since Egu%(qb) —0at o =o0.y)=vV2/(1+7).
These behaviors are summarized in Fig. [4| (right), which shows how maxg Ef,a%(qﬁ) behaves in o, for v € {0,1}. We
check that indeed, there exists multiple invadable, internally stable equilibria for o < o.(vy) = v/2/(1 + 7). We also
verify numerically that the uninvadable complexity is negative in this regime. Surprisingly, in the UFP phase the
dynamics is not affected by these exponentially-numerous invadable equilibria, as it converges fast to the uninvadable
fixed point of the dynamical equations, that is indeed unique. A similar phenomenology is found in [12] for a different
model. Thus in the UFP phase: (i) There exists a unique, internally stable and uninvadable equilibrium. (ii) There
exists exponentially-many other invadable equilibria, some internally stable and some internally unstable. (iii) The
dynamics ignores completely the invadable equilibria and converges directly to the unique uninvadable equilibrium.

Uninvadable equilibria, May stability and the fragile-to-robust ME transition. Let [qzﬁgfi)n, EJQX} denote

the support of the quenched complexity, i.e., the range of diversity where the quenched complexity Ef,“%w) is positive.
A key observation is that while the total complexity remains positive, the uninvadable complexity becomes negative as

¢ — 0, since ) > 0. Thus, whether ¢\*) lies below or above the May threshold PMay = [02(1 4+ v)?]~! depends on

min min

the values of (v, 0), giving rise to the phase boundary between the fragile and robust ME phases discussed in the main
text. Figure |5| (left, center) shows ng‘%(quay) for o = 5, as a function of v: while the total complexity E,(;fl,(qﬁMay)
is always positive (implying that the rGLV equations always admit an exponentially-large number of invadable,
marginally stable equilibria), Z((ff»)waay) vanishes at a critical value yrr. By continuity and by monotonicity in ¢,
this implies that for v < ypr there are no internally stable, uninvadable equilibria as S — co, while for v > ypr they
are exponentially numerous.

To determine ypg for a fixed o, we compute E((,u)y (¢May) for various v and do a polynomial fit of Piay — Z,(,")y (PMay)
to find the critical ¢pay,c such that ES,"A), (dMay) = 0, see Fig. || (right). We then set ¢rjay.c = [0%(1 + )?], which gives
us Yrr- The line in the phase diagram in Fig. 1 in the main text is obtained by performing a hyperbolic fit to find
vrr ~ 0.318/0 + 0.549. We remark that in Fig. |5| (right) the complexity at ¢nay increases again with ¢y, for v
small. In fact, the complexity becomes 0 again at a ¢ that corresponds to o.(v) = v/2/(1 ++), which is the boundary
of the UFP phase.
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%%mm

2(1+~)2)7 ! for o = 5, as a function of . (Center)

FIG. 5: (Left) Total complexity (a = t) evaluated at ¢nay = [0
Zﬁ,ﬁ‘%(way) evaluated for

Uninvadable complexity (o = u) evaluated at ¢y for o = 5, as a function of 7. (Right)
different o (represented by different colors) and various v (represented by different ¢niay). The dashed lines are

polynomial fits used to find the critical Pnray,c such that E((fa),(c/)May,C) = 0. Red points indicate the (dntay,c),
corresponding to the critical ypg for each o. The grey dots correspond to the UFP phase boundary.

V. THE REPLICATED KAC-RICE CALCULATION: DETAILS ON THE DERIVATION

A. The derivation of the volume terms

The calculation of the asymptotics and is identical to that reported in Ref. [5], and we refer the interested
reader to that reference for the details. The calculation of the volume term also follows the steps delineated
in Ref. [5], but it is slightly different depending on whether one considers the total complexity, or the complexity of
uninvadable equilibria. For completeness, we show here how this difference arises. Following the same steps as in [5],

one shows that takes the following form:

S
(H 3o et / dNdf* i (N° f")) e, (83)

a=1712=0,1

( a a _ n ma a ha ay_ n -~ éa, a rb An, a nrb Aa, a b a a a o a
Jp(z )(N ) =e 2a=1(Ma N +pa f*) =20 cpmq Bad N f74+Gap N N7 +Eap [ ) H O(NS(f*) H S(N )X( )(f ). (84)

a:Te=1 a:T2=0
Within the replica symmetric assumption, setting k = 7% and defining g = —f?, this expression reduces to:
(@) (%) = 5 08[Zico (e 17 ®)] o(sm) (85)
with
0o k 0o n—k+1 k n k+1
) %) = / H dNa/ H dgb [5%15 + g(gb)(;% ] — 30, (N,g") H $(241—Go)(N H e —1(26-E0)(g")*+
0 a=1 ® p=1 a=1
and

k 2 fn—kt1 2 k n—k+1
0k (N, ") = do (ZNQ) +§0< > g*’> - 22 <ZN“) < > gb>- (86)
a=1 b=1 a=1 b=1

To proceed, we exploit the representation

n—k+1
30N / _dwmdus flmlm)mul,ugvn w N H uag?
e 2 = e 2 e 87
2mv/det A i (87)

where we are assuming that the matrices

_ (0 2 S S £ 3 2>
(L) (P ) )
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are positive definite, namely that (jofo — 22 > 0. Introducing

9 ) = 2B <2aat T Gy gerfe ( J;y)) , (39)
we see that

N duldug _1 -1 T o0 _1(oa _ A 2~ k
I(a) % :/ e 3 (un,u2) A7 (u1,u2) (/ dN e~z (2@1—do)N"—(mh ul)N) %
e = ) A g

%) N N n—k+1
« ( / 49 (Gt + 0(9)0] eé@flsow?wuw) (90)

— 00

duidus — 1wy uz) A (ug uz) T ( (u) (o . R k s . \n—k+1
= [ ———e 2" 1oz m— uy; 2¢1 — ) ((a)u —D;2& — ) .
/27r = g 152¢1 — Go) | (9" (uz — P; 261 — &o)

Performing the sum over k we get

~ dulduQ _1 -1 T _2 ~ ~ n s
() (% :[/e 5 (uw1,u2) A7 (u,u2) <e¢(u)m_u;2A_A + ¢ (uy — p; 265 — ) } , 91
(%) v i g 152¢1 — Go) + 9" (u2 — p; 261 — &o) (91)
from which it follows the asymptotics . The quenched expansion ) then follows straightforwardly from the
small n expansions A" = 1+ nlog A and log(l1 + A) = A when A — 0 The Correspondlng annealed term . is
obtained selecting n = 1 in . Alternatively, it can be recovered from ) setting n = 1 and performing the
integration over the variables u, us, making use of the relation:

1 (v — p)? ap+b
Erf . ——— | =FErfc| —— | . 2
/dx rfc(ax +b) Wexp( 572 rfc o (92)

As stressed above, this derivation assumes that the matrix A is positive definite. For certain relevant values
of parameters, however, this assumption is violated, as the matrix A develops a vanishing eigenvalue, leading to
a divergence of the Gaussian kernel in (91)). This occurs whenever the conjugate parameters satisfy the relation

Qoéo — 22 = 0, corresponding to 2 = —\/(joéo. When this limit is attained, the integration variables wup,us in
become functionally related. Indeed, when Z = —1/ (joéo the term reduces to a perfect square, and simplifies

into

e~ 9 (N ,g) QUEO Z_>_>0 /du €7§u (V_QOE(L 1 \/_50 n k+1 b). (93)

and therefore

@) o 270 du (w5 ~ ~ ~ @ £ A of F\n—
(9 (z) P0E00 / = =% 00 (11 — un/ =03 261 — do)* 9 (un/ —€ — b3 261 — &) F, (94)

so that finally

(@) (%) PO o0 [ / due™ ( 1 — un/—qo; 241 — do) + 9 (uy/ —&o — P; 261 — 55)) } (95)
and

G (%) dofo—2 0 [NE )::/due’glog [6‘559 i — uy/—qo; 241 — do) + 9 (ur/ —& — P; 261 — fo)]- (96)

B. Saddle point equations in their original form
The quenched equations

We report in this section the expression obtained deriving the function with respect to the order and conjugate
parameters x and X. We begin by noticing that the term that changes with a@ = u, ¢ (controlling whether the counting
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is restricted to uninvadable equilibria or not) is a function of the conjugate parameters only: therefore, the derivatives
with respect to the order parameters are equal for both choices of «, and equal to those already obtained in [5]. They
read:

q1 — 2qo

" o
éo - _02(Q1q0— )’ (98)
L K — pum
P ) 99
o (s —pm) (K — pm) pm pp v (k—2upm)z
"= o2(q1 —qo) (v+1)o2q —q) (v +1)o2(q1 — qo) +02(Q1*QO) 1+~ 0%(q1 — )% (100)
5 ym(k —pm) 72(q1 + qo) _ ‘) (101)
(v + 1021 —q0)*  (v+1o%(q1 —q0)®  (v+1)o*(q1 — q)?’
_ _(smpm)m + (v+ Dp] | 2(k = pm)[m(ar — go +72) +p(v + D(a1 — ao)]
! (v +1)o2(q1 — qo)? (v +1)o%(q1 — q0)?
Q02902 —272%) (36 —26)  @ao(bo —2&)  @1[2g0% +727)
(v+1Do* g1 —q0)*  20%(¢1 —q0)* (@1 —q)* (v+1)o*(a — qo)*
B 647 B qo 1 (k- um)?
27— a0 a0l e —a0)  20%(ar — o) (102)
do = 2 pm)(Em = (v + Dp) | Ak — pm)(mlar — o +72) + (7 + Dplar — %)

(v+1)o?(q1 — qo)? (v+ 1)o%(q1 — qo)?
n —22(q7 +7v2(2q1 + q0) — 4§) + 2(7 + 1)&1g0(q1 — q0) — (v + Déola1 — q0) (a1 + qo)
(v +1)o%(q1 — qo)*
(A pm)?
(1 —q0)?  o%(q1 —qo)? (103)

We now come to the derivatives with respect to the conjugate parameters x. We introduce the function:

(h—uq)? N — 24 (p—u9)? -9
(R,(za)(uh ug) = e2ai-0) Erfc _mom - “ - +e 8 |20 = o €24 = 204, + Erfc bt bayu| (104)
2(2¢1 — Go) 261 — &o 2026, — &)

so that

7(0) (% — o 1 _43 4 Ea) 1
g'(x%) /du1 dug Gz (u1,uz) og(e 520, 7%)933( (uy,u2) |. (105)
Then, it holds
¢ = [ duydus Qﬁ(Ul,UQ)ilog e_d;mg(ul,ug) (106)
99
_ Gx(u1,uz) ORG (u1, usz)
m= /du1 dus R (ur, ) prs (107)
Gx(u1,uz) ORG (u1, uz)
=— [ du d X 108
P / U R (g, ) op (108)
Gx(uy,up) o O (m(ul,uz))
=— [ durdug o —5V2¢1 — — | ——= 109
q1 / 1 dug fR;{(uhuz)v Q1 Qanl V20— (109)
Qx(ul,UQ) 69&9‘(u1,u2)
=— [ duydu X 110
&= [ du G (110)
a mg(UDUZ)
= duy dug - |Gx(u1, 1 —— 111
=2 f o 5 [ v o (T2 ) y

& =2 [ dusdus ai (G (11, 12) log(RE (1n, 2))] (112)
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. / dun duz - [Gx (1, uz) log (RS (u1, u2))

The first five equations follow straightforwardly from the identity

b (o () (e (3)

To get a simpler form of the equations for the last three parameters, we use the fact that

OGx(ur,u2) _ 10°Gr(ur,ug)  0Gx(ur,ug) — 19°Gx(ui,uz)  9Gx(ur,uz)

_ 0°Gx(u1,ua)

ddo 2 ou? ’ & 2 Ou3 ’

so that, integrating by parts:

0
qo = 2/du1duggﬁ(u1,u2) [ —

1
2
o 18 N
50 = Q/duldUQQﬁ(ul,UQ) |: — — 2:| 1og<g€)(} )(uhUQ))
0

z = /duldquﬁ(ul,uz) {62 — 8u13uQ] log<m)(?a)(u1,u2)).

Performing the derivatives and setting
Du = du1 dU2 Q’;((ul, Ug)

we finally get:

2w A g (o
1 ™ 2@1_40 \/2(2@17(’]\0)
m= [ Du

\% 2qu - (jO Gi)(f) (Uh UQ)

—uo 2

(Rga)(ul, UQ)

1 — X

[¢:] N
2Q1 do U2—P _o20261-€0) (28,4 4 Oa.uErfc <u2~—p>> —(5&“\/?
p_/@u 251 & | Veb—& ( e V2(26 &) VT
25

(—uy)* up)? (m_*’uj}z (r—u1) _ _th—u \/j

/CD 1 ( + 55 =a )ez<2q1 a0) Erfc V200 —00) \/qu—lfjo P
q1 = Uu-— S
! 21 — do

R (w1, us)

2 (ug—p )2 .
eb . [241=d0 (1 + M) 2261-€0) | 28,4 + Oq o Brfe | —=2=2
261 —£o 261—¢o * ’ V'2(281—%0)

£
&1 = /@u ~
261 50 (R,(A(a)(ul, UQ)

N 2 2
2 _how 62((736_11:1@)0) Erfc [ 2=
T V241—do 2(241—do)

1
q :/CDu - -
0 2Q1 —qo m)(,ca) (’[,Ll7 u2)

(—ug)?

50 = ~ - «
251 - 60 (R)(A( )(Ul, UQ)
. 2 _ (hou) %Erfc _gh—ug
/@u o® T V3i—do* V2(21—do)
Z = = =
26, — & RE (uy, ug)

26 (261—4 _M2=P 308 &g (2(5a + b Erfc <w>> — (Sau\/E
/@u € (25752) V26 o 4 O 228, &) w\ow

18

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)
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(P— u2)

Memsl €0) [ 28, ¢ + 04 o Erfc <"2—P>) — 64 u\/g
V26— ( e V2026 o) wyom

RE (ur, up)

(126)

(m 1) __how

€Xp 2(2q1 qo))ErfC (m)

. /@u ) . (127)
m (Ul,UQ)

For a = u, we recover the equations already reported in Ref. [5].

The annealed equations

We report the expression obtained deriving the function with respect to the order and conjugate parameters
x and X. As for the quenched case, the term that changes with « is a function of the conjugate parameters only,
and the derivatives with respect to the order parameters are equal for both choices of «, and equal to those already
obtained in [5]:

o (k= pm)

b= —qu (128)
. 1

&= %07 g1 (129)
. pp pm p(k —pm)  ym(k — pm) [pm — (k —pm)] (K — pm)

T ) R I ()8 T Pa) 150
& 2(k—pm)[(y+ Dp+m] (k- pm)? v m?(k—pm)® 1

BT g T 202(1+7)q? 207} 14y 202G 21 (131)

We now consider the derivatives with respect to the conjugate parameters. The derivative with respect to g?) reads

4‘11 Erfc
N
6= (=) . (132)
¢
4q1 Erfc (Q\ﬁ) +e 51 3 (2(5 + =+ 0q,uErfc <2\/?1>)
Differentiating with respect to the conjugate parameters X we obtain:
% F 4‘11 Erfc( \ﬁ)
m = = , (133)
V24, <e4th Erfc ( ) + e 2 9Leaér [25a ¢ + 0o o Erfc (2@”)
2
B e (m 2q1) Erfc ( f) \/g V24
Q= = - ; (134)
52 % b b
447 ( 1qy Erfc( \ﬁ +e & 9 g3y [25a,t + o Erfc (2\/?1)})
2
Ve | 8 \/>+P€““ {25 + 00 B fc< )}
q1€e < \/{ a,t o,u T \/g
p= R 22 A 5 (135)
a1 ¢ 4éy —P
2&, ( 441 Erfc( f) +e §le‘*fl [25a,t + 04 o Erfc <2\/5>})
p2
— 3 L et (264p°) —p
201¢? | G/ 2 I CE ) [2% +5MErfc( P )}
q1 ‘, ﬂ.p \/E ,t s 2\/5
& (136)

p2

45% ( Ty Erfc (2\/—) +€¢ f 6g |:25o¢t +6a uErfC< \/g)il)
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Notice that, exploiting the equation for ¢, these equations can be re-written in the form:

m 10} e 41
m=—¢—» -+ - (137)
2 \/ m
a1 ™1 EI‘fC (W)
-2
2 m e id
Q1:2(é +(iA2_ 2 3 5 (138)
a1 % 2y/mg} Erfc (2\/;)
_ 2
P 1 e 4
p=—01-0) | L+, : (139)
1 P
w€ 1 + Erf (2\/23»1)
132
/\2 ~ _K
p p € !
b=01-0) |z +25+0, (140)
26 4

u2ﬁé1gl+Erf< 2 )
261

This form shows a decoupling between the two equations for the parameters m, §; associated to the abundances, and
those for the parameters p, £; associated to the effective growth rates. This decoupling is natural within the annealed
approximation. Again, for o = u we recover the results of [5].

C. Self-consistent equations for the conjugate parameters in the rescaled variables
The quenched self-consistent equations

The above equations are more conveniently expressed in terms of the rescaled conjugate parameters . It is
straightforward to show that the integral representations (120)-(127) are equivalent to (40)-(47). We now aim at re-
writing Eqs. 1' in terms of these rescaled conjugate parameters . Combining (97) and we immediately
obtain:

- - 1
y=124 &= m, (141)

which allows us to re-write the denominators in Egs. 1} in terms of powers of y. The first three equations
, and take therefore the form:

1 =0 ([q1y°] — [a0¥?]) (142)
Bo = — ”[qoy”] (143)
Ty = — Ky + plmyl, (144)

where the quantities in brackets can be replaced by the integral representations (40))-(47). Using these three equations,
the remaining Eqs. (100)-(103]) take the following form:

ror = (g ok T olen?]) o]+ oyl (145)
b =~ ol - o)+ o (HRT), (146)
7 = (lew) ~ )+ 2] ) 4 o7 a2t (17
b= ~2ma0 (28 ] )~ T o) ) 203 + o® (1 2le?]) — 2 (1= )

+ 025 1) (bl + T o PP+ o] (148)
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where once more the quantities in brackets can be expressed in terms of the integral representations —. Since
the latter are functions of the rescaled conjugate parameters only, these equations allow to determine such parameters
self consistently. From these equations one sees that introducing the parameter y through the rescaling is
convenient, since the integral representations corresponding to the terms in brackets do not depend explicitly on y,
and therefore instead of solving 7 coupled self-consistent equations, we can solve 6 of them (all except ) and then
determine y using .

Despite these simplifications, solving the system of coupled equations in the form given above is still suboptimal,
since the equations contain multiple terms that are expressed in terms of integral convolutions. We now discuss how
to reach the simpler form of the equations that we have reported in Sec. As a first step, one can notice that the
integral representations — satisfy the following relations, obtained through partial integration:

rei[my] = —(B1 + 1)@y’ + Bilaoy’] + ¢ + Bslzy”] (149)
w2lpy] = Balzy?] + B2l€0y”] — (B2 + D[&1y”] + (1 — ¢). (150)
These are obtained making use of the identities:
Br0u, Gx(u1, uz) + Bar Ouy G (u, ug) = —r? (w1 — u) G (ur, ug) + 1221 Ga (ur, uz), (151)
B30u, Gz (w1, u2) + B2rOy, Gx(u1, uz) = —7 (22 — u2)Gx(u1, uz) + 172 Gz (u1, u2), (152)
and
iK(xl —up) = —(z1 —up) K (21 —ul)—i—\/?, (153)
duq T
diUQK(uQ —29) = —(x2 —u2) K (ug — x2) — \/Z, (154)

where we remind that K(z) = e /2Erfe (z/v/2). Summing the two equations (T49) and (I50) we get:

rey[my] + x2lpy] = —rlay’] + Bi(lao0y’] — [0y?]) + Ba([&0y®] — [619°]) — [19%] + 283[29%] + 1. (155)
Plugging the equations for 8; and r? we obtain the identity
1+702[ZZ/2]) 2 2
+ =—|14+2—F—— + = . 156
raafmg] + aalpy] = = (1422517 ) o34 2oy (156)

This identity can be exploited in combination with Eq. (145), to show that the latter equation is equivalent to the
following two relations (assuming y > 0):

rTy — 77::?1 (14 ~0?[2y?]) = 0, (157)
[my] Y 2 2 _
ot + P T2 < 0 (159)

Notice that for v = 0, allows to eliminate the variable x5 and reduce the number of coupled self-consistent
equations to five. If v # 0, these identities are still useful: first, they imply that the set of six self-consistent equations
does not depend on the parameter p, only the equation used to determine y does; moreover, the integral [2y?] can be
eliminated from all the equations using:

1+y
vy

With this substitution, we are left with six self-consistent equations, containing six integral representations. Substi-
tuting one equation into the other, the system of equations is reduced to the form —, in which each equation
contains only one integral representation, that is particularly convenient for the numerical solution.

o?zy?] = (7“521 - 1—11-'y> ) (for ~ #0). (159)

The annealed self-consistent equations

As in the quenched case, also in the annealed case the saddle point equations are more compactly written in terms

of the rescaled parameters . Again, one can easily check that the equations (132))-(136)) are equivalent to —.
Egs. (128)-(131) take the following form:

gy’ =1, (160)
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X9 = —Ky + p[my], (161)
[my] Y 2 Y 2o X

T u([py]+1+7+><2 1+70 xa[my] 1+70 xg[my]+1+77 (162)
2 2 2 2 [my] 2.2 Y 4.2 2 2

r'=—0 — 2x90 +—— ) —0"x5+2 o x5\myl|° + o7, 163

€1y7] 2 ([py] 1_’_7) 2 1+~ 2[my] (163)

where the quantities in brackets [-] denote the representations —. Similarly to the quenched case, one can
derive the following identity satisfied by these representations:

Py’ + [617°] = —rxi[my] — x2[py] + 1 & r? + 0°[61y°] — 0% = —o”rx1[my] — 0°x2[py). (164)
Eq.(163]) implies
r? 2 X9 ¥
- eyl = ( T 1) 2o iyl = ralmy] + oyl (165)

Using (162) to eliminate [py], we find that the right hand side also equals to:

B x( (1 _ p[my] Vo2 vl (ulmv] -+ x
samy] +xaloy] = eyl + 2 (=00 (g ) = 250 ol + ) (169

which plugged into (164) gives

X2 2 7 2\ KY
rx] — +o°——mylx5 | — =0 167
(10 - 221 40T pylad ) 2 (167)
so again for y # 0 we get the relation:
X
X = le (1 —yo?[mylxs) . (168)

This relation, plugged into (162)), shows that that equation is equivalent to the two relations

v X2

X1r = —1+’yo'2xg[my]+ 1+’}/7 (169)
[my] 2 2 2

_ _ ) 170

[py] 5y X + 7 x2[my] (170)

Once more, for v = 0 these imply x3r = x5, allowing to eliminate one conjugate parameter. For v # 0, one has:

o?[my] = 1:7 <X2(11+ mi }:%r) , (for ~v#0). (171)

Plugging these into (163)), one recovers the system of equations presented in Sec. [[TI B.
D. The complexity as a function of the rescaled variables
Quenched complexity

We here account for the derivation of the expressions . We begin with the expression (29)): evaluated at the
solutions of the saddle point equations, this equals to the quenched complexity. The identity (155) reads 7m + pp =
2(22 — 11 — &1&1) + Gogo + §oéo + 1, so that

_ 1, . » =(a)/
200(@) = Px) +d(8) + 5 (i +pp+ 1) + dé + §(&). (172)

Written in terms of the rescaled variables:

it pp) = & (e fy] + w2lpy) (173)
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and
Ps) = —ranfmy] — walpy] + Baley?) + o my] + 0% [
(v+1) 2(y+1) 202(y+1) a7
_1 2 @ 21 2 _} 2 IOg[%] @ _ 702[2112}2
2[§1y |+ 5 ([Soy”] = [&1¥7]) ot2 T T + 9 1 2774_1
so that, using again (155)) and the equation
B Ba,r? LN S S R S S S 2 212
1 = 2o =D 56 + g - g+ gad =t (mallele + (- B?R), (179)

which is equation where we plugged equation we have

%(mm +pp+1)+p= *% (=r?lary®] + Billaoy”] — [ary®]) + B2([6oy] — [619?]) — [€1v®] + 2Bs[z9%] + 1)

1 ol ol 1
T3t Balzy®] + v+ 1)02[my] + UQW[ZKFP T2+ 1)
. log z—g . o2[z12]2
— 361+ 2oy - 16y?) - 303 - g) +5 (1222 am
1 20 2 2 1 9 go 1 o
=2<1—T[qu]—[§1y]—02(7+1)>—0 m[zy] —210g(y2)- (177)

Eq. follows from noticing that

~ 2
B K . é . (ug—xg) . . A
g(a) (i’) _ /dul dUQ gﬁ(ul,UQ) log (xl Ul) +e 7"[5 ,t2€27a 2 + 1) s K(’LLQ SUZ)] + %log (jg) o ¢

(178)

Annealed Complexity

We here account for the derivation of . The expression , evaluated at the solutions of the saddle point
equations, gives the annealed complexity. The identity (164)) is equivalent to §i1q1 +&1&1 +mm+pp = %(fnm—i—ﬁp—&— 1),
so that:

S () = pi(x) + d(¢) + % (m + pp + 1) + ¢ + 9\ (%). (179)

In terms of the rescaled variables:

i + ) = 5 (e fon] + o) = (1= 5 — ey (150

2

and
- {x% (1 - o—”[’T’]Z> + 2x, ([py] + m> + [£1y2]] - ;bg(?g) - m

1 r? ¥ 1 2T 1
e 2 2.2 _ 2 L O
{ 2Ty [my]x} 2 %\y2) 202117

where we used ([163)) in the second line. Combining everything, we recover using that:

1(0‘)(:?() = %log <272T) — ¢ +log (K(xl) + e‘z’r[émﬂeé + 5a’uK(—X2)]> — log(2r). (181)
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E. Self-consistent equations enforcing A =0
Enforcing zZ = — (joéo into one finds the modified function:

AL (06 %, 6) = D) + £06) + duar + 61 +1mm -+ -+ 66— 2 (doao +Eoto) + ooz + G52 (),

with g_(AO‘:)O(fc) given in . The modified saddle point equations are obtained taking the derivatives of j(AO;)O(X, X, )
with respect to the parameters x and x. Notice that this leads to one less equation, since Z does not have to be
determined through the saddle point.

The derivatives with respect to the order parameters x are identical to —, where Z in Eq. has to

be replaced with z — —\/cjoéo. When expressed in terms of the rescaled conjugate parameters, this set of
equations maps into Eqs. (142))-(148), with 83 — —+/B182, and where the expression for the order parameters

my, py, 1y, E192, qoy?, &oy? have to be determined taking the derivatives of ﬁ(Aaz)O (x,%, ¢) with respect to X. Notice
that zy? is fixed from Eq. (101)), as:

22__’)"“1\/5152_ 1 &—xm
YT Ty 28, -1 281 2y )

vo?
When computing these derivatives we recover Egs. —, and Eq. . The equations for the remaining parameters
qo,&o take the modified form:

) 1 \/g—(:z:l—u)K(xlfu) ’ By o
QY- — /du gx(u) — Cu—m| \/sz

K(xl - U) + eér[aa,t2€%(Au_z2)2 + 5a,uK

+ \/E / du gx(u)re? [\/g ~ (@1~ WK @~ w) [‘5%“\/% (W) (B0, 2e3 002" 16, K (= o)
2 gx(u)re

N 1 5 2
|:K(q:1 - u) + e¢r[5a,t265()\U7x2) + 6a7uK ()‘u - 1‘2)]}

(182)

)

and

2
a2+ O = 22)[B0, 23002 4 6y LK (N~ 22)] 5,
Coy® — /du gs(u) r2e?® - - 5 — /=22
K (21 —u) + e97[00,12e2 A7) 4 54, K (Au — 22))] 2

B2 x )

- . N 2
[K(J;l —u) + P10y 202 AvP2)" 4 5 K (Au— xg)]]

Plugging these expressions back into Egs. —, one gets the modified saddle point equations that we discussed
in Sec. [ILC.
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