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Abstract

This paper focuses on characterizing the energy profile along pathways con-
necting different regions of configuration space in the context of a prototypical
glass model, the pure spherical p-spin model with p =3. The study investig-
ates pairs of stationary points (local minima or rank-1 saddles), analyzing the
energy profile along geodesic paths and comparing them with ‘perturbed’ path-
ways correlated to the landscape curvature. The goal is to assess the extent to
which information from the local Hessian matrices around stationary points can
identify paths with lower energy barriers. Surprisingly, unlike findings in other
systems, the direction of softest local curvature is not a reliable predictor of
low-energy paths, except in the case in which the direction of softest curvature
corresponds to an isolated mode of the Hessian. However, other information
encoded in the local Hessian does allow the identification of pathways associ-
ated with lower energy barriers. We conclude commenting on implications for
the system’s activated dynamics.

Keywords: spin glass, random matrix theory, complex random landscapes,
disordered systems

Understanding the statistical properties of random energy or cost landscapes in high dimen-
sions is a rather ubiquitous problem. In several cases one is interested in characterizing the pro-
file of the landscape along pathways connecting different regions of configuration space; these
regions may correspond to different local minima of an energy function [1, 2] (equivalently,

" Author to whom any correspondence should be addressed.

© 2024 IOP Publishing Ltd


https://doi.org/10.1088/1751-8121/ad2039
https://orcid.org/0009-0001-7323-6917
https://orcid.org/0000-0003-4115-2644
https://orcid.org/0000-0001-8189-8809
mailto:alessandro.pacco@universite-paris-saclay.fr
http://crossmark.crossref.org/dialog/?doi=10.1088/1751-8121/ad2039&domain=pdf&date_stamp=2024-1-31

J. Phys. A: Math. Theor. 57 (2024) 07LT01 W Letters

to fitness local maxima [3, 4]), or to different configurations reached by algorithms optimiz-
ing a cost function [5-7]. In many situations, in particular in several glassy systems [8—10],
the height of the typical effective barriers crossed during the dynamics increases at low tem-
peratures, thus leading to super-Arrhenius behaviors [11]. Characterizing the paths crossing
these barriers and connecting low-energy configurations is a major challenge to develop the
theory of glassy dynamics. Note that there are also other kinds of complex high-dimensional
landscapes: some with a preferred minimum, as in the problem of protein folding [12], or with
many flat minima separated by low barriers, as in machine learning [5, 7, 13, 14]. Here, we
focus on the first class of energy landscapes and address the challenge outlined above.

We consider a prototypical glass model, the spherical p-spin model with p =3, given by
a random Gaussian function defined on a high-dimensional sphere [15, 16]. This landscape
exhibits a multiplicity of stationary points (local minima, but also saddles) that are isolated
in configuration space, and separated by energy barriers. We consider pairs of such stationary
points and characterize the energy profile along simple paths interpolating between them. In
particular, we compute the typical energy profile along the geodesic path, determining how the
resulting energy barrier depends on the energy of the stationary points and on their distance
in configuration space. We then compare the geodesic energy profile with the profile along
‘perturbed’ pathways, which follow directions in configuration space that are correlated to the
landscape curvature around one of the two stationary points.

Our goal is to investigate to what extent one can identify good pathways (i.e. paths asso-
ciated with lower energy barriers) using the information on the landscape around the two
stationary points, encoded in their local Hessian. This question is motivated by studies of
finite-dimensional systems of jammed and mildly supercooled particles. For the former, the
softest Hessian modes at a given configuration provide directions toward low energy barriers
for particle rearrangements [17]. For the latter, the spatial amplitudes of the softest Hessian
modes correlate with the regions where irreversible rearrangements of particles take place [18].
Contrary to these findings, we show that in the case of the purely random landscape we con-
sider in this work, the direction of softest local curvature is not a predictor of paths with lower
energy barriers, except in the case in which the local Hessian has an isolated mode. However,
we argue that having access to the whole local Hessian in general allows to identify pathways
associated to lower energy barriers. In the conclusion we also discuss possible physical reasons
for the discrepancy between our findings and the ones cited above.

The structure of the energy landscape. The energy function of the pure p-spin spherical

model reads:
[ p!
E(S) = # Z a,-lm,-l)s,-l . .Sip, (1)

i1<...<ip

where's = (s1,...,sy) € RV satisfies s> = SV _, s = N. The couplings a;, _; arei.i.d Gaussian
variables with zero mean and unit variance: we denote with E[-] the average with respect to

them. The energy (1) is a Gaussian function with covariance

BlE () ()] =5 [a(s"s)])". @

A

where g(s°,s') = N~! (s” - s!) is the overlap between the configurations, which measures how
close they are in configuration space. We denote the energy density of a configuration by
€(s) = limy_, oo N"' E(s). There are two peculiar values of energy density for this model, €
and ey, [15, 19-24]. For € < €45 no configuration is present for typical realizations of the ran-
domness: €, is the typical energy of the deepest minima, i.e. the ground states. For € > ¢,
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Figure 1. Left. Sketch of the configuration space (sphere), with a geodesic path (red thick
line) and a perturbed path (blue dashed line) interpolating between two configurations
o =5*/y/Nwitha = 0, 1. The tangent plane 7[o"°] to which v belongs is also sketched.

Right. Eigenvalue distribution of the Hessian at o' as a function of the overlap ¢ between
the o, for fixed €.

the landscape presents a number of stationary points (minima, saddles, maxima) that scales
exponentially with N. Their stability changes at the threshold e, = —+/2(p — 1)/p: below €y,
the exponential majority of the stationary points are local minima; the number of saddles with
intensive index k = o(N) [23, 25] (the index counting the number of directions in configuration
space along which the curvature of the landscape is negative) is also exponentially large below
€th, €ven though smaller than that of minima. Above ey, the stationary points are overwhelm-
ingly saddles with k = O(N). The arrangement of these points in configuration space has also
been investigated [19, 20, 24, 26, 27], by determining the typical number Ny (¢, q|eg) of sta-
tionary points s! that are at fixed energy density €| € [€gs, €] and overlap s° - s! = Ng with a
reference minimum s° of the landscape at arbitrary energy density €y € [€gs, €] For large N, the
scaling of the typical value of Ny (€, g|€g) is controlled by the constrained complexity [26, 27]:

E [log Ny (€1,4|€0)]

E(€l7q|€o):]\/}i>nolo N )

3

where the average is over both the population of local minima at energy density ¢, at fixed
randomness, and over the randomness. From now on, we focus on parameters for which
Y (e1,4g)€o) = 0: negative values of this function indicate the region of parameters where sta-
tionary points are atypical, i.e. they are found with a probability that decays exponentially
fast with N. By monitoring the stability of the stationary points at fixed ¢, (with a =0, 1), one
finds several transitions as a function of g, represented schematically in figure 1. For ¢ smal-
ler than a threshold g,,(€;|€o) they are typically local minima with a Hessian spectrum that
shows no correlations with s°. For intermediate q,,(¢€;|€0) < g < gms(€1]eo) they are minima
that are correlated to s, in the sense that the eigenvector associated to the minimal eigenvalue
of their Hessian (which identifies the direction of minimal curvature of the landscape around
the minimum) is oriented towards s°. For large g, the stationary points are typically saddles
of index k = 1: the landscape has a single direction of negative curvature, which is oriented
towards the reference minimum s°. For ¢ larger than a threshold gy (e;|€o), no stationary point
is present. See appendix B for a concise account of these results. In this energy landscape thus
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there are exponentially many (in N) saddles with energy below ey, which surround the refer-
ence minimum, from which s° is reachable by following the direction of negative curvature of
the saddle [28]. These saddles are possible escape states for the system when it is dynamically
trapped in s°, and they are likely to be the first energy barriers that the system crosses in its
dynamics, even though one expects frequent returns to s® after these barriers crossings [28].
Given two local minima at arbitrary overlap g with each others, however, it is unknown how
high in energy the system has to climb in order to transition between them. In particular, it is
unknown if this energy barrier is always much higher than e, or whether one can find pairs of
distant minima that are connected by a sequence of saddles having all energies below €. To
get a proxy of these barriers, we compute the energy profile along simple paths interpolating
between pairs of stationary points at arbitrary overlap q.

Interpolating paths and energy profiles. We introduce the vectors o =s/ V/N belonging
to the N-dimensional sphere of unit radius, Sy(1), and the scaled energy function h(o) :=
E(a/N)+/2/N. We denote with g(o) and H (o) the gradient and the Hessian matrix of the
function /(o) restricted to Sy(1). For a fixed realization of the landscape, we consider two
configurations o and o' drawn at random from the population of stationary points of (o)
such that g(o®) = 0 for a = 0, 1. We extract the stationary points in such a way that each o
has energy density €, € [egs, €] fora = 0, 1, and their overlap ° - o' equals to some g € [0, 1].
We are interested in the energy density profile along paths lying on the surface of Sy (1), which
interpolate between the two stationary points. We parametrize the paths as follows:

o[vifl=vo' +Blvif] e*+f(v)v, ~ve0,1], )

where f is a continuous function such that f(0) = f(1) = 0, and v is a norm-1 vector orthogonal
to both o° and o!. The condition that o[7;] lies on Sy(1) enforces

Blvifl=—vq+ \/1 —72(1—¢?) = [f(7)] ®)

Notice that this quantity has to be real, and this imposes some constraints on f{-y). When f =
0, equation (4) gives the geodesic path connecting the two stationary points. The function
f acts as a perturbation of the geodesic, along the direction identified by the vector v, see
figure 1. Therefore, we are restricting to interpolating paths belonging to the low-dimensional
subspace spanned by the vectors v and o, intersected with the surface of the sphere. We aim
at computing the typical energy profile

o= gim &[], ©

where the average is over the distribution of stationary points o, with energy densities
€o, €1 and overlap g, and over the realizations of the landscape. The average over ¢ and o'
requires some care, since it can be performed within two different protocols (referred to as
quenched and annealed in the terminology of glasses [29]); in appendix D we discuss both
averaging schemes, arguing that for the problem at hand they give identical results.

To specify our choice of v in (4), it is convenient to introduce the vectors

qU’O—O'l 1 0

eN—](UO):i, en—1 (0'1):7- (7)

Ny
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Each ey_1(o?) belongs to the tangent plane 7[o?] to Sy(1) at the point o (meaning that
en—1(o?) L o), and identifies the direction in the tangent plane pointing towards the other
configuration o?7¢. Let also x; with i = 1,...,N—2 be an arbitrary basis of the subspace
orthogonal to the o“. Finally, we denote with \%. the minimal eigenvalue of (o) and with
emin(0?) the associated eigenvector, and let:

a

U = (emin (09) - en_1 (%))”. 8)
We consider two possible choices for v. The first corresponds to

vy, = Smin (o) — viuen-, (o) ©)
soft m )
meaning that the path is deformed in the directions of softest curvature of the energy landscape
at 0. The second one corresponds to

N-2
V — VHess :ZZ |:Xi 7:[<U'0) ceN_—1 (0’0):| X; (10)
i=l1

where H (o) = H (o) 4+ pv/2N ¢, denote the Hessian matrices at the stationary points shifted
by a constant, and Z a normalization constant. Consider now v — V. This choice is motiv-
ated by the study of the gradient vector g at each configuration o () along the geodesic path.
As we show in appendix I, at each point the gradient has a tangent component g/l to the path,
and an orthogonal component g that is proportional to (10). While gl obviously vanishes
at the value of  that corresponds to the local maximum of the geodesic energy profile, g
does not, meaning that the maximum of the geodesic profile is not a stationary point of 4(o).
This suggests that interpolating paths associated to lower barriers can be found by deforming
the geodesic path in the direction of g, since this is likely the direction that the path would
follow if it was allowed to relax in configuration space by gradient descent [2, 30]. In fact, [6]
developed an iterative algorithm to find low energy paths for deep neural networks based on
this idea.

The case p =73 and the underlying random matrix problem. From now on we focus spe-
cifically on p =3. This restriction is motivated by the fact that in this case the energy pro-
file (6) can be expressed as a function of the local properties of the landscape at o only,
i.e. of the local gradients g(o?) and Hessian matrices (o). By implementing the constraints
h(o®) = V/2Ne,, g(o*) = 0 and by using the fact that typically 4(v) = 0, one obtains:

H (o°
ev[if) = (v +3784) &1 + (B +387q) co— V1 — *VBf E lv \/(ﬁ,) rev-1(0”)
G (")
L[ )y B an

where we omitted the dependence of f on v and of 5 on « and f. It follows that for p =3 and
with our choices of v, the energy profile depends only on correlations between the entries of the
Hessian matrices, whose statistics has to be conditioned to the properties of o“. This statistics
is described in detail in appendix E. With the choice (9), in particular, the profile depends on
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the matrix elements of the Hessian #(o') on the minimal eigenvector of the Hessian (o)
(equivalently, 7—2(0'0)), or vice-versa. For any g > 0, the two matrices are correlated (due to the
fact that the landscape at the two points is correlated as (2)) and thus the matrix element is non-
trivial. As we argue in appendix G, to determine its typical behavior for large N one needs to
compute the typical value of the overlap between arbitrary eigenvectors of the two correlated
matrices. This random matrix problem is discussed in recent literature for standard random
matrix ensembles [31, 32]; for the particular type of random matrix ensembles describing the
statistics of the Hessians H(o*), this overlap function has been computed explicitly in [33],
and the results are recalled in appendix G. Below, we discuss the properties of the energy
profiles that are obtained making use of these results.

Results. For v — Vsoﬂ, the interpolating path is as in figure 1. When €y < ey, the reference
stationary point & is typically a local minimum: the shifted Hessian N~ : 7:{,(00) has the stat-
istics of matrices extracted from a Gaussian Orthogonal Ensemble (GOE) with variance 6/N.
The eigenvalues distribution of the shifted Hessian follows a semicircular law, and the min-
imal eigenvalue equals to —21/6. The associated eigenvector will show no condensation in the
direction of ey_; (o), meaning that typically u° takes the value uf,, = 0. The path along (4)
then reads (see appendix H for a derivation)

o [ifl= (7 +37Bif a) e+ (B2 sl + 382 iflva) e — V32 (1) (Blvif 1 +v4).-
(12)

oft

One finds that dey /df = 0 is satisfied by f =0, and that for €, < e it holds 6%¢,0 /df* >
Oatf=0, meanmg that the geodesic path is a minimum of the functional (12) Arbltrary
deformations of the interpolating path in the direction of softest curvature at o go through
regions of the landscape of higher energy density, on average. This observation is confirmed
by figure 2 bottom, which shows two density plots of equation (12) as a function of v and f,
where f is allowed to take any value within its range of validity that keeps 3 in (5) well defined.
Arbitrary paths are obtained drawing curves connecting the points f{0) =0 and f(1) =0 in
a continuous and injective fashion. One finds that the energy profile along these curves is
non-monotonic, with a local maximum whose energy we refer to as the energy barrier. In
figure 2 the parameters €y and ¢; are fixed, while ¢ is tuned in such a way that o' is either a
minimum with an Hessian with a single isolated eigenvalue (/eff) or an index-1 saddle (right).
The white dotted lines represent the level curves of value €g,. The plot confirms that the lowest
energy barrier is obtained for the geodesic path f= 0, and shows that such barrier is well
above €y. The same results are obtained for different values of €, and g. One finds that the
barrier associated to the geodesic path increases when the overlap g decreases and when ¢
increases towards ey. We remark that the profile (12) is not the same that one would obtain
choosing vin (11) as a purely random Gaussian vector V4, uncorrelated to the local Hessian:
with that choice, all the terms depending on v in equation (11) vanish on average, and one
obtains ey, [vif] = (v’ +37?8q) €1 + (8% + 382y q)eo. For fixed () this energy profile is
systematically higher than (12). However, the functional is again minimized by f = 0.

The case v — v! ;. is richer. In this case, depending on the values of €, and g, the stationary
point o' is either a rank-1 saddle (gms < g < qu), a minimum with one isolated mode in the
Hessian (g, < g < gms), or an uncorrelated minimum (g < gq,,), see figure 1. Whenever the
Hessian at o' has an isolated eigenvalue (¢ > ¢,,), it is the smallest eigenvalue and its typical
value and the typical value utlyp are given by
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NI 1434, 2(1—¢2)°
SV, 3(1+¢%)0e2 |’

| 1+¢° [1 (1) 8 () ]

Uyp = \f2(q—57q3)>\‘ - 12V2(q+¢*) de,
3¢,

13)

1+3q2_ typ

where de, = €9 — ge; and g(A\) = 1 +3¢°X —sign(A)(1 — ¢*)V/A2 — 24, see appendix E. In
this case the energy profile reads:

en [vifl= (¥ +3v8q) e+ (B +378°q) eo

Vsoft
iy (1-¢%) [ 6V2q (0 —ge1) N
1— ¢ typ

2 (1 - ”tlyp)

+f2 (’Y+26) utlyp 6\/EQ(€O_q€1) —A]
2vV2(1—uly,) 1—¢? P (14)
FBuly  6v2q(geo —€1) +f27
2W2(1-uy) 14 2v2
2 26 J2g
+L/ d/\M@(
2‘5(1 *“tlyp) -2v6 187

+7Bf:

+

1
A typ

1
/\typ ’

A) A

The function & in the last term of this expression gives the typical value of the overlap between
the eigenvector associated to Al . and any arbitrary eigenvector of ’}:[(0'0) with eigenvalue A.
Its expression is rather involved, and we report it in appendix G (see equation (G13)).

In figure 2 (fop) we show two density plots associated to (14): clearly in this case the
geodesic path is no longer optimal, and thus the energy barrier is lowered by deforming the
path in the direction of softest curvature at o'. The optimal path is obtained numerically, by
selecting the lowest energy point for each  and by verifying that this leads to a continuous
path. In figure 3 we compare the energy profile (14) evaluated along the geodesic and optimal
paths, for o! being a correlated minimum (g,, < ¢ < qs) or a saddle (g,,s < g < gu). In the
latter case, the optimal path lies entirely below ey, (dashed horizontal line). When o is an
uncorrelated minimum, since utlyp = 0 the behavior is analogous as in equation (12) with «y
and g exchanged in the last term of the expression; the optimal path is again the geodesic one.

Similarly as above, plugging vy into (11) and computing the averages one finds (see
appendix I):

3(1-¢7)°
I+q¢>
(15)

Eviress [ V3] = (73 +39%8 /] q) €1+ (B3 [v:f] + 367 [v:f] vq) €0 — B ()

In this case the barrier along the perturbed path is lower than the geodesic one even for g < g,
even though it is still above the threshold for all choices of €, < ey. In figure 4 we plot a
comparison between the energy barrier of the geodesic path and that of the optimal paths, for
given €, and varying q. The barriers decrease with g; when v = vy the deformed path is

always associated to a lower energy barrier, while for v = v! ; this is true only for g > . For
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large values of g the barrier along the perturbed paths lies below ey, but this is true only within
the range g,,s < g < qu, when the arrival point is a rank-1 saddle. We find that this remains
true for arbitrary values of €, < €. For the largest ¢ < gy, the curve associated to v! ; is flat,
indicating that the energy profile becomes monotonically increasing in the interval v € [0, 1]
with a maximum at v =1, equal to €.

In view of this comparison, one also understands why the geodesic path is no longer optimal
when v — vl and uy, # 0: in this case, indeed, v} ; has an O(1) projection on the vector

soft soft
Vhess» se€ appendix I, and thus allowing the path to deviate in the direction of v!  leads to a
lower energy barrier.

Discussion. The motivation for our work is characterizing paths connecting minima in
rough energy landscapes. By focusing on a prototypical mean-field glass model, we have
found that the energy profile along the geodesic path connecting two local minima always
reaches values of energies that are above the threshold one; moreover, interpolating paths that
are allowed to deviate from the geodesic along the direction associated to the softest curvature
of the landscape at o are on average associated to higher energy barriers. Therefore, for the
3-spin model the direction of softest local curvature at the departing minimum o is not a
predictor of lower energy barriers, and it is likely to be uncorrelated to good transition paths.
This is different from what observed in numerical simulations of finite dimensional jammed
and mildly super-cooled particles [17, 18, 34]. A possible explanation is that those cases were
focusing on portions of the energy landscapes in which indeed the Hessian plays a crucial role
[35-38]: in the former case the energy configurations were drawn close to the jamming trans-
ition, whereas in the latter close to the mode-coupling cross-over. We focus instead in a regime
which would correspond to a deep super-cooled state. Our results therefore suggest that in this
case the Hessian plays a different role—a result that would be interesting to test by studying
energy paths and barriers in small systems [39, 40].
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On the other hand, the Hessian matrix at o can still be used to construct directions in
configuration space along which to deform the geodesic path, in order to lower the energy
barrier: this special direction is obtained acting with the Hessian matrix on the vector that
is tangent to the geodesic path at its initial point, and projecting the resulting vector in the
subspace orthogonal to the tangent.

When the stationary points are closer and more strongly correlated, the direction of softest
curvature at o' corresponds to an isolated mode of the Hessian; this case of nearby, correlated
minima is likely to be the one more closely related to the results found in finite dimensional
systems [38]: in fact, we find that in this setting deformation of the geodesic path along the
direction of the isolated mode does lead to lower energy barriers. The eigenvector associated
to the isolated mode is localized in the direction connecting the two local minima (even though
one can not talk about quasi-localized modes in this framework of fully-connected systems).
The barriers of the perturbed paths lie in some cases below the threshold energy: we find that
this happens only when o is a rank-1 saddle. For smaller ¢, paths lying below the threshold
connecting the two minima might exist, but the curvature at o is not enough to identify them.

Our results shed some light on the challenging problem of activated glassy dynamics [41],
and in particular the identification of the barriers crossed by typical dynamical paths. The
energy barriers found along the interpolating paths are in fact a possible proxy for such bar-
riers, and they give some indications on how the dynamical transition rates between minima
depend on the parameters g, €,. At very low temperature, one expects that the first energy barri-
ers crossed by the system in its dynamics starting from a metastable state o° correspond to the
rank-1 saddles in the landscape that are closer to oY [23-27]. These saddles connect the refer-
ence minimum to other local minima that are quite close to the original one?, are correlated to
it (i.e. which belong to the region g € g, ¢ms]) and lie at much higher energy [28]. The ana-
lysis of the interpolating paths complements these findings, as it provides some information
on the energy barriers between distant minima at smaller energy difference, that are likely to
be connected to the first one by a non-trivial sequence of saddles, i.e. of activated jumps. It is
clear that further information can be obtained by identifying the distribution of rank-1 saddles
that connect two given local minima o“ by means of a direct counting (i.e. by performing a
doubly constrained complexity calculation); we defer this analysis to future work. It could also
be interesting to extend this study to mixed models obtained summing terms of the form (1)
with different values of p (such as p =3 and p =4), in particular looking at paths interpolating
between the different families of marginally stable minima that are exhibited by those models
[42, 43]: this is also left to future work.

Data availability statement

All data that support the findings of this study are included within the article (and any supple-
mentary files).

3 For any of the rank-1 saddles that lie at g > g, one can determine the properties of the local minima that are
connected to the reference one o by this saddle [28]. These local minima typically are at overlap ¢ € [qun,¢ms] With
. We see that the interpolating path between these minima and the reference one have a local maximum that is at
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space.
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Appendix A. Tangent planes, Riemannian gradients and Hessians

In this appendix, we introduce the main formalism and notation used in the rest of the paper.
Consider the energy field /(o) defined on the N-dimensional hypersphere of unit radius, o €
Sn(1). We introduce a symmetric random tensor with components a;, ...;, (which are mean zero
and unit variance random variables) so that

1 2
h(o)=+/p! Z jy...;) Oy O = i Z Qjy..j, Oy O, = \/;5 (\/NO'> . (A1)
i|<~~<i,, p: ilv"'vip

We define with V(o) the N-dimensional gradient of the field i(o) extended to the space RY.
Such vector has components:

Oh
(Vh(o), =% - Vh(o) = 2), (A2)
80’,’
where x; withi = 1,..., N denotes some orthonormal basis of RV with components [x;] = djj.

Similarly, we define with V?h(o') the N x N-dimensional Hessian matrix with components:

2
(V2h(0), =% - V?h(o) %= ‘;U}z g;) . (A3)
Notice that, due to the homogeneity of the field i(o), one can show that:
Vh(o)-o=ph(o), (Ad)
and similarly
Vh(o)-0=(p—1)Vh(o). (A5)

The Riemannian gradient g(o-) and Hessian (o) of k(o) take into account the spherical
constraint imposed on o. We denote with 7[o] the (N — 1)-dimensional tangent plane for each
point o of the hypersphere, which is the plane in RV spanned by vectors that are orthogonal
to the vector o (see figure 1). Let e;«y(0) be an orthonormal basis of such tangent plane,

7[o] = Span {e; (o)} .
This local basis of 7[o] can be extended to a basis of RY by adding ey(o) := o. The (N — 1)-

dimensional Riemannian gradient g(o) is defined, component-wise, as the projection of the
unconstrained gradient VA(o) on the basis elements of the tangent plane 7[o]:

g, (0)=Vh(o)-e,(o) for a<N. (A6)

1
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With a slight abuse of notation, in the following we sometimes use the same notation g for the
N-dimensional extended vector with an additional last component g, (o) = 0. In this way, the
unconstrained and Riemannian gradients are related by:

Vh(o)=g(o)+ph(o)o. (AT)

In order to obtain the Riemannian Hessian one can make use of a Lagrange multiplier
to enforce the constraint o> = 1: we define &y (o) :=h(o) — 2 (6> — 1). Then Vhy (o) =

2
Vh(o) — Mo Z0=A=0- Vh(o). From this it follows that

Hop(0): =ey () V2hy (o) es(a)
=e,(0) V’h(o) -es(o) — (Vh(d) 0)dup, o, f<N—1. (A8)

The identity (A4) implies that the Riemannian Hessian is obtained from the unconstrained one
by shifting by a diagonal matrix proportional to ph(o), and projecting on the local tangent
plane. Therefore, working with the unconstrained or Riemannian Hessian is essentially the
same, provided that one remembers about the shift.

The tangent plane 7[o], and therefore the basis vectors e, (o), depend on the particular point
in configuration space that one is looking at. For two different configurations, o and o' at
overlap ¢ = 0 - &, it is convenient to choose the bases on the tangent planes 7[o“], with a =
0, 1, as follows: first, one can always choose the basis X; in the N-dimensional space RY in such
a way that the first N — 2 vectors Xy, ..., Xy_j are orthogonal to both o and o!. These vectors
belong to both tangent planes (because they are orthogonal to both the configuration vectors),
and therefore one can choose e;(0%) =x; for all i = 1,...,N — 2. Concretely, in the x; basis
one can set ’ = (0,0,...,0,1) and o' = (0,0,...,—+/1 — ¢?,q). Then, in the tangent plane
7[0¥] there remains a single basis vector to be chosen, which will have a non-zero projection
with o!; this vector has already been defined in equation (7),

qgo’ — o'

Vi-¢

It has unit norm and it is orthogonal to all the others, since x; 1 o for any i and a = 0, 1. The

ey—1 (o)

vector o then completes the local basis. With the choice above, ey_; (o) = (0,0,...,1,0).
Similarly, 7[o'!] is spanned by X;, ..., Xy_» plus the vector ey_ (') defined similarly as
1 0
n_90' —o
ey_1 (0 ) = —F/——.

=
Again, with the choice above ey_i(a') = (0,0,...,—g,—+/1 —¢?). In summary, we can
choose e, (0°) = e, (o) witha = 1,...,N — 2 as a basis of the subspace span{x,, }, while the

remaining basis vector of the tangent planes ey_; (o) changes depending on which tangent
plane we consider (in appendix E.2, we specify the choice of some of the vectors e, (c°) =
e, (o!) as well). We denote the sets of these basis vectors as B* = {e,, (a’“)}zz1 . All along this
work, we assume that this choice of basis is made. Moreover, we will often use the notation
ey (o) =e%, as well as h(o?) = h*, g, (o) = g% and H(o*) = H* for simplicity.

12
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Appendix B. The complexity calculation: a recap

For completeness, we provide a summary of the main results of [26], upon which part of
the present work is built. In [26] the authors compute the quenched complexity of stationary
points o' of i(o) at energy density ¢; (meaning that g(o!) = 0 and h(a') = v/2Ne)), that are
conditioned to be at fixed overlap ° - o' = g with a given reference minimum o at energy
density €. We refer to o' as the secondary configuration. The complexity reads

o1
X (617q|€0) = Nll)ngo NIE [logNO'() (elaq‘EO)] ’

see equation (3). The expectation value indicates both an average over the disorder, as well
as a flat average over all local minima of energy ¢); the random variable N0 (€1, gleo) is the
number of such stationary points o', and it is defined below in equation (B4). To compute
the expected value of the logarithm by means of the replica trick, one needs to replicate the
secondary configuration o'

B(er gleo) = Jim tim Mo (0] 1 ®1)
with
My er.glen) =B | i | | dets (o /S » Hda werq (5]0°) (B2)
and
ey (0°) = ettt (o) |6 ((c°) = V2Neo) 6 (g(c°))
Wer (0°]0°) = detH (@) | 8 (h (@) = V2Ner) 6 (g(0) 3 (0" 0" ~q) Y
and where
Ne)= [ o, (o).
Sn(1) (B4)

Nao (617q|60) = / do-l We, g (o-l ‘0-0)
Sn(1)

represent, respectively, the number of stationary points at energy density ¢y and the number
of stationary points at energy density €; and overlap ¢ with . In order to carry out such
computation, in principle one has to replicate the reference configuration o as well by raising
the denominator to the numerator, thus writing:

M, (e1,q|€o) —hmE / Hdaoﬁ 05/ Hda We, 4 (0]0) (B5)
SN SN(l

) 3

where o%#=! = ¢°. Due to the isotropy of the correlation function of the random field 4(o),
it turns out that this expectation value depends on the configurations o, 6% only through the
overlaps ¢° 5 = 0" - 0%7, g3 = 0 - 6% and g}, = 0 - &, where by construction ¢, =
g',=1and g, = - 0%P=! = ¢. This implies that the integral over the configurations can

13
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be replaced by an integral over these order parameters, which can be computed with the saddle
point method. One sees that the saddle point equations for the parameters qg s enforce qg 3=0
forall a # B =1,...,k; this reflects the fact that the overlap between metastable states in the
pure spherical p-spin model is vanishing [15], i.e. the states are typically orthogonal to each
others. This also implies that g, =0 for alla=1,---n and [ # 1. As a consequence, at the
saddle point solution the secondary replicas o' are coupled only to the original reference
configuration o® and not to its replicas. It is simple to check that this implies that to leading
order in N, the expectation value (B2) is identical to its annealed version, which is obtained
averaging separately the numerator and the denominator. This means that we can write

M, (e1,q|€) : = BTN (e [J\/I(eo)]E [/s mdaow (o-o) /SN(I)}—[Ida'awe.,q (O'a|o-°)]

e[ Horeunloe)| 425
/SNU)Hda“E[Hw( gl

V2Nep, h° = /2Neg }
dG’ det?—[ &|o? 076
/8~<1>aHl Ll |’{g*0g—0Va—l P30 (0,e1)
(B6)

where & = (o!,...,0") and

n

H5<ha B mq) 5 () ‘ h’ = \/2Neg

Pé&|o0 (0761) =E g0 -0 (B7)

a=1

The expectation value is now a function of the overlaps ¢!, and its leading order term can be
determined again with a saddle point calculation. Searching for a saddle point solution where
all replicas have the same overlap, ¢!, = ¢ forall a,b = 1,---n and a # b, one finds the solu-
tion ¢; = ¢* [26], which is the smallest possible overlap between replicas that are all subject to
the constraint of having overlap g with the reference configuration. It can be showed explicitly
that this implies that the complexity X (e;,¢g|ey) computed within the quenched formalism is
the same as that obtained within the annealed framework, i.e. setting n =1 in the formulas
above. More precisely, one obtained the identity:

. 1 . 1
¥ (e1,9le0) = Jim NE [log No, (€1,4l€0)] = ]\}LrgoﬁlogE[Nau (€1,9l€0)]-

The final formula giving the complexity reads [26]:

e% — etzh (B8)

IS
Il

1 247
o) = goe (Je-) + 4 2

where e, = —/2(p—1)/p and

1— 2
0=t0g ([ ) ~2(60h (0)+ U (a) + 601 () (89)

14
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Figure 5. The plot shows in color the region in the plane (g, €;) where the complexity
is positive, for ¢ = —1.167. The blue leftmost area corresponds to minima, the dashed
blue zone to minima with an isolated eigenvalue in the Hessian spectrum, the rightmost
(dashed) yellow zone to index-1 saddles. The stars mark the transitions in the properties
of the Hessians of the stationary points, for fixed ¢;. In the white area the complexity is
vanishing.

with

q* [—q% +pg* (1 — ¢*) + ¢*]
Uo(q) = ; 7
q* —q* [(p—l) (1+614)—2p(p—2)q2}+q4
2% [1—p (1 —g*)] —2¢71*
Ulg) = 2[ ( ) : (B10)
7~ (=17 (144" ~2(~2)pa?) ¢ +¢"
_d'—q”—pa” [(P—1)q*+(3-2p)q’ +p 2]

q* — g% [(p— 1)2(1+q4)—2p(p—2)q2} +qt

Ui (q)

The results of this calculation are summarized in figure 5 for a representative value of
eo = —1.167 [28]. For fixed ¢y < €y, one finds that X(e;,qg|ep) is positive only for ¢ smal-
ler than a threshold value g,,, which depends on €. For fixed g < gy, the complexity is pos-
itive for €; belonging to a finite range, that is shown as a colored area (blue and yellow) in
figure 5. By looking at the statistics of the Hessian of the stationary points at given ¢, €;, one
can discriminate whether they are stable local minima (such that all the eigenvalues of the
Hessian are typically positive) or saddles with index k, i.e. with an Hessian with k negative
eigenvalues. As we recall below, the statistic of the Hessian matrices is the same as that of
GOE matrices perturbed with additive and multiplicative low-rank perturbations, and shifted
by the quantity pe;. Fixing the energy €; and decreasing the overlap g (see the dashed arrow
in figure 5), one finds that the typical stationary points are first saddles of index k =1 (yellow
area), then minima with an isolated but positive mode (blue dashed area), and finally minima
with an Hessian spectrum described simply by a shifted semicircular law, without any isolated
mode (blue area). The transitions between these different populations of stationary points are
marked with stars in the figure. For € > €y, all stationary points are saddles of extensive index

k~ O(N).
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In the following, we select pairs of stationary points with parameters ¢,,q which belong to
the colored region, i.e. which are such that the corresponding complexity ¥ (e;,¢leg) = 0.

Appendix C. The energy profile along a path, and the case p=3

Consider a path on the hypersphere, parametrized as in equation (4). Let h[y;f] = h(o[v;f])
denote the energy profile along the path. It holds:

1 S P\ (k1 o gti—ko ok 0
b= 3 a5 () ()t et
131 Ip
0

..... 1 =0k, =0
o) o (C1)

ipsz ipsz«H ip :

In the special case p = 3, this function depends only on the gradients and the Hessians of the

energy field at the initial and final configurations o, a =0, 1. Indeed, for p =3 the above
expansion reduces to:

h[7y:f] =3 (") +Bh (o) +£°h(v) ++*BVh(o") - 0° + B2y Vi () - 0!

+7%f Vh(a") v+ B Vh(a®) -v+q8fv-V?h(a°) - o' (€2)
+f; (vv-V?h(a') v+ Bv-V?h(a?) V).

We are interested in the case in which the beginning and end points of the path are stationary
points satisfying g(0*) = 0, and 6 - &' = ¢g. Moreover, we assume that the vector v is chosen
in such a way that v L ¢°, o!. The identity (A7) then implies that

hlyvif] = (v +3v*8q)h(a") + (B +38*7vq) h (6°) + h(v) +vB8f v- Vi () - o
+f§2 (vv-V2h(o") -v+Bv-V2h(a®) -v).
(C3)

From this equation, equation (11) follows by using the block structure of the conditional
Hessian matrices described below, as well as the fact that 4(v) = 0 typically. We remark that
this expression is at fixed random couplings. In the rest of the paper, we restrict to the case
p =3 and average the energy profile over all configurations o and o' satisfying

g(d’)=0 & g(o')=0
h(o®) =V2Ney & h(o')=+v2Ne (C4)
o’ ol =gq,

as well as over the distribution of the random couplings a;, iy

Appendix D. Averages: quenched vs annealed energy profiles

It follows from equation (C3) that the energy profile along a path is completely determined
by the local properties at the two configurations o for a = 0, 1, if v is also chosen to be a
local property that depends only in the statistics of the landscape at ° or ! In the following,
we assume that v is correlated with the softest mode of the Hessian matrix at either o or

16
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o'. We now consider the average of this function, over the family of stationary points o of
energy density €, and overlap g, and over all possible realizations of the random landscape. We
consider two different averaging prescriptions, which we refer to as quenched and annealed
in analogy with [29].

The quenched energy profile. The quenched averaging protocol corresponds to the follow-
ing procedure: (i) for fixed realization of the random landscape, select o among the exponen-
tially many stationary points of energy density €; (ii) select o' among the stationary points of
energy density ¢, that are at overlap ¢ with the previously selected o*; (iii) evaluate the energy
profile along the path, under the condition that v has a projection on the minimal Hessian
eigenvector at the start or at the end; (iv) average the profile over the population of station-
ary points o' with parameters ¢, g, (v) average over all a*, (vi) average over the realizations
of the landscape. We recall that in order to satisfy the spherical constraint, all integrals over
configurations are taken over Sy(1). Formally, this prescription corresponds to:

1 1
dou, 07/01161 Ho9) Ay

N (eo) /s,v(l) o wa (@ )Nao(q,q|eo) Se(l) o' we,q (0'10°) h[yif]

(D1

W@ [yif] :=F

where all the quantities above have already been defined in appendix B. In (D1), the ran-
dom landscape appears both in the numerator and in the denominator; in order to perform the
average, one has to resort to the replica trick to treat both denominators, through the formula
x~ ! =1lim,_,ox"~'. Since there are two denominators, two sets of replicas should be exploited.
However, due to the fact that the typical overlap between stationary points o in the pure spher-
ical p-spin is zero [15], the flat average over o® can be reproduced by conditioning the average
over the landscape to realizations for which the configuration o is stationary, with a given
energy density € (see appendix B). This implies:

1 v
(Q)[ ’ ] 7/ da,]wehq( llo, ’ hg ; 2N€0 . (Dz)
Nao (61,q‘€0) Sn(1) =0
By means of the replica trick, this average can be re-written as:
V2Ne
K@ [:f] = lim / do* E | TT w. i ’ é g 0 (D3)
) SN(I)kl_[l H 1761 [ ] =0

The delta functions inside wel,q(0'1|0'°) can be replaced by a conditioning in the average.
To simplify the notation, for all the n+ 1 configurations o* with k=0,1,--- ,n we define
the gradient vectors g* = g(o*), the Hessian matrices H* = H(o*), and the rescaled energy
functional #* = h(a¥). This leads to:

n

9 [y:f] = lim do*s (" 0" —¢
n—0 SN(I)IH ( )

I = \/2Ne;,h® = \/2Ne
k . 15 0
E Icl:[]|det%(0)‘h[77f] ’ { gk:(),g():()v](:]’“.,n p&‘00(07€1)7

(D4)
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where & = (o!,...,0") and pa‘oo(O,el), the joint density function of the gradients ;_;'k and

fields /¥, induced by the distribution of the couplings and conditioned to g° =0 and h° =

v/ 2Ne¢y, have already been defined in equation (B7)
We define:

cond — hk mﬂ y ho \/27\,60
= H:E{ ’{g—Og—OVk—l : (D5)

Plugging (C3) into (D4) and implementing the conditioning, we find:

O [yif] = (v’ +37°Bq) V2Ner + (8° +357q) V2Ney
+/° (7) lim Tdo*s (* 0"
(7) lim sNu)kHl I G
x [Econd lH |detH (o) h(v)] P&loo (0,€1)

k=1

+v8y hm/ Hda 6 oo —q)
Sn(

n—0 l)k |

XE,clond [H |det7-{, ‘V V2h ( ) Gllpgco (0,61)

() .. ks (k0
+——=lim do"d (0" - 0" —¢q
2 n—0 SN(I)klzI] ( )

x Egend lH |detH (6*) | (yv-V*h(o") -v+Bv-V*h(a?) - v)] P&o0 (0,€1),

(Do)

where the Riemannian and unconstrained Hessian matrices are related by (A8). The above
equation contains the conditional average of the product of n determinants, multiplied by those
terms in the energy profile & that depend on the matrices H (') and (o). All the matrices
H(o*) with « =0,1,--- ,n are coupled, and each one has to be conditioned to the gradi-
ents and energies of the n 4 1 configurations. The correct way to proceed is to determine the
expectation value for fixed n, and subsequently take n — 0. In the language of the Franz-Parisi
potential [29], this is a quenched calculation, since the two configurations o and o' are not
on the same footing: o can be considered as a reference configuration that is selected first,
and o' as a secondary one.

The annealed energy profile. In the annealed case, the two configurations ° and o' are
treated on the same footing; the averaging protocol corresponds to the following procedure:
(i) for fixed realization of the random landscape, select 0° and o' among the exponentially
many stationary points of energy density ¢y and €;, at mutual overlap g; (ii) proceed as in the
quenched case. Formally, this is equivalent to taking equation (D2) and factorizing the average
of the numerator and denominator, getting:
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1
(A) [ £ — 1 1.0
B ] E [Ny (e1,49l€0)] /SN(I)dU oot ~a)

h' = v/2Ney ,h® = \/2Ne
XE|:|detH(O'l)h['y,f] ‘ { ga :\0/;0[1:0 1 0 }:|pa'1|a'0(0;61)a

D7)

where now

0 __
Dot (O,el)zE[é (h‘ —\/ZTVel)(S(gl) ‘ ZO;(@EO ] (D8)

One sees that the numerator is the same as (D4) with n = 1. Plugging (C3) into this expression
and implementing the conditioning, we find in this case:

Y [yif] = (v* +37v*89) V2Ner + (B° + 3527 q) V2Neg

ﬁ# 0'] 0'1 '0'0—
]E[./V:,o (6],(1‘60)] ~/SN(1)d 6( Q)

x B [|detH (o) [ (V)] portjoo (0,€1)

_BfF) olole! o —
+ E[No.o (6176]‘60)] /SN(l)d 5( l])

x E{M [|detH (o) [v- V?h(0°) -0 | poi|oo (0,€1)
/() / 15(o! . o°
2E [Ny (e1,9l€0)] Jsy(1 (oot =q)

x B [|detH (') | (yv-V2h (') v+ Bv-V2h(0%) -¥) | psis0(0,€1).
(D9)

In this case, one has to deal with a pair of matrices, conditioned to only two gradients and
energies. In the language of the Franz-Parisi potential, this is an annealed calculation.

Appendix E. Statistics of the Hessian matrices

In this appendix, we discuss the statistical distribution of the unconstrained Hessian matrices
ﬁv%(aa) with a =0, 1, subject to the conditioning on the energies and gradients of
the various replicas. As we have seen in appendix A, the unconstrained Hessian and the

Riemannian Hessian are easily related by a projection and shift.

E.1. Statistics of the Hessians: the annealed setup

E.1.1. Matrix distribution after conditioning. In this case, one has to determine the joint distri-
butions of the two Hessian matrices V21 (o), each one conditioned to g(o®) = 0 and h(o®) =
v2Ne, for a =0, 1. This conditional, joint distribution has been determined in [24, 26]: each
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matrix V2h(o®), expressed in its own tangent plane basis B¢ introduced in appendix A, has
the following block structure:

miy_ 0
. B¢ : 0
n lvzh(a”) = e RVXN,
my_oN_1 0
Miy_y 0 My_on_y My_in—1tHa 0
0 0 0 0 2 p(p—1)eq

(ED)

The entries in the (N — 2) x (N — 2) blocks B are independent of the entries m¢,_,, and cor-
related with each others as follows:

b o’ oh
E [B§By)] = (5abN_ 1 + (1 —dap) Ve 1) (0ixdj1 + dudjk)
A? A? .
E[m;‘Mmij} = (6abN—1 +(1—5ab)N_h1>6ik i,j <N-—1, (E2)
a Vab
E [mN—lN—lmZ}i’—lN—l] = Ni 1 a,b€{0,1}.

Therefore, the blocks B are (N —2) x (N — 2) matrices with GOE (Gaussian Orthogonal
Ensemble) statistics, with rescaled variance o>(N —2) /(N — 1). The two blocks are coupled
component-wise. The parameters 0,0y, A, A, and u, are functions of p and of the parameters
€4,4, and read [26]:

o =p(p-1)
o =pp—1)¢"""
oy=0"—ay=pp—1)(1-¢"7?)

. 2\ 2p—4

A*=p(p-1) ll—@ li(jqz,?_zq ] (E3)

Ai=p(P—1)qp_3(—1)[1—(lj_ll>(§zlp_zq)]

1 = i€ €1),  po = p(er,€o)
where:
py)=Vap(p—1)(1-¢°)

Nt ==+ (=2 x = [V + (P =2) 2 = (P~ 1" ]y
qP + g —grt? [(p — 1)’ (1+¢*) —=2p(p—2) qz}
(E4)
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The conditional distribution of the Riemannian Hessians therefore reads as follows:

miy_;
H (") B¢ : a a T N N—1xN—1
= : _ _ R .
N1 + paey_1 [en—1] Nflpea €
my_an—1
Mmiy_y - My_an_1 M_in_)
(ES)
For later convenience, we also define the matrix:
miy_,
Hy (o :
A - B : € RN-1XN—1 (E6)
N—1
my_sn_y
Mmiy_y o My My +p°

where A stands for annealed. These matrices can be though of as matrices with a GOE statistics,
perturbed with both an additive and multiplicative finite rank perturbation along the direction
corresponding to the basis vector ey_;(o“), and shifted by a diagonal matrix. Notice that in
the annealed formalism the random matrix problem is symmetric, in the sense that the two
conditioned Hessians have the same structure at both the configurations o and o'!.

Let us now consider specifically the case p = 3. One sees from (E3) that for p = 3 it holds
A?= A2 =6(1—¢*)(1+¢*)~', which implies that m%,_, = ml_, = my_,. Moreover, in
this case 1, = 6v/2q (eo — qe1) (1 — ¢*) " and po = 6v/2¢ (€; — geo) (1 —¢?)~".

E.12. Spectral statistics and isolated eigenvalue. The matrices (ES) have a block structure,
with a (N—2) x (N —2) block B* with GOE statistics, and a special line and column. Let
us neglect the term proportional to the identity, which corresponds to a constant shift of the
whole spectrum, and work with Ha (o%). The spectral properties of these kind of matrices are
discussed in detail in [33]. To leading order in the size of the matrix, the eigenvalue density
pY(A) of both matrices is not affected by the presence of the special line and column, and it
just coincides with the eigenvalue density of the GOE block, i.e. it is given by the semicircular
law

A =p0+0(1) = Vi +0(3). Fepp-n. @)

27 o?

The presence of the special row and column can give rise to subleading contributions to
the eigenvalue density: these contributions correspond to eigenvalues that do not belong to
the support of the semicircular law (and are said to be ‘isolated’), and whose typical value
depends on the parameters A, 1, governing the statistics of the entries of the special row and
column. As argued in [33], the fact that A < o (as can be easily verified to be the case here),
implies that only one isolated eigenvalue can exist for these matrices. Such eigenvalue exists
whenever

o2 — A?
:U'a|>0<1+0_2>7 (E8)
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and it is obtained as the real solution of the equation
A — g — A’gy (N) =0, (E9)

where for z real such that |z| > 20 one has

9o (2) = ﬁ (Z —sign(z) V2 — 402) ) (E10)

The equation (E9) is obtained imposing that the resolvent of the matrix (E6), projected into the
direction e},_, of the rank-1 perturbation, has a pole. Explicitly, the eigenvalue is given by:

2a2*A2 a*' aA2 2_4(g2 — A2
o 20 = A2, = sign (1) A2z — (07 — A7) E11)

iso 2(0.2 _ AZ) ’

Notice that for u, < 0, this eigenvalue is negative and it coincides with the smallest one of
the matrix, i.e. A%, = A . Whenever the isolated eigenvalue exists, its eigenvector e{,  has a
projection on the vector ey_; (o), corresponding to the special line and column of the matrix,
which remains of O(1) when N is large. The typical value of this projection has been computed

in [27, 33] and reads:

a a 2 a
(eiso ! eN—l) =(o,A ()‘ismutl) (EIZ)
where we introduced the function:

sign (\) A2V/A2 — 402 — ) (20% — A?) + 202

2A2, /12 —4 (02 — A?) E13)

do,a (A, 1) == sign ()

Itis shown in [33] that equation (E12) is indeed positive on the Right Hand Side, as it should be.
Moreover, whenever the squared overlap is non-zero, the eigenvector is aligned with the direc-
tion of the finite-rank perturbation, meaning that ef, - e§_, > 0. In the main text, we consider
the case in which j, < 0 and thus X%, =\, and define u® = (e, - e%_,)>. The expression

for these quantities in the case a =1 and p = 3 are given in equation (13).

E.13. Change of basis. We recall that the matrices (E1) are expressed in the bases B. It is
sometimes convenient for the calculations to express both matrices in the same basis. This is
achieved by performing a simple rotation, which involves only the two elements of the basis
sets. We use the fact that

0'0 :q0'1 — 1\ 1 7{]231\]_1 (0’1) en—1 (0’0) = —V 1 7(,]20'1 — qen—1 (0’1)

(E14)
o' =qo% — /1 —gPey_, (0'0) ev_1 (o’l) =1 —q*c" —gey_; (0'0) .
The matrix of change of basis B° — B! reads:
1 0 ... 0 0 0
0 0
Ro, = 0 0 e RVXN, (E15)
0 ... 0 1 0 0
0 0 —q —/1-¢
0 0 —\/1—-¢* q
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and it is equivalent to R;_,o. This implies that in the basis B! we have:

_ V(e
Ry ﬁROHI
7qm(l)N—] —V1-= qzm(l)N—]
B’ —qmy_, —V1—@my_,
*qm?/—zlv—l —V1i- qzm(lzl—ZN—]
0 0 200 0
—qmiy_y —qMy_oN_1 ¢ (My_in—1 + ko) +Iy_ iy B w
—/1-= qzm?N—l I Mm;\)/—ZN—I ZON—IN I?VN
(E16)
where

[ 2N
l?\l—]N—l = (1 _qz) mP(P— 1)60,

N
v =(1=4%) (my—1yer + o) +0*\[ 57— (P = Do, (E17)

2N
Bow=avV1-¢ <m1OV—1N—1 +po — VN_T1 (p— 1)€0> .

Defining the (N — 1) x (N — 1) matrix
Mg =T—(1—q)ex—1 (") ey (o) (E18)
and using (E6), one can write the projection of this matrix onto the basis of 7[o"!] as

_, V(%)
R/ B R A o

Notice that the matrix V2h(o'!) expressed in the basis B° has exactly the same form, with the
superscript 0 replaced by 1.

I AR yev—1 (o)) el (o) (E19)

E.2. Statistics of the Hessians: the quenched setup

E.2.1. Matrix distribution after conditioning. In the quenched setting, replicas are introduced
and one has to consider the joint distribution of 7 + 1 matrices V?h(o®) with a =0, 1,...,n,
conditioned to g(e®) = 0 and h(e) = v/2Ney, h(o*) = /2Ne| with k= 1,...,n. The joint
distribution of the matrices V?h(o*) with k= 1,...,n subject to the above conditioning is
derived in [26]. We recall it in the following, discussing in addition the statistics of V>h(a")
and its correlations with VA (a!), which are the two matrices appearing in the energy profile.
In this section, M := N — n.

The conditional Hessians have a block structure when expressed in an appropriate basis.
We make a particular choice of the vectors ¢;(o?) fori =M, ...,N—2. As in appendix B, we
define the overlap between the replicas as

g=0c"o" ki=1,...,n, k#1. (E20)
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For a = 1, we choose the basis vectors in B! as:

0'2—0'3

2(1—q1)
1 o’ + 0’204
€r41 (O'): /32(1_ql)

_ oc’l+o’+o*—30°

ey (o) =

eM+2(0'1)—
4'3(1—%) (E21)
2 n—1 n
n_ o +-+o —(n—-2)o
A N (S [ I
n Ottt = (= Dgio! +(n—1)gr=% (q0' — o)
eN,z(a)_

D[+ 0 =20~ - Dt - - D (1 - )

and, as specified in appendix A,

go' — o'

Nl

It is simple to check that all these vectors are all orthogonal to each others under the assump-
tion (E20), and are orthogonal to o': therefore, they all belong to the tangent plane 7[o!].
When using the notation B in the following, we assume this choice of basis vectors. Notice
that the typical value of the overlap (E20) between stationary points (as it follows from the
saddle-point calculation of the complexity recalled in appendix B) is ¢; = ¢?, thus at the saddle
point:

ev—_1 (o)

—f o+t o~ (n—1)go°
en_2 (01) n=q (n - )q (E22)
(n—=1)[1 —¢’]
The choice of the basis vectors for o is analogous:
e (o) =e (0 i=M, ... N-3 (E23)
with
0 0'2—1—-~-+0'”—(n—1)610'(’4—(11—1)"1‘:4‘722 (qo°—o')
en—_2 (O’ ) =
—g? 2)2
%n—l) [1—q2+<n—2><q1—q2>—<n—1><1—q2>("; 7) -2l )]
(E24)
and again
o’ —o!
ev1 (%) =17 =2 (E25)
1—¢4?

24



J. Phys. A: Math. Theor. 57 (2024) 07LTO1 W Letters

Notice that when g, = ¢?, the vector ey_, (o) simplifies and becomes equivalent to ey_» (o),
and thus all the basis vectors are the same except for ey_;.

At variance with the annealed case, in the quenched setting the problem is not symmetric
in the two configurations o“. Consider first the Hessian at o!. Its conditional distribution for
finite, arbitrary n is given in [26]: in the basis B' introduced just above, the unconstrained,
conditioned Hessian takes the following form:

V2h (o‘l)
N—1
1 1 1
Mim MiN—2 miy_1 0
B!
1 1 1
My —1m y—1N—2 My in—1
= 1 1 1 1
My My—1m My + V1 My
1
Myyivyr T V1 0
1 1 1 1 +
miN—_1 My 1N—1 My n—1 My_yN—1 T M1
0 0 0 0 0 0 0 %p(p— e

(E26)

where B! is a (M — 1) x (M — 1) block with the same statistics defined above in the annealed
case. For gy = ¢*> and i,j < M and M < k,I < N — 1 it holds:

(-1 (1-¢*)g"* g

E [njnj] = 6;6up(p—1) |1 - e = ;01 6* (E27)
while fori,j <M
—1N(1= q2 q2p—4
E [milN—lm}N—l] =dipp—1) 1- =1 ) = 6; A7, (E28)

1— q2p72
where A? is the same as in (E3). The entries n}j,m}N_l with M <i,j <N—1formannxn
block with components that are correlated to each others, but independent from all the other
entries of the matrix. We do not report the expression of the corresponding covariances, since
it is not needed for the calculation below*. The diagonal terms in this n x n block contain
deterministic contributions that arise from the conditioning, with y; appearing already in (E4),
and v # ;. The explicit expression of v is not reported here since it will not be needed in
the remainder of the paper, but can be found in [26] (see equation (60) in appendix F of that

4 In the following, we are interested in determining the eigenvalue density of the Hessian matrices to order 1/N,
meaning that we aim at determining the bulk of the eigenvalues distribution, as well as the typical value of any
isolated eigenvalue that may exist. It turns out that these quantities are insensitive to changes in the variance of O(N")
components of the matrix, and thus they do not depend on the covariances of the entries of the n X n block.
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paper). As before, one finds that the conditional distribution of the Riemannian Hessians in
the quenched case reads:

= - per € RV-DNL (E29)

where now:
Y 1
Ho (o)
N-—1
1 1 1
iy niN—2 min—_1
B!
1 1 1
= | . ’lqulM Ny 1N—2 My 1N—1
My o My Pym MyN—1
1
Myrip+1 V1
mMmiN—1 My_1N—1  Myn—1 My_1n—1 7T H1

(E30)

Here Q stands for quenched. In the quenched case, one has therefore n special lines, n — 1 out
of which have exactly the same statistics controlled by the parameters §> and v, while the
last one has yet different averages yi; and variances A%. When n — 1, only the last special line
survives and one recovers the annealed Hessian distribution discussed above.

We now consider the Hessian at a*. Its conditional statistics is not given explicitly in [26],
but can be easily derived following the same reasoning of appendix C of that paper. In the basis
B defined above, the unconstrained, conditioned Hessian takes the following form:

V2h (o)
N—-1
0 0 0
M MiN—2 Miy_1 0
B°
0 0 0
y—1m Ny 1n—2 My iN—1 0
= 0 0 0 0
iy —1m My + Mo Myy— 0 ’
0
My i1 T Ho 0
0
0 0 0 0
Myy_y o My N My n—1 my_in—1 + Ho 0
0 0 0 0 0 0 0 Hpp—-1De

(E31)
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where B’ is again a (M — 1) x (M — 1) block with the same statistics defined above in the
annealed case, but in this case for ¢; = ¢ and i,j < M and M < k,I < N — 1 it holds:

p-1)(1-¢*)g"*

E [nyn)] = 6;6up(p—1) |1 - g

= 6 [miy_ymjy_ | = 6y0u A
(E32)

Once more, the entries ng,m?N_l with M < i,j < N— 1 form an n x n block with components
correlated to each others, but independent from all the other entries of the matrix. Finally, pq
is obtained from p; in (E4) by switching €y <+ €;. As it appears from these formulas, in the
case of o the conditioning modifies the variances of the entries that belong to n special lines
and columns of the matrix, in a way that is identical for all rows and columns. Notice that the
covariance of the matrix elements 7)) is different with respect to that of the elements n}, and
it coincides instead with that of the elements m{,,_,. This is consistent with the fact that, for
n— 1, one should recover the annealed statistics described in the section above. As before,
one finds that the conditional distribution of the Riemannian Hessians in the quenched case

reads:

H(o®) FHo(a®) [N

= - e €RVTIANTL E33
N—1 JN_1 N_1P9 (E33)
where:
”(1]M m(l)Nfl
BO
Ho (o)
N—1 o 0 612471114 m1?40711v71
My 0 My_amy MyytHo e Myy_1
miy e MYy Mgy o MYy o
(E34)

Finally, we discuss the correlations between the entries of these two Hessian. This can be
obtained with an extension of the calculation described in appendix C of [26]. As recalled in
appendix B, at the saddle point one finds that the overlap between replicas is g; = ¢°. Then,
fori,j <M and M < k,l < N— 1 itholds:

2p—4
_ q
E [”?k”]ll] =8oup(p—1)¢"* {1 —(p—1) T2 (1 6]2)] = 0,;;011 07, (E35)

while
1
E [miy_ymjy_] = 6p(p—1)¢"7> (=1) [1 —(p— 1)m (1 —qz)} = §; A}, (E36)

where A? is the same appearing in (E3). Notice that &7 differs from 6% by a factor of ¢"~2;
instead A differs from A? by a factor of ¢” 3, meaning that the two quantities coincide for

p=3.
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E.2.2. Spectral statistics and isolated eigenvalue. Let us discuss the spectral properties of
the conditional Hessian in the case in which 7 is an integer parameter. As in the annealed case,
we neglect the constant shifts. In the quenched setting, the distribution of the two matrices is
not equivalent: we begin by discussing the shifted Hessian at o', defined in equation (E30).
This matrix has (n— 1) lines with identical statistics given by 42,7, and one last line with
statistics controlled by A2, 1. For integer n the isolated eigenvalues, whenever they exist, are
solutions of the equation:

A= =82, (V)" [N — 1 — A%, (V)] =0, (E37)

which is again obtained imposing that the resolvent of (E30) projected onto the n-dimensional
subspace corresponding to the finite-rank perturbations has some poles. One sees that two dif-
ferent eigenvalues may exist, one of which with degeneracy (n — 1). In the replica calculation,
however, one is required to take the limit n — 0 at the end of the calculation. It appears that in
this limit, the first factor of (E37) goes into the denominator, and therefore the corresponding
solution becomes a zero, and not a pole, of the resolvent. In the limit n — 0, the equation (E37)
can exhibit only one meaningful solution, whenever A — p; — A%g, ()\) = 0. The correspond-
ing solution is given by (E11), as in the annealed case, and it exists whenever (ES8) is satisfied.
Notice that combining this argument with the discussion in the annealed case, one can also
conclude that (E30) subtracted of the last element x; has no isolated eigenvalue in the limit
n—0.

We now consider the shifted Hessian at o, defined in equation (E34). In this case, there
are n special lines with identical statistics. For integer n the isolated eigenvalue, whenever it
exists, is the solution of the following equation:

[\ — o — A%, (V)]" =0, (E38)

and has degeneracy n. In the limit n — 0, however, this equation has no solution, and thus one
recovers the spectrum of an unperturbed GOE matrix.

E.2.3. Change of basis. We remark that when ¢; = ¢, the matrix of change of basis B° —
B! is exactly the same as in the annealed case, (E15). Therefore one can write the projection
of this matrix onto the basis of 7[o!] as

_, Vih(o® Ho (o
R, \/]%) | A = H}, . \/3\7(71) . H}]Jrl?\,_w_le}v_l [e}v_l]T (E39)

where l?\,_l ~—1 18 the same as in (E17). The other change of basis is obtained in an analogous
way.

Appendix F. The p =3 energy profile: deformation along softest Hessian
modes

In this appendix, we determine the expression of the profile (C3) under the assumption that
the unconstrained Hessians have the structure and the statistics discussed above, which follows
from conditioning on the properties of the various replicas o¢. As before, we assume p = 3.
We consider both the case in which v is chosen to be aligned along the direction of the softest
mode of the Hessian (o), and the one in which v is chosen to be aligned along the direction
of the softest mode of the Hessian #H(a!).
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F1. Softest mode at o°

We consider the case in which v is chosen to be aligned along the direction of the softest mode
e’ of the Hessian (o”); we introduce the following notation for the minimal eigenvalue
of the shifted Hessian, and for the component squared of the corresponding eigenvector along

the direction €}_,:

1/ 0
H (a ) mm = >‘0 uO = (eomin : e?\lfl)z' (F])

min mm?
N-1

We recall from equation (9) the choice:

mm \/> eN 1
V1—ul

Plugging this expression, we find

V2h (o) Vil | V(o)
0 . ol = min N—1 _/J1_
Vooft \/]ﬁ o ( m \/]ﬁ (q(r 1 C] eN 1)
VZh(o®
=\ 1_u0 (\/T)eN |~ €nin) - N( 1) ey (F2)
w0 (1-¢%)

=V T (0 A,
and

V2h (o® 1

Vgoft ! \/]V(;'l) : Vgoft ] —u0 ()\?nm + MO Ho — 2MO)‘(I)nm) . (F3)

Using a variant of (E19) and (E39) applied to V>h(o'!), and the fact that v°
obtains

0 th (Ul) 0o _ < ‘min \/7eN 1>' 7-2; ( 'min \/7eN l)

0
coft |- €y_1, one also

Voot " ——=—="" Vsoft = '

soft VN—1 soft V1—ud N1 N
1 7l i

T 1-u0 <e?nin VN-1 e — 2Vl N1 ~egﬂn+u°u1)

1 H! —
= 1—u0 (egiin' \/]ﬁ'e?ninizm liuovgoft'ml uo:ufl>a

(F4)

where x € {A,Q} and m' = (m{y_,,...,m};_,y_;). Now, the definition of v? is such that

0 —0v0 /U0
el =V1—u0v0 . +Vuel_,, which implies

soft

7:[0
Noin Vit = €y iy = V1 =g m” 4 Vil o, (F5)

29



J. Phys. A: Math. Theor. 57 (2024) 07LT01 W Letters

wherem® = (m%,_|,...,m%_,y_,). For p=3, making use of the fact that m’ = m' = m, one

finds therefore v/1 — u0v% ;- m = VuO (X0, — po), which plugged into (F4) gives:

Vh(o! 1 H!
Vgoft . \/I%> ' V(s)oft = 1— 40 e?nin . N — 1 mm - 2“ (/\Omm ) - uolul . (F6)

Therefore, when v — v% ., the energy profile (C3), under the conditions that o are stationary
points with energy density €,, becomes equal to:

W [if] — (7' +37*84) V2Ner + (8 +36%74) V2Neo +£h (Vaog)

0 )
Ty ) oy
1—u

[ 7! )
+5 N—-1 1—u eOmin'i'eomin_zu ()‘Omm )_uolu‘l

ia om+wm—mwmﬂ.

This expression depends on four random variables: the minimal eigenvalue \). and its eigen-
vector component u°, the rescaled energy h(v ), and the quantity:

(F8)

where the subscript x € {Q,A} keeps track of whether we are performing the conditioning of
the Hessian statistics under the annealed or the quenched assumptions. The average energy
profile is obtained plugging (F7) into (D6) and (D9) and performing the corresponding aver-
ages. In the limit of large N, however, the quantities \). ,u” and x° concentrate, meaning that
their distribution converges around their typical value [27, 32]. In this limit, one can therefore
replace the quantities in (F7) with their typical value (under the conditional distribution), and
check that the remaining terms in the average factorize with the denominators in the annealed
case, or converge to unity in the limit n» — O in the quenched case. Let us denote with /\typ, utyp
and Xx typ the typical values of the quantities, and use that the typical value of (v sOﬂ) is equal

to zero®. Then we find that the energy profile when v — v° . reduces to:

soft

. W :
@ fref): = gim oD (34 33200) ek (8 438%4) e

Vioft N—oo kV4 2N
0 (1_ 2 2
gy (1-¢2) 0 il 5 0 0 0 40
+8f | =~ (Mo - )‘lyp) ()‘lyp + Uyp Ho — 2“typ)‘typ>
2 (1 - typ) 2V2

2
S 2 0

Y (uo 0 0
— ———— { Uyp p1 + 2us ()\t _MO)) Xt
1—u0 yp yp { Myp 2f1— W, x,typ

typ

(F9)

3 This follows from the fact that the vector vmfl has zero overlap with %, and thus the random variable /(v sofl) is
uncorrelated to any of the random variables on which we are condmomng in this calculation. As a consequence,
h(v° ;) fluctuates around its average value, that is zero.
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x € {0Q,A}, where we have

X
=

XQ o = hm Econd l 0

0
. e |,
min /7N 1 mm]
H)
eO A 0 ‘|

‘min ’ "%min | -
N—-1

(F10)

0 __ tecond
XA,typ =E

The typical values Alyp,utyp are known, and discussed in appendix E. To get the energy
profile, it remains to determine the quantities (F10). We discuss this in appendix G.

F2. Softest mode at o'

Let us now consider the case in which v is chosen to be aligned along the direction of the
softest mode of H(o'!), i.e. in the same notation as above,

Vo Vi = i — V' ey, ' = (e e t) H(o') | L
soft — m ’ - min — ’ N—1 mm — “‘min mm

In this case, using that for p =3 one has V2h(a?) - o! = V2h(a!) - °, we find

1 'Vzh(‘fo) 1_ 1 Vzh(al), 0

Vsoft N A A v
—Viley\ V(o'
— ‘min N—1 ( 0’ _ 1 — g2e
( Tl JN=1 q A% q°€n—1 ED
[1—q?% Vh(o!
= 1— (\/uTeIIV 1= mm) N 1 ] 1
=)
= 1 _ ( )‘rlmn) ?
and
V2h(o! 1
Vioft ' \/N'<T1) : V:oft 1 — (/\mm + u H1— 2“ )‘rlmn) (F12)
and finally
Vh(o® 1 HO
V:Oft : \/]V(il) 'Vioft - m erlnin : \/M €min — 2” (/\rlnm ) - ul Ho ) - (F13)

Therefore, when v — v! ., the energy profile (C3), under the conditions that o are stationary
points with energy density ¢,, becomes equal to (F7) by swapping the indices 0 and 1, and
same for 5 and ~, in the terms that contain f. Introducing

70
1 1 Hy 1

" ©min>

(F14)

D
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as well as the typical values as before, we get that the energy profile in this case reads:

() [m-
@ (o o BV (3 2 3 2
Evloﬂ [v:f] : _NILH;OW = (7 + 3y 54) €1+ <5 +3p ’Y‘I) €0
1 _ 2 2
iy (1-42) ( 1 S Y 1 1 1 4\1
e [ (e P 2y
e 2(1—ul,) M= rw) o L—ul, \7°P Uryp f1 = ZUtyp Atyp
B ( | N £ 1
=1 eyp o + 2ue ()\t —Hl)) + = Xyt
1— utlyp yp yp { Atyp 2o 1 *”tlyp X typ
(F15)
x € {0,A}, where now
7_20
: Y]
Xletyp = ,{f})Eﬁ(’“d lerlnin =1 ‘ellmn] )
N (F16)
1 cond | .1 Hg 1
XA7typ = El €hin ° N1 *€nin | -

Notice that despite the analogy of the expression, in the quenched setting the problem is
not symmetric since the statistics of the Hessian matrices is different for a=0 and a=1,
and therefore the typical values of A¢.  u“ can be quite different for a=0 and a=1, as we

commented in appendix E. We discuss the quantities (F16) in appendix G.

Appendix G. Eigenvectors overlaps

The manipulations of appendix F show that in order to determine the typical value of the energy
profile, one has to compute the typical value of the terms (F8) and (F14). Using the eigenvalue
decomposition H? = Zz;ll Aud [ue]7, for x € {A,Q} and a € {0, 1}, we can formally write

N—1 N—1
O =3"A femin (@) -ul]?s =30 R [emn (@) w0])?, (GD)
a=1 a=1

where the dependence of the eigenvalue and eigenvector distribution on x is implicit. In the
limit of large matrix size N > 1, the quantities x¢ with a =0,1 converge to their average.
Following [32, 33], we introduce the averaged squared overlap between eigenstates of two
different, correlated matrices of size (N — 1) x (N—1):

2
(X%, \}) = (Nl)E{(uAgu»ﬁ) ] G2)
where the expectation is over the realizations of the random matrices. We remark that such

expression can take different expressions whether there are zero, one or two isolated eigenval-
ues among \? , )\}3 [33]. We define with p% () the average eigenvalues density of the matrices

7:[)‘(’ (the leading order term, as well as eventual subleading corrections corresponding to isol-
ated eigenvalues of the matrix). Then the term to be determined can be formally written as:

Xg,lyp = /)‘ﬁll\/ (A) P ()‘Omina)‘) d)\v X)]c,typ = /)‘ﬁl(i/ ()‘) o ()‘rlnim)‘) dA. (G3)
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In order to compute these terms, one has to determine both the density g (\) of each matrix
?-Nl)’? (paying attention to the possible existence of isolated eigenvalues), as well as the typical
overlaps between the eigenvectors of 7-2)‘? and the minimal eigenvector of ﬁi’?é“, which are
correlated according to appendix E. In the following, we discuss the quenched and annealed
case separately.

G.1. Eigenvectors overlaps: the annealed setting.

Without loss of generality, we focus on the case in which v — v .. and we have to determine

soft?
the typical value

0 __ recond
XA,typ - ]E]

/1
€hin - L e | (G4)
N—1

where €. is the eigenvector associated to the minimal eigenvalue of the shifted Riemannian
Hessian H4 (o) given in (E6). As we argued in appendix E.1, the matrix #H} can have one
or zero isolated eigenvalues. On the contrary, while 7-22 could a priori present an isolated
eigenvalue, it can be checked that for no value of eg < €p,€1 < € and g, does o generate
an isolated eigenvalue in the region of parameters in which the complexity X (e;,¢qleg) > 0.
Therefore, the minimal eigenvalue is at the edge of the semicircle, \’. = —20. This implies
that the rescaled overlap (G2) is of O(1) for all possible values of A. References [32, 33]. In
the limit of N — +o00 we have

O (1| — 20+ A?/o) 1 Vio? — N2
~1 1
Py (A) = po (A) + N 6()‘_)‘i50)+O<Nz)a PU(A):W»
(G5)
where O is non-zero only whenever (E8) holds. Then we obtain
0 0 SAN 0 1 1
Xtyp, A = )‘pa (>‘) . ()‘minv )‘) d\ + N)‘isoq) (Amin’ Aiso) +0 ﬁ
1
:/)\pa (A) A® (AL, A) A + O (N) G6)

From [32, 33] one can get the expression for the rescaled, squared overlaps ®(\2. ' \) between
eigenvalues belonging to the continuous part of the distribution. In the specific case in which
)\gﬂn = —20, this reads

otol, (202 — O’%V)

D (—20,\) =
(20* = 20203, + o, + A — oofN)

1
-+ 0 (N> . A€[-20,20] (GT)

where the parameters given in (E3) for general values of p. Therefore

2 WY 402 — X2 o*oyy (207 — o)

1
0
o d)\+0(> (G8)
Awp = | o (204 — 20202, + oty + o3\ —00‘24,)\)2 N
1,, ) oy a A+2V1—c2 -2 1

33



J. Phys. A: Math. Theor. 57 (2024) 07LT01 W Letters

where
a=20*-20%0%+ 0y,
b=o3 —JO’%V (G10)
c=20b/a.

For p =3 one has o = v/6 and oy = 1/6(1 — ¢) and this expression reduces to:

(G11)

1 act+2V1—-c2-2
X?,,typ = EJZJ%V (202 - J%V) 7 N = —2\/661.

Let us now consider x} wp- As we have remarked above, there exist values of €y, €1,¢ such

that (e}, g|eo) > 0 and such that the matrix # exhibits an isolated eigenvalue (meaning that
w1 satisfies equation (ES8)). It can be checked that for this regime of parameters j; is negative,
and so it is the isolated eigenvalue, given that the two quantities have the same sign [33].
Therefore, when the isolated eigenvalue exists, it is the minimal eigenvalue of 7—2},. On the other
hand, we find that po does not generate an isolated eigenvalue in the regime of parameters we
are interested in. When AL is isolated, i.e. when y satisfies equation (E8), to compute X/lx,typ
we have use a different expression for the rescaled, squared overlap ®. In general, we can
write

2 i N
Y= [ Ao (2200 (1-0 (| =20+ 4%/0)

+ @ (Mo, A) O (|| — 20 + A% /0))] d)\+(9<117) (G12)

where the expression for @(A}SO, A) has been computed in [33], and applied to our case reads

® (Mg,¥)
4A20* bc —ad biciey —ardyey — ajeifi — bidyfi (40> —)?)
=goa (AL, — 4ot At
e N T e (&) (1)
_ 80’4A2 c1by — a2b2A2 — azcla‘z,v — U‘%VAZ (40’2 —y2) A4ga (Ailso) 1

(@7 (B+oh) L ) @483
(G13)

34



J. Phys. A: Math. Theor. 57 (2024) 07LT01 W Letters

with parameters

a=— ( /\1s0y)

o] =47
= (20— 73)’ (Mo =) =205, (2 = o) Y [ 407 ()
i (o] —407) + i (7 —40?)
4= =20}, |~/ 4+ (2 =) (M=)
= (Mo =" = 2D 407 (5= 2L+ D] 497 802

b = —2 |:y )\ISO I:)\IISO} _402:|

c1 = —2up0* — A’y 4202y

4= A2 (G14)
e1= (o} —20 ) ()\1180 ) — 2073 (207 — o)) P\LO] — 402 (A, — )
iy (M) = 402) + ol (4 — 40?)

fi = —20%, {(202 W) (Mo —y) — oy P‘llso] - 402]
)\1 )\1 ] — 402

180 [ 150

by = (o — 202) (Mo =) + i/ [AL]” — 402

_ A%y
- y MO 20_2
AZ
b3 = ﬁa

and where the function g, A and the explicit expression of A  are given in (E13) and (E11).

G.2. Eigenvectors overlaps: the quenched setting.

We discuss first the case in which v — vsoﬂ, and we have to determine the expectation

Hl
XQ typ — hm ]Econd le&in ! g_. e(r)nin ] . (G15)

In this case €. is the eigenvector associated to the minimal eigenvalue of the shifted

Riemannian Hessian 9, which together with 7:{,1Q is defined in equations (E30) and (E34)
respectively. As argued in appendix E.2, in the limit n — 0, the matrix 7-2% has no isolated
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eigenvalues, because the zeros of equation (E38) become poles in the limit 7 — 0. On the con-
trary, in the limit n — O the matrix ’HIQ could present an isolated eigenvalue depending on the

strength of 1. Hence, A2, = —20, and by applying the same reasoning as in the annealed
case, we are left with the fact that any possible contribution ®(\). AL ) comes at an order of

1 /N an can be neglected to leading order at large N. Hence, one ends up with

0 _ .0
XQ,typ = XA, typ-

1

soft> Where we need to determine

We turn now to the case v— v

‘ HY
XlQ,typ = E%Ezond le;in ’ ﬁ ’ erlnin ] : (G16)

This case is a slightly more complicated, since 7:['Q can display an isolated eigenvalue in the
limit n — 0, and thus one has to consider how the function ®(\L , \) changes in the quenched
case, for A € [-20,20]. The way to proceed is to replicate the computation in [33] in the
case of finite n, and then send n — 0. It turns out that this calculation reproduces the result in

equation (G13), implying that

1
X0,typ = XA, typ

G.3. On quenched vs annealed.

As we recalled in appendix B, when computing the complexity > (e;,¢g|ey) one obtains the
identity (BS8), which implies that the calculation performed within the quenched formalism
(making use of the replica trick with n — 0) gives the same result as that performed within the
annealed formalism (which corresponds to n = 1). This follows from the fact that the typical
value of the overlap parameter g;, giving the typical overlap between the replicas of the sec-
ondary configuration o', takes the particularly simple value ¢; = ¢. This identity does not
imply a priori that the typical energy profile computed within the quenched prescription is
the same as that computed within the annealed prescription, since the statistics of the condi-
tional Hessians (in particular, the finite rank perturbations) is different in the two cases. We
find however that the two prescription give the same result for the energy profile, too, to lead-
ing order in N. In fact, the main difference between the two prescriptions is in the statistics of
the conditional Hessian H (o) in the quenched case, this Hessian exhibits n special line and
columns with identical statistical properties, whose effect vanishes as n — 0. In this limit, one
recovers the statistics of the unconditional Hessian. This is consistent with the fact that in the
quenched setup the reference configuration o is selected first, independently of the second-
ary one o', and therefore the statistics of its Hessian should not be affected by the coupling to
o'. On the contrary, in the annealed framework the primary and secondary configurations are
treated on the same footing, and the conditional distribution of the Hessian at o has a special
line and column that depends on the correlation with o!. The two prescriptions give different
results whenever this special line affects the eigenvalue distribution of the Hessian by generat-
ing isolated eigenvalues, which are not there in the quenched case. However, we find that this
circumstance is never realized for the values of parameters ¢,, g that are of interest (such that
Y(er,qle0) > 0, o5 < €, < € and g € [0, 1]). As a consequence, in the regime of parameters
that we are interested in the typical energy profile is the same with both prescriptions. For this
reason, we will now drop the Q or A pedices in the following.
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Appendix H. Resulting energy profiles

We give in this appendix the final result for the typical energy profile, in the case p =3. We
separate the cases in which v is chosen to be related to the softest mode of the Hessian at the
reference and secondary configuration, respectively.

Softest mode at 0. As it follows from the discussion of appendices F and G, in this case
)\?yp = —20 = —21/6; Moreover, emin (0'0) is a random vector uniformly distributed on Sy(1),
so that its typical overlap with ey_; (o) is u?yp = emin(0) - ey_1 () = 0. Using our previ-
ously found results, the energy profile (F9) simplifies into:

e [1if1= (7 +37*89) e + (B +38%vq) €0 — V32 () B—1*(v) V34,

soft

which corresponds to the equation (12) in the main text.
Softest mode at o, In this case there are two possibilities: if there is no isolated eigenvalue
at H(o'), then A, = —20 and we obtain a similar expression as above:

e [vifl= (¥ +37*89) e + (B2 +38%vq) €0 — V32 (v) v —f* (7) BV3q.

soft

If there is a negative isolated eigenvalue, then the formula changes, and equation (F15)
becomes:

ulyy (1-¢%)
. D31 = (7P 4378 @+ (8438 ) o+ 98 \ [Ty (1m = Ny)
yp
f v 1 1 11
N 2v/2 | 1— utlyp ()\[yp iyl 2MtYP)‘typ)
B 1 1 1 f2 B 1
— _ utlyp (utyp o + 2ulyp ()\typ - Ml)) + m 1— utlyp Xiso

where we recall the values of the various quantities:

I 2mo? = A —sign () A%/ — 4(0% — A%)

typ T 2 (02 _ Az)
Mtlyp = fo,A ()\tlyphul)
20 402 = )2
Xilso = A ﬁq) (/\tlyp’ /\) dA
—20 o

where the integral x. can be easily computed numerically. This expression coincides with
equation (14) in the main text.

Appendix I. Gradient along the geodesic path

In this appendix, we derive the statistical distribution of the vector V(o [y;f = 0]) at each
configuration along the geodesic path, parametrized as (4) with f{y) = 0. We denote each con-
figuration along the path simply as o (v) := o[v;0], and take p = 3. For any fixed value of
~ € (0,1), plugging the expression for o (~y) inside the formula for V4 one gets

Vh(o () = Vh(") + 5 Vh(6") 47 3(o") -0, a
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which using (E14) and conditioning on the properties of o“ reduces to:

Vh(o (7)) = v*3V2Neio' + 823V2Nego +v8V2h (0'0) . (qa'o — V1 —qey_1 (0'0))

= 723m610'1 + 8%3v/2Neg o +~6 [6q V2Neyo® — /1 — q* V2h (0'0) ~ey_1 (00)} .
(12)

We now consider the vector g(y) := g(o (7)), that is the projection of Vi on the (N — 1)-
dimensional tangent plane 7[o (7)]. We choose a basis of this tangent plane in such a way that
the first N — 2 elements span the subspace orthogonal to both &, !; we denote them with
X1,...,Xy—2 as in appendix A. The remaining vector equals to

g+
v+ Bq
(I13)

ev—1(7) SZEN_l(O'(’Y)):A(O'O-i-CO'I), A= (1+2Cq—|—C2>71/2, C=

This vector is orthogonal to o () and has unit norm. It is simple to check that it coin-
cides with the tangent vector to the geodesic path at the point o (7). Therefore, the gradient

g(v) =gl (7) + g (7), where gl (v) = (g(7) -ex—1(7))en—1(7) is the component tangent to
the geodesic, while g* (7) is the orthogonal one. Using that

ev—1(7) = (A+ACq) 0’ —AC\/1 — g?ey_; (o) (14)
we see that the tangent component equals to:

Vh(o (7)) en—1(v) = 37*V2Nei (Ag+AC) + 38°V2Neo (A + ACq)

+~6 [6q V2Neg (A+ACq) — 1 —q?en—1 () V2h (0'0) “eN—_1 (0'0)] .
I5)

One can check explicitly that this expression vanishes at the point v where the geodesic energy
profile reaches its maximum.

Consider now the orthogonal component of the gradient. In the notation of appendix E, we
see that component-wise in the chosen local basis it holds for i < N — 1:

2 0
M X, = —v64/1 _qZXi . L(O') cen_q (0-0) = —7f /1 — q2m?,N71~ (16)

N—-1 N—-1

Therefore, the orthogonal component g+ () is proportional to the vector that makes up the
last column of the shifted Hessian 7:[(0'0) (neglecting the last component of the column). This
vector is in general not vanishing at the point that corresponds to the maximum of the energy
profile along the geodesic. We define the normalized vector

N-2
VHess :ZZ |:Xi ' 7:[ (UO) "eN—1 (UO):| Xi
i=1

1 T
= (m(l)N—lamgN—la"'ﬁmON—ZN—HO) ) (17)

ZZ'V:_ 12 [m?zv— 1} ’

which is orthogonal to both o (Z is the normalization factor). Plugging this into (11) and
making use of the fact that the entries m{,_, of the Hessians are uncorrelated to all other
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entries of the Hessian matrices, we see that the third line in equation (11) vanishes on average,
while in the second line we have:

H (o0
VHess * \/(;]V) “eN—1 (0'0)

Z?]:_ 12 [m?N—l] ’

2N

AZ 1\ ps [3(1-¢2 1
’/2“9(1\7)” (1—1—612)+O(N>’ (18)

which leads to equation (15) in the main text.
Finally, we determine the overlap between vyes and v
correlated when u,, # 0. It holds:

E =E

1
soft?

to show that the two vectors are
V2h (0'0) 1 qao — ol V% (UO) |
—— V P . . V
N _1 soft m N_1 soft
o! V2h (o
Vile) Viofts (19)

Vi-¢ JN-1

which is equivalent to (F11) and thus of O(1) and non-vanishing when utlyp # 0, as claimed in
the main text.

VHess * V:Oﬁ =eyN—1 (UO) ’
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