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Abstract

We consider the generalized Lotka—Volterra system of equations with all-to-
all, random asymmetric interactions describing high-dimensional, very diverse
and well-mixed ecosystems. We analyse the multiple equilibria phase of the
model and compute its quenched complexity, i.e. the expected value of the
logarithm of the number of equilibria of the dynamical equations. We discuss
the resulting distribution of equilibria as a function of their diversity, stability
and average abundance. We obtain the quenched complexity by means of the
replicated Kac—Rice formalism, and compare the results with the same quant-
ity obtained within the annealed approximation, as well as with the results of
the cavity calculation and, in the limit of symmetric interactions, of standard
methods to compute the complexity developed in the context of glasses.
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1. Introduction

When modelling complex systems in biology, ecology or economics one is typically forced
to give up the framework of conservative systems, and more generally of physical systems
that are isolated or in contact with a heat bath; indeed, the interactions in these systems are
often directional and asymmetric, and thus the dynamical equations describing the evolution
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of species, agents or individual constituents do not take a gradient form. In these types of
problems, the asymmetry is a distinctive feature which adds to the other standard ingredients
in complex systems modelling, such as the high-dimensionality and randomness.

Some of the interesting phenomenology of conservative, high-dimensional systems with
random interactions persists in presence of asymmetry; for instance, the competition between
random and deterministic contributions tends to generate transitions between complex and
simple phases. In conservative systems, these transitions can be understood in terms of the
structure of the high-dimensional energy landscapes associated to the system: they separate
regimes in which the landscape is very non-convex and rugged (as the energy landscape of
toy models of glasses [1, 2]) from regimes in which the landscape has a much smoother
or even convex shape. They are referred to as fopology trivialization transitions [3—6]. In
non-conservative systems this landscape interpretation cannot be invoked. Nevertheless, these
transitions still have a meaning in terms of the dynamical equations associated to the sys-
tem: complex phases are characterized by the presence of plenty of equilibria (fixed points or,
more generally, dynamical attractors) with different stability properties, while simple phases
are characterized by few, in some cases a single one, of these equilibria [7-10]. When the
dimensionality is high, in the complex phase the number of equilibria can diverge exponen-
tially with the dimensionality. The interest lies in characterizing this complexity quantitatively,
i.e. in estimating the number of equilibria and in classifying them in terms of their dynamical
stability or other relevant properties [11-13].

Despite the analogy with glasses, for which these questions have been tackled extensively
in the last decades, getting a quantitative understanding of the complex, multiple-equilibria
phases in non-conservative systems is in general a harder task. One of the reasons for this is that
several of the tools developed in the context of glasses are precluded, as they rely on variations
of equilibrium-like calculations [14, 15] and are therefore specifically conceived for systems
associated to energy and free energy landscapes. Alternative approaches not relying explicitly
on the landscape formulation have also been developed in the theoretical literature on glasses
[16]. They essentially make use of the so called Kac—Rice formalism, that has been revisited
and developed extensively in the recent years (see [17] for a review); in particular, it has been
pointed out that the counting problem for random systems can essentially be formulated as a
problem of random matrix theory. This observation is at the root of most of the more recent
developments in the field, and it also opened the door to a mathematically rigorous formulation
of the problem. Complex phases and trivialization transitions in non-gradient systems have
been studied within the Kac—Rice formalism in [18-24].

These recent works, however, address the problem within the so called annealed approx-
imation, which allows one to determine the asymptotics (in the system’s dimension) of the
average number of equilibria of the dynamical equations. In high-dimension, however, the
number of equilibria in the complex phase is in general a broadly distributed random vari-
able, whose average is dominated by realizations of the random interactions occurring with
extremely small probability. In this setting, the interest lies in characterizing the typical value
of the number of equilibria, rather than its average. This problem, which is well known in the
theory of glasses as it applies there to the random partition function of the system, requires
to go beyond the annealed setting and to perform quenched calculations. The replica trick,
which entails that typical values can be extracted from the calculation of the higher moments,
is the well-known tool to address this problem. In this work, we embed the replica trick into the
Kac—Rice formalism to perform a quenched calculation of the number of equilibria. We follow
the approach introduced in [25], applying it here to a non-conservative dynamical system.

We focus on the generalized Lotka—Volterra system of equations with all-to-all, ran-
dom asymmetric interactions. These equations have been used quite extensively recently
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in their high-dimensional setting to model diverse, well-mixed ecosystems such as bac-
terial ecosystems [26]. We consider asymmetric pairwise random interaction couplings with
Gaussian statistics, and compute the typical number of equilibria of the system of equations as
a function of the parameters of the model, as well as of the diversity (fraction on coexisting spe-
cies) of the equilibria. We show explicitly how the annealed calculation gives a non-tight upper
bound to the typical number of equilibria in the complex phase, and discuss also the connection
with other approaches discussed in the literature, based on the cavity formalism [27-29].

The work is structured as follows: in section 2 we introduce the model, we summarize
previous results and we discuss the difference between quenched and annealed calculations.
In section 3 we present the structure of the quenched calculation of the typical number of
equilibria, and derive the self-consistent equations defining the problem. In section 4 we focus
on the case of totally uncorrelated interactions and describe in detail the solution procedure
of the self-consistent equations. In section 5 we present our results for the uncorrelated case,
and in section 6 we discuss generalizations to correlated but asymmetric interactions. Finally,
in section 7 we present our conclusions. Further technical details on the calculations are given
in the appendices. This work presents a detailed account of the structure of the quenched
calculation: for a more concise summary of the results and their interpretation, we refer the
readers to [30].

2. The model and its multiple equilibria phase

We consider the generalized Lotka—Volterra equations describing the evolution of species in
well-mixed ecosystems, interacting pairwise with random couplings. We are interested in eco-
systems with a large number of species: we let i =1,...,5>> 1 label the different species
belonging to a species pool. N;(¢) > 0 denotes the abundance of species i at a given time 7, and
N(t) = (Ny(t),...,Ns(t)) a configuration of the ecosystem. We neglect the discreteness of the
N;, setting N; € [0,400). The generalized Lotka—Volterra equations describing the evolution
of a community read:

s
dN,'(l‘) .

5 =Ni(t) [ ki =Ni(t) =D ouNi(t) | Vi, Ni(1) =0 (1)

j=1
where &; is the carrying capacity of the species i, and oy; are components of a random matrix
encoding the interactions between the different species. We choose each «;; to be a Gaussian
random variable with a statistics characterized by three parameters u, o, :
2

(aij) = %, (agiaug)e = (aijjou) — (i) (o) = %[5,'145;1 + Y00l 2)

and denote with P({aij}ij) the joint distribution of these variables, and with (-) the average with

respect to it*. The parameter v € [—1, 1] encodes the (a-)symmetry properties of the interaction
matrix, while p1,c measure the average strength of the interactions, and their variability. We
set:

(aij) =0, (ajaw) = dix0j1 + Y0idjk. (3)

Oll'j:

Y=

L
Vs

4 In this formulation, the couplings oy; are non-zero and have the same statistics as the a;; with i # j. We remark that
one may absorb these terms in the carrying capacities ; and work with «;; = 0. These different choices do not affect
any result on the complexity derived in this work.
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We focus on the case in which carrying capacities are equal for all species, x; = «, even though
the analysis can be easily generalized to the case of inhomogeneous carrying capacities. The
case of symmetric interactions v =1 has been discussed quite extensively in previous liter-
ature, both in the dense [28, 31, 32] and sparse [33] case. Here we are rather interested in
asymmetric interactions v < 1; we focus in particular on the uncorrelated case v =0, when
the entries oy; and «y; are independent random variables.

For general v, this system of equations has been studied analytically in the large-S limit by
means of the so called cavity method [28]. The cavity analysis and the numerical simulation of
the dynamics [34, 35] have revealed the existence of three distinct regimes: (i) a unique equi-
librium regime in which any arbitrary initialization N;(0) of the population vector converges to
a fixed equilibrium value N7, (ii) a multiple equilibria regime in which the dynamics is attrac-
ted by a succession of different configurations, the ecosystem remaining in their vicinity for
some time before being pushed away along unstable directions in the species space, and (iii) an
unbounded regime, where the abundance of some species diverges as a function of time. The
system is driven from one regime to the others by tuning the variability o, at fixed p, v, see [28]
for a phase diagram. For iz > 0 and «y € (—1, 1], the unique and multiple equilibria regimes are
separated by a sharp transition line at o, = \@(1 + )~ [35]. The cavity approach captures
exactly the equilibrium of the system in the regime in which one single equilibrium exists,
but it is only approximate within the multiple equilibria regime. The latter has been studied in
more detail in the symmetric case v = 1[28, 31, 32, 36-38], where the model (1) can be treated
with standard methods of disordered systems applicable to conservative systems, i.e. systems
admitting a potential function. The totally antisymmetric case v = —1 in absence of the niche-
like term (the term —N;(¢) in the right-hand side of equation (1)) has been looked at in [39].
Here we aim at characterizing the multiple equilibria regime away from v = £1, by comput-
ing explicitly the number of equilibria of the dynamical equation (1) as a function of their
properties defined below.

2.1. Equilibria and their properties: diversity, abundance, stability
Equilibria are special configurations N* satisfying:

dN* o
d—l’:N;-*F,-(N*):O N >0 Vi (€]

where we have introduced the vector F with components:
s
F,(N) :K—Ni —ZO&,:/'N/', (5)
j=1

which we refer to as ‘vector of forces’ in analogy with constraint satisfaction problems [40],
and whose ecological interpretation is the growth-rate in the configuration N. When many
equilibria configurations are present, they can be classified according to their diversity, aver-
age abundance and stability. Each equilibrium configuration N* is characterized by a certain
number of species that are absent, Nj = 0: the diversity ¢ measures the fraction of species
that coexist in the configuration. To define it, we let I(N*) = (iy, ... i,) with 0 < s(N*) < S be
an index set collecting the indices of the species that coexist in the given equilibrium N*, ie.
N >0fori € Iand Ny =0 for i ¢ I. We then set:

s(N*)

$(N*) = lim HNVI _ im

S—o0 S—o0

€10,1]. (6)



J. Phys. A: Math. Theor. 56 (2023) 305003 V Ros et al

Each of the species that coexist in a given equilibrium contribute to its average abundance,
which we define through another intensive parameter m defined by:

, g

V) = Jim S5 ONG ™
We classify equilibria according to two different notions of dynamical stability; first, we con-
sider the stability with respect to the species that are absent (N; = 0), and define the equilib-
rium uninvadable if it is stable with respect to the re-introduction of these species from the
species pool. This corresponds to the requirement that its growth-rate is negative if the species
are introduced in small numbers, i.e. F [(IV*) < 0 for any i ¢ 1. In addition, we consider the
stability with respect to perturbations N — N; + dN; of the populations of the species that
coexist: the equilibrium is stable if the system initialized in N 4 dN; is driven back to the
nearby equilibrium configuration N} by the linearized version of the dynamics (1). This linear
stability is controlled [41] by the interaction matrix restricted to the subspace of coexisting

species,
. oF; (IV*)
H;i(N*)=| ———~ . 8
ij EI(N*)

The equilibrium is linearly stable if the eigenvalues of this matrix have all negative real part.
Notice that as it follows from the fact that the interaction couplings «;; are random and asym-
metric, the matrices (8) are themselves asymmetric random matrices. As we shall show below,
all equilibria N* with a given diversity ¢ are associated with matrices (8) displaying the same
distribution of eigenvalues in the limit § — oo (we discuss the role of subleading 1/S con-
tributions to the density of eigenvalues in section 3.3). In particular, the dominant part of the
eigenvalue distribution is supported on the negative real sector provided that the diversity does
not exceed a critical value given by:

1
(rb < QSMay* 0_2(1_*_7)2.
When ¢ = @y, the support of the spectrum touches zero and the corresponding equilibrium
is marginally stable; for larger values of ¢, the equilibrium is unstable. Not surprisingly, the
stability criterion (9) is related to that identified by R. May when studying the linear stability
of random ecosystems assumed to be in the vicinity of an equilibrium configuration [42]. We
henceforth refer to it as the May stability bound.

©))

2.2. Counting equilibria: quenched and annealed complexity

Let 7s(¢) denote the total number of uninvadable equilibria with fixed diversity ¢. In the
unique equilibrium phase, 75(¢) is a self-averaging random variable which is expected to
be equal to one at the value of diversity corresponding to the equilibrium, and equal to zero
otherwise [30]. In the multiple equilibria phase, instead, 71s(¢ ) is expected to scale exponen-
tially with S, in analogy with the number of stable configurations of complex systems such as
spin glasses [1]. The logarithm of 715(¢ ), or complexity, is self-averaging in the large S limit.

We therefore define the quenched complexity »@ (¢) of equilibria from:

20(6) = Jim < (log [15(6)]) (10

where the average is performed with respect to the random interactions «; at fixed values of the
parameters u, o,y and  (to simplify the notation, henceforth we neglect the dependence of all
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quantities on these parameters). The quenched complexity controls the exponential scaling of
the typical number of equilibria when S is large; in the multiple equilibria phase, it is different
from zero in a whole range of diversities ¢. By convexity, it is bounded from above by the so
called annealed complexity:

=50 (9) =Slggoélog<ns(¢>>7 (11)

which controls the exponential scaling of the average number of equilibria. The latter quantity
is the one usually considered in the Kac—Rice literature [19]. It is easier to compute than the
quenched complexity, since it only requires to compute the asymptotic scaling of the average
value of the random variable 715(¢ ). In contrast, the calculation of the average of the logarithm
in (10) requires to determine the behaviour of arbitrarily high moments of 715(¢ ), from which
the logarithmic average can be obtained using the replica trick:

(logNs(6)) = lim @) (12)

n—0 n

In complex disordered systems, the quenched complexity is the relevant quantity to look at in
the limit of large S, as it characterizes the behaviour of the system for typical realizations of
the random couplings. The annealed complexity describes instead the average behaviour, and
may be dominated by rare instances of the randomness. As we show below, within the multiple
equilibria phase quenched and annealed complexity differ for most values of diversities, while
they coincide in the unique equilibrium phase.

3. Getting the quenched complexity: the replicated Kac—-Rice calculation

The replicated Kac—Rice method provides us with a formula for the moments of the random
variable 1s(¢) appearing in (12). More generally, Kac—Rice formulas are used to determine
the statistics (in most cases, the average) of the number of solutions of a random system of
equations. Let I denote an index set, collecting a fraction of the indices i = 1,...,S. For the
system (4) at fixed realization of the random couplings «;, the number of uninvadable solutions
having diversity ¢ can be formally written as:
OF ,-)
det
(de ijel

In this expression, the sum is over all possible choices of configurations N such that the spe-
cies i € I are present; the delta functions enforce that whenever a species i ¢ I is absent, the
corresponding component of the force vector takes a negative value, implying uninvadibil-
ity; finally, the absolute value of the determinant accounts for the fact that the equilibrium
equation (4) are non-linear in the variables N;, and thus may admit a multiplicity of solutions.
To introduce the formula for the n-th moment of this quantity, we need to introduce n different
configurations N for a = 1,---n, which we refer to as replicas. Let N = (]Vl7 e ,K/”) denote
the concatenation of configurations of all replicas. For each replica, let I, = 1 (ﬁ“) be the index
set collecting the indices of coexisting species, such that |I,| = S¢ for all a. We introduce the
vectors of forces F* = F(N“) and F(N) = (F',... F"). Let f be the value taken by this random

vector, and @1(\?) (f) the joint distribution of the S-dimensional vectors F* evaluated atf“,

ns@)= - [ awa[ o st [[swec-s)

I|1|=S¢ i€l i¢l

6<ﬁ(ﬁ) —f) . 13)

N
90 = [ [ dag? (g, 5060N) -1, (14

ij=I



J. Phys. A: Math. Theor. 56 (2023) 305003 V Ros et al

We also introduce the following conditional expectation value:

; n (SFa,'
o) (f) = < I |det < N ) ‘ F(N) :f>. (15)
i,j€l,

a=1 J

The latter is the expectation of the product of the absolute values of n determinants of the
S¢ x S¢ matrices of derivatives of the components of F, conditioned to F taking value f. The
Kac—Rice formula for the nth moment of the number 715(¢) of uninvadable equilibria then
reads:

O T Z H/dN“deaN”

Il a=1 i€l,
=S¢ |1 s (16)
< [Tovoo—roy) &) 23 (8).
i¢l,

In (16) and henceforth, 6(x) denotes the Heaviside step function, taking value one if x >0
and zero otherwise. By inspecting (16), one realizes that the Kac—Rice formula is obtained
averaging powers of (13) over the random variables c;: in particular, the expectation value (15)
arises after enforcing the constraint F(N) = f as a conditioning. In the following, we determine
the behaviour of the moments (16) for generic values of n to leading exponential order in S,
and extract the complexity from it. The main steps of the calculation are summarized below,
while we refer to the appendices for details.

3.1 Large-S expansion and order parameters

The quantities CDI(GL ) (f) and @g’ ) (f) in (16) depend on the vectors N* and f*: as we show expli-
citly in appendix A, however, the dependence on these vectors enters only through their scalar

products. For a,b = 1,...,n we can therefore introduce a set of order parameters defined as
follows:

Sqab:Na'Nba Sgah :}'a 'fbv Szab:]va'fbv Sma:Na'Ta Spa :?a'i (17
where 1 = (1,...,1)7is an S-dimensional vector with all entries equal to one. Let x denote the

collection of all of these order parameters. We can re-write (/31(\?) f) = P.(x,0), CDI(\?) (f) —
D, (x,¢) and thus

(15(6)) = [ dxvn(x.0)D(x.6)2,(x.0) as)
where v, (X, ¢) is a compact notation for the ‘volume’ term:

) =0 3 5 H / af e T ove) o) T sveyo—1)

i€l i¢l,
\Ill S¢ |’| Sd)

« 1T o (- =) TL 6 (77— Se) TT o (-7 —5zu0)

a,b=1 a,b=1 a#b=1

xHé(N“~1—Sma>6(f“~l—Spa>, (19)
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where we used the fact that the equilibrium constraint imposes z,, = N¢ -f“ =0 for any a.’
To compute the volume term, it is convenient to introduce integral representations of the con-
straints via conjugate parameters, e.g.:

5(Na‘ﬁbf5qah> :/(t]i;bei‘?ab(ﬁa'ﬁyfs%b)’ (20)

and similarly for all other order parameters. For each replica, we introduce a S-dimensional
vector 7¢ with components 0, 1 such that 7 = 1if i € I, (meaning, if the species labelled by
i is present in the configuration N%), while 7# =01if i ¢ I,. The constraint on the diversity ¢
implies 7 - 7% = S¢ for any a: we enforce this constraint in a similar way as above, introducing
a conjugate parameter g?)a for each replica. We let X denote the collection of all these conjugate
parameters. After rotating on the complex plane of the conjugate variables, we can write:

(1)) = (zﬂ);“ / dxidR e O59) O, (x %) D, (x,6) Zu(x,0) Q1)
where now
&n(X,X,9) = i (ﬁlama + PaPa + 95a¢) + i (@ahqab + éahfab) + > ZabZab (22)
a=1 ap=1 atb
and
Uy(x,%) = S0+ Z Z /ﬁ dﬁad}?aefm,,xﬂ.rfﬁu?".ﬂd}“f“'.;«x
t=0,1 T/=0,1" a=1

x H N H *NN”*ﬁffH [T evtyaesy TT oavioc—r
a#b=1 a,b=1 a=1

=1 it =0

(23)

The formula (21) holds for arbitrary integer value of n, and for arbitrary S. In order to
extract the quenched complexity (10), as well as the annealed one (11), we exploit the saddle
point approximation, which requires first to determine the behaviour of the integrand in (21)
to leading order in large S. More precisely, we aim at determining a function 7, (x,X, ¢) such
that:

(M) = / dxidg 570 (%) +o(S) o

Given this function, the annealed complexity can be obtained setting n =1 and optimizing
A4 (x,X, ¢) over the order and conjugate parameters: defining the annealed saddle point values
X1, X; from:

B (x%.0) 0 (x.%.0)

=0 _ =0 25
1.4 X1,X] ’ 1):¢ X1,X1 ’ ( )
we readily obtain from (11) that:
A A
S () = A1 (x1,%1,0). (26)
5 Indeed, the constraint that N is an equilibrium configuration satistying (4) implies that foreachi = 1,..., S, either

N{ vanishes or F’ “i(ﬁ”), which we imposed to take value f{', vanishes. From this it follows that Ne -f“ =0.

9
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The calculation of the quenched complexity via the replica trick (12) requires an additional
step, that is the analytic continuation of the function 7, (x,X, ¢) to arbitrary real values of n,
in order to take the n — 0 limit in (12). In particular, within the saddle point scheme this can
be achieved by expanding around n =0,

An(X,%,0) = nA(X,X, ) +o(n). @27)

Given this expansion, the quenched variational parameters x,, X, are obtained from

0x XerRa ox XooRs
and the quenched complexity from:
SP(6) = A(xs, %y, 0)- (29)

We remark that the vectors of order and conjugate parameters x, X have different sizes depend-
ing on whether one is considering the annealed or the quenched setting, since the number
of order and conjugate parameters when n =1 is smaller. As a consequence, the solutions of
the saddle point equations are different in the two cases. To proceed with the calculation and
determine A, (x,X, ¢) explicitly, we have to make some assumption on the structure of these
order parameters at the saddle point: this will be discussed in the following subsection.

3.2. The replica symmetric (RS) assumption and the analytic continuation

In (17) we introduced 2n(n + 1) order parameters, with a similar number of conjugate para-
meters, to be determined via saddle point equations. In order to proceed and determine the
behaviour of the three terms appearing in (21) for generic values of n, we need to make some
assumption on these parameters. In the following, we assume that the order parameters and
the conjugate ones are symmetric with respect to permutations of the replicas, setting:

qab = 6avq1 + (1 — 6ap)q0,  Gab =0 + (1 = dap)Go,  Eap = Sant + (1 — dap)&o
gah = 6ab£1 + (l - 5ab)§07 Zab = (1 - 5ah)zv zab = (1 - 5(1/7)27 m = m,

M =m, p'=p, P'=p, ¢u=0. (30)

This choice corresponds to assuming a RS structure of the Kac-Rice saddle-point. On gen-
eral grounds, this assumption may turn out not to be exact. It is known from the theory of
conservative disordered systems that more complicated variational ansdtze might be neces-
sary to correctly capture the thermodynamic behaviour of the system, described by its parti-
tion function (recall that in conservative systems, one can define a potential energy and discuss
the equilibrium properties of the system, encoded in the partition function). This is the case
of the symmetric v =1 Lotka—Volterra equations, whose equilibrium properties at low tem-
peratures have to be described by a more complicated structure of the order parameters (a so
called full-RSB structure) [31, 32]. In the language of standard equilibrium calculations for
conservative systems, the approximation (30) to the Kac—Rice saddle point is equivalent to a
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1-step breaking of symmetry in the thermodynamic calculation®. This is expected to provide
a rather good approximation even in the symmetric case [31]: for instance, it identifies with
good accuracy the diversity of the equilibria dominating the thermodynamics at zero temperat-
ure, see section 6.3. In the asymmetric case, no equilibrium calculation is available to compare
with, and (30) are assumptions the exactness of which has to be confirmed via a stability ana-
lysis of the variational manifold in which the saddle point is taken. We leave this analysis to
future work, and we consider the RS formalism in the rest of this work.

Within the RS framework, the number of order parameters x is reduced to 7 for any value
of n, with 8 conjugate parameters X. Under this assumption, we can derive (see appendix A
for the calculation) the explicit expression of A, (X,X, ®),

A(%,%8) = p,(X) +1(9) 1 (411 + &84 +1ium +pp+ 69 )
nn—1) . @D
S — (510610 + oo+ 21'22) + 9,(x).

In this formula, the term p, (x) is the leading order contribution at the exponential scale of
P.(x,¢) in (21), and equals to:

1 nU,(x)
PalX) = 202(1+7) (91— 90)*[g1 + (= D)go? (32)
- glog(Zﬂaz) ol log(q1 — qo) — %IOg[fh + (n—1)q0]
with:
Un(x) = (k= pm)* (g1 — qo)* { (1 +7)[q1 + (n — 1)go] — ynm?}

—2(k — Mm)(éh 40)> {mlgq1 + (n— 1) (g0 — v2)] + (1 +)plg1 + (n — 1)qo]}
+ (1+ )& (g1 — g0) g1 + (n—2)qo][g1 + (n— 1)go] — v(n — 1)2*[q7 + (n— 1)qp)]
+(q1 — q0)*[q1 + (n— 1)qo)* — (n— 1)(1 +v)é0qo(q1 — q0)[q1 + (n — 1)qo]

—2(n—1)qoz(q1 — q0)[q1 + (n — 1)qo].
(33)

We stress that the order parameters satisfy go < ¢, as it follows from a Cauchy—Schwarz
inequality and from the positivity of the components of N: therefore, the above expressions

6 The calculation of the system’s partition function at inverse temperature /3 within a 1-step replica symmetry breaking
scheme involves the introduction of three different overlap parameters: a self-overlap g,(83) measuring the typical
overlap of a configuration with itself, and two additional overlaps, g (3) and go(83), measuring the typical similarity
between replicas belonging to the same or to different states, respectively. In the limit of zero temperature (8 — o)
the equilibrium calculation captures the properties of the deepest minima of the energy functional associated to the
system; in this limit, states collapse into isolated minima and one finds g; — ¢1. The saddle point values of g; (co) and
go(00) are also solutions of the Kac—Rice saddle point equations obtained within the RS scheme, when conditioning
the counting of the equilibria (stationary points of the energy) to the deepest minima of the energy landscape. For an
explicit check of this correspondence in a conservative model, see [25].

1
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are well-defined. The term () is instead the contribution coming from the expectation value
of the determinants @, (x, ¢), and it reads:

1 V1=22
A’(d)):%/_ldx/o dylog{{o\/%(1+7)x+1]2+02¢(177)2y2}

_ {4,;02 (1 -1 —4wz<p) +¢log (1 +/1 —4702¢) —(L41082) ¢ < by
ek = § 4 Sloge’s) > v

(34

where ¢wmay is given in (9), and where the parameters o and v encode for the variability and for

the asymmetry of the interactions, respectively. Finally, the remaining term is the contribution
coming from the volume ¥),(X,x), and can be compactly written as:

n

6,0 =1og [Z (5)e ] dy§0<yu>eXp (=39 iy - s y)] SED)

k=0

where we introduce the following n x n matrices and n x 1 vectors:

kexk kex (n—k) kx1
Ar[x] = (ngc)xk (r;k) f%lfk) ’ pulX] = (n—l?)}l ) (36)
- 7 X P
with
Qb = 20w &1 + (1= 0up)do,  Zab =2, Xap=20w&1+ (1 —0w)&.  (37)
and with

Mg =M, pa=p. (38)

The derivation of these terms is given in full detail in appendix A. From these expressions, we
can obtain the explicit form of the functionals to be optimized in the quenched and annealed
calculation, respectively.

3.2.1. The quenched case. Expanding (31) to linear order in n we obtain:

A(x,%,0) = p(X) +d() + q1g1 + E1&) + im + pp + ¢ — % (floq()-ﬁ-éofo) -2+ J(%),

(39)

where:
p(x) = (k5 —pm) m(qy —qo+2y)  (F—pm) _p v Z(q1+4q0)

a*(1+7) (91 —q)’ o (q91—q) 20°(1+7) (g1 —qo)°

_ & ~ qo(&o—&1) 1 [1+ 2q0z } B L(m—,um)z

20%(q1 —q0)  20%(q1 —qo)* 20%(1+7) (@1 —q0)*]  20% q1—qo
_log[2mo?(q1—q0)] g0
2 2[g1 — qo] ,

(40)
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and where §(x) admits the following integral representation:

- S I RPN
g(f():/ duyduy Foul—&—qouz ZZuluz]
2w

=~ exp YN 2
\/m (Gofo — 22)
- e,$ﬁn m—u1 +ﬁﬂ —[p—u)] ;
2[241 — o] 2(241 — qo) 226, — & 2(26, — &)

(41)

with
> 2 [
TI(x) = ¢" Erfc(x),  Erfe(x) = 7= / e dt. 42)
The integral representation (41) is derived under the assumptions:

241 — G0 >0, 26 —-&>0, <0 &<0, G&o—7*>0. (43)

In this case, the function depends on 7 order parameters ¢, qo,&1,&o,z,m,p and 8 conjugate
parameters q1,4o,&1,&0,2, 11, P, ¢ to be determined via the saddle-point calculation.

3.2.2. The annealed case. By choosing n =1, we obtain instead:

A1 (%, X,0) = p; (x) +d($) + (élql +é16 +mm+ﬁp+<5¢>) +9,(x), 44

with
(x)——; (k — pm)? _ymz —2(k — pm) + - +¢&
pPr\X)= 2024 Iz q 1+ pm)qy | p T+~ 191 )
1 1
— —loe(2nolg)) - —
3 108(2m o) = 35S
and

1 Z p -¢ 2 ;
g, (x)=1log | = [T eseErte [ ——P— | + e—1 | = %t Brfc LA . (46)
2V é& 2/é 2 Va 2\/q

As expected, this functional does not depend on gy, &y, z and on the associated conjugate para-
meters, that have a meaning only whenever more than one replica is present. One is left there-
fore with 4 order parameters q;,&;,m,p and 5 conjugate parameters g, ,é 1,1, P, (13 to determine
via the saddle-point calculation.

3.3. The linear stability matrices, their spectrum and the May bound

Comparing the expressions (31) and (44), one notices that the contribution of the expectation
value of the product of determinants (15) at the exponential scale in S equals to nd(¢), where
d(¢) is the contribution one gets for n=1. This implies that at the exponential scale in S,
the contribution of n replicas is simply n-times the contribution of one single replica. There
are essentially two reasons for this: (i) to leading (exponential) order in S, the conditional
expectation value of the product of determinants factorizes into the product of the conditional
expectation values, and (ii) the conditioning to F(N) = f is irrelevant to leading (exponential)
order in S. We argue for these facts in appendix A.2, and here we just briefly discuss the

13
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statistics of one of these linear stability matrices prior to conditioning, given that this is what
matters for the calculation of the complexity.
The N¢ x N¢ linear stability matrices (8) can be decomposed, using (3), as:

= (a&(N)) _ (Waﬁﬂwﬁ) ijel (47)

N, Vse s

The first term in (47) is a random matrix of the real elliptic type, with variance v* = o%¢ and
with asymmetry parameter v [43]. The elliptic ensemble takes its name from the fact that the
asymptotic density of eigenvalues of such matrices is given by a uniform distribution on the
complex plane, having an ellipse as support [44, 45]. More precisely, the empirical spectral
measures fiy(A\) of M x M real elliptic matrices with variance v and asymmetry parameter
~ converges almost surely (when M — o0) to a deterministic measure diz(\) = p(A)dA with
density [46]:

p(A)

1 (RA)? (%A)z)2 < 1} _ 48)

m2(1—92) o {v2(1+7)2+vz(1—7

For v =0, the ensemble is known as real Ginibre ensemble [47]. Its limiting density, known
as ‘circular law’, was first derived in [48] for matrices with real entries. As it happens with the
semicircular law for real symmetric matrices, the convergence to the elliptic law is universal
[45], and moreover the limiting form (48) is not affected by finite rank perturbations to the
matrix. Finite rank perturbations may give rise to outliers that do not belong to the support
S, ~; however, the spectral weight associated to these isolated eigenvalues is suppressed at
large M with respect to the contribution of the bulk density p()\) (see [49] for the explicit
calculation of these outliers for elliptic matrices with real entries subject to finite-rank additive
perturbations). This implies that the second constant term in (47) does not modify (48) to O(1)
in S, as it corresponds to a rank-one additive perturbation of strength ¢ along the direction
of the S¢p—dimensional vector (1,...,1)7. The asymptotic density (48) is the only quantity
needed to compute the conditional expectation value of the determinant to leading order in the
dimensionality S, and taking into account the shift given by the identity matrix in (47) one gets
the integral expression (34), see appendix A.2 for the precise derivation. The role of the May
diversity @may as a stability threshold is then clear: the asymptotic density of the matrix (47)
is supported on a shifted ellipse, whose upper edge on the real axis is given by v(1 +v) — 1 =
oy/$(1+ ) — 1: therefore, at ¢ = dpay = [0(1 + )] 2 the edge of the support touches zero,
corresponding to marginal stability of the associated equilibria.

3.4. The variational problem: general route

Given the explicit form of the functionals 4; and A, the general route to determine the com-
plexity is as follows. In the quenched case, taking the variation of A(x,X,¢) with respect to
the 15 order and conjugate parameters we obtain two sets of equations of the form x = F[X]
and X = F[x], respectively. These equations couple the 7 order parameters x with the 8 con-
jugate parameters X: inverting one of these sets, one can express the order parameters as a
function of the conjugate parameters, X = f3[X]. The latter can then be fixed by solving the
set of coupled self-consistent equations X = F»[f3[X]]: once the self-consistent values of the
conjugate parameters X are found, the order parameters can be determined and the quenched
complexity can be obtained. The annealed calculation is formally analogous. This scheme can
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be implemented for generic values of ~: we report the generic saddle point equations obtained
from the variational procedure in appendix B, and focus on the uncorrelated case v =0 in the
following.

4. The uncorrelated v = 0 case: solving the self-consistent equations

To illustrate the strategy to solve the saddle-point problem, we focus on the uncorrelated case
v =0, when several simplifications occur which allow us to reduce the number of equations
to be solved. We begin the discussion from the quenched case.

4.1 The quenched self-consistent equations

The equations for the order and conjugate parameters obtained taking the variation of 7 are
given in appendix B. For 7 =0, one sees that the equation for Z and that for fo are identical,
implying z = éo. The remaining conjugate parameters satisfy self-consistent equations that are
more concisely written in terms of this new set of variables:

X1 = 726;1”—210’ Xy = 717 =, y=\24 &, r= i? _ZO,
v V2hi—é V2= &
f=2 5=58 (49)
y y
We recall that the expressions in the previous section are derived under the assumptions (43),
which imply y > 0. We therefore assume y > 0, and comment in section 5.2 on the meaning
of y— 0 (as we shall see, this is related to the emergence of the unbounded regime). As we

derive in appendix D, the relations X = F,[x] can be rewritten as:
(@) xo=—Ky+pmy,
(0) rar=(1+p)xa+plym+yp),
(¢) 1=0"(q1—qo),
(d) Pr=1-0"q1=—0"yq, (50)
(e) rP=0"—0(& —& —22),
(

+2 2
f) By = rzﬁz + /”LTozxg - ;alexzr—i— 04q1y2 —o? [r2q1y2 +£1y2] .

The equation defining implicitly the remaining conjugate parameter ¢ can be written as:

(1 —x1)? X —
5 1—U
e Erfc( 7 )

R (w1, u2) ’

1) :/dulduzgﬁ(ul,uz) 51

where we introduced the functions:

. (ufﬂ_zm,uz+u§%)
e 2 By—Bi

.
oo Bi-B (52)

(u—x)? X1 — Uy ) 5 (n—x)? ( [xz — uz} >
Re(uy,un) =e = Erfc | ——— | +ePre” 2 Erfc| ————= ).
( 1 2) < \/E \/E

Gilur,uz)
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In turn, the order parameters appearing in (50) are themselves functions of the conjugate
parameters x;,x;, 31, 52,7, ¢, given by the following convolutions:

1 \/g— (x1 — Ml)e(n " Erfe (%)

my:/dulduzgﬁ(ul,ug) -

R (u1,u2)
(—u)? (53)
. \/%—i— (x2 —up)e = Erfc (—%)
py:/dulduzgi(ul,uz) —re®
R (uy,uz)

and

G —up)? —u
_\/g(xl —ur) +[1+ (x1 —w)?e = Erfe (Xlﬁ])

2 R (ur,ur)

C]lyzz/dulduzgi(“l»blz)

. \/g(xz —up) +[1+ (22 — u2)2]e<uz—;z)' Erfc (—%)
flyzz/dulduzgﬁ(ul,uz) e’r

gef((ul,MZ)
(54)
and finally
2 (e —up)? X1 —u :
2= [ duydus G 1\/;—()“_”1)6 i Erfc(ﬁ)
qoy —/ urduy Gy (ur, uz) r Ry (uy,uz)
\/z-i- (x2 — Mz)e(xzzmz Erfe (_u> 2
2 _ A =
= [ du;du, G. -
&)y / U dup Jx(ul’uz) re mi(ul’uz)
1 2 _ (xl — ul)e()‘lizul)z Erfc (Xliul )
zyzz/dulduzgﬂ(ul w) [ B
X ) r mﬁ(”tl?uz)
> (p—u)? Xo—U;
A/ 7+ (2 —wu)e = Erfc (_g)
o 2 )| (55)

R (w1, u2)

Plugging these expressions into (50) and (51), one gets therefore a set of coupled self-
consistent equations for the rescaled conjugate parameters (49) together with g% The motiv-
ation for introducing the rescaled parameters (49) is that the equations expressed in terms of
these variables can be partially decoupled. Inspecting the equations one notices indeed that
the convolutions on the right-hand side of equations (53)—(55) do not depend on y explicitly;
on the other hand, in (50) the order parameters appear multiplied by the suitable power of y
which appears also to the left-hand side of the equations (53)—(55). Therefore, the value of y
can be fixed at the end of the calculation using equation (50a), (where the product my is given
in (53) and does not depend on y itself), once the values of the other conjugate variables are
determined. Moreover, the fixed parameter ¢ appears only in the equation (51); therefore, one
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can tune it by tuning its conjugate parameter q@ As a consequence, one can solve the coupled
equations for xy,x,, 3, B2, r at fixed value of (;3, and then use (51) to determine the diversity
¢ corresponding to the chosen é Repeating this procedure for different values of é, one can
parametrically resolve the complexity as a function of ¢. This procedure then leaves us with
5 coupled self-consistent equations for the parameters x;,x;, 31, 82, 7.

Exploiting an additional relation between the convolutions in (53)—(55), we now show that
the number of relevant equations can be further reduced by one. The simplification comes from
noticing that the integral expression are related by the following identity:

Plqy*] + (&) = —rxi [my] — %0 [py] + 1= B1 ([q19*] — [q0y*])
= B2 ([€1%] = [60*] - 2[2°]) , (56)
where the expressions within the brackets have to be replaced by the integral representa-

tions (53)—(55). This identity follows from integration by parts, see appendix C. It holds for
arbitrary values of . Plugging it into equation (50f) and using that o*g;y* = o?(1 — 5,),
o?B1 (q1y* — qoy*) = P together with equation (50¢), we are left with:

2 2
x% + ;x% — prxlxz + rxymy +x; py = 0. (57)
Using now equation (50b) to eliminate py we find that equation (50f) reduces to:

(umy —x;) (rx; —x2) = Ky (rx; —xz) =0, (58)

which for y # 0 is simply solved by x, = x;r. Plugging x, = rx; into the remaining equations,
we are left with 4 self-consistent equations to solve simultaneously for x;,r, 31,3, at fixed
value of ¢:

(a) rxi=—(ym+yp),
(b) Br=1-0%q =—0%yq,
)

(39
(€) 1=0**(q1— o),
d) =o'’ —&— 22"
Explicitly, these equations read:
% {\/g— (x1 —u)II (*'\;i"‘)} —re® { %—i—(rxl —up)II (—%)}
ot [ Gy Relur, ) =0
(60)
and
: ()|
E o (s
2 A~ —_ = 61
/82+0' /dug’x(ul,ug) p G&,z(ul,uz) 0, (61)
and
[+ (o —w)?] T (Xl;\/gm) - \/%(xl —uy)
By — o2 . - - (62)
1=h=o /dng(ul’uz) r Ry (1, u2) o
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and finally

\/g(rxl —up) + [1+ (rx) —up)?]IT (—%)

72*02+02/dugi(u1,u2) or

R (u1,uz)
+02/dugx up,up) re? \/7+ rxéje_(:]z,uz)( mﬁm)
. % {\/g_ (xy —up)II <X1 ul):| — re® [\/>+ (rx1 —uz) ( m\ﬁuzﬂ =0, (63)

G% (ul,uz

where we recall that the function II is defined in (42). Once these equations are solved (for
instance, by iteration), one can determine the parameters ¢,y through:

H (xl—m)
) = (64)
= [ dug, Relur-10)
) / udx(uhuz)mﬁ(ul,uz)’
and
dug 12— - (a2 65
ny——rx1+ﬂ/ u Gy (u1,u2) r Re(u1,u2) | >

Once also y is fixed, one can use equations (53)—(55) to solve for the order parameters.
It is quite straightforward to check that the quenched complexity can be expressed as a
function of the conjugate parameters (49) as:

IR 3 {l — P (qoy”) — (€1y°) — %} +/dug’g(ul»”2)1°g [W] =91 =8) +d(¢)

(66)

where the quantities ggy?,&;y* and ¢ are again given by the integral representations and where
for v =0 the contribution of the determinant reads:

)0 if oVo<l1
4/(¢)—{202 Slog(c20) if ovF> 1 (67)

Notice that (66) does not depend explicitly on y.

4.2. The annealed self-consistent equations

For the annealed case, we can proceed similarly as for the quenched, see again appendix D for
details. We introduce a new set of variables that plays the same role as above, but which we
denote with curly symbols to signify that they take different values at the saddle-point with
respect to the corresponding quenched quantities:

s . - -
xr = —, I = LA, y=y 26, = @ (68)
2q \/ 26, \/ &

18
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The variational equations obtained taking the derivatives of (44) read in this case:
(a) x2=—rKy+pmy,

(b) wry =1+ p)rz+p(my+py),

(c)

(

o) l=d’qy’, (69)

2
d) 2 = g2 —0'251 y2+0'2.1‘% — 70’21‘2(Z.r1 7.1,‘2).
I

Taking the derivatives with respect to the conjugate parameters, we obtain instead:

1 \/7—r1e2Erfc(\lf‘)

my =7 "x
e Erfc(\[) +ePre ™ Erfc( ﬂ)
5 (70)
\/Z—F;r exTzErfc (—ﬂ>
_ b 7 2
py— —te T
bre7
Erfc(\[) +e ve’ Erfc( \/E)
and similarly:
, 1 f\/gx1+(l+x]) Erfc(%)
qQy = ?2 T_ -
Erfc( ) +edre Erfc( )
V2 Vi) (71)
\/z.rg +(1 +.r§)eTZErfc (—%)

Gt = e

x’)

ez Erfc(\[)—i—e‘bze 2 Erfc( ﬁ)

Similarly to the quenched case, by inspecting equations (70) and (71) we see that the fol-
lowing relation holds:

Clgy] + [y°] = —exi[my] — xa[py] + 1, (72)

where again the brackets indicate that the products inside have to be replaced by the corres-
ponding expressions in the right-hand side of equations (70) and (71). This relation, when
substituted into equation (69d) leads to ax, = zxy, similarly to the quenched case. Therefore, in
the annealed case we are left with two coupled self-consistent equations for x| and ¢ at fixed

b:
(@) wry=—(my+py), (73)
(b) 1=cq1y’
or, explicitly:
12 N 2x?
: [\/Z—xlezlErfC (\T/‘ﬂ —zeq{ =terie T El”fC( ﬂ)]
wry + E) 20 =0 (74)
e Erfc (%) +ePre—r" Erfc ( Z\%‘)
and
\/z (1+xl)e P Erfc (—
2 o? ) o (75)

1 5 2x? .
ezErfC(T)—i—e e 1T Erfc( %>
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Once x; and ¢ are determined, ¢ and y can be fixed via:

it x
ez Erfc (7‘2)

¢= i A ) (76)
e Erfc (%) +e?re > Erfc (—%)
and
x2
2 I e
\/;*Ile = Erfc (\712)
Ky = —wx] + % FE — . a7
ez Erfc (%) + ePre T Erfc (—%)

The annealed complexity can be expressed as a function of the solutions of the saddle-point
equations as follows:

! 1 eﬁErfo (Q) +eq§ze§ErfC (7@)
EgLZE(L{Mz_p)+mg LR 22| = 61— 6) +4(@),

(78)
where d(¢) is still given by (67). Again, (78) does not depend on .

4.3. When quenched and annealed coincide: the ‘cavity’ matching point

We now discuss a particular point in the space of solutions of the quenched self-consistent
equations, which corresponds to (ﬁ = 0. We define this as the ‘cavity’ point since, as we shall
show, when this point is reached the quenched equations map into the annealed one, and
become equivalent to the equations obtained within the cavity method recalled in appendix E.
From the solution of the quenched self-consistent equations one sees that when é — 07 the
equations become singular, since it holds:

r— 1, 6] — ,82. (79)
We therefore introduce the following scaling parameters:
A=p-p,  R=DL (50)
65

The point qAS = 0 has to be approached as a limit since the convolutions in (53)—(55) are derived
under the assumptions A > 0 and R > 1; in the limit we are considering,

AZ
R—1

A —0, R—1, — b, r—1, (81)

the integrands remain regular while the Gaussian measure

rnVR—1 _

—e
2m A?

becomes singular, since the quadratic form at the exponent displays a divergent eigenvalue.
Diagonalizing the quadratic form and taking the above limits, we see that:

(u%? —2ruy u2+Ru%)
A2

[NIE

Gi(ur,uz) = (82)

e S (1 —up). (83)

1
gi(ul?uz) — m
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Plugging this into (53) and using that x, = rx| at the saddle point, we get:

2

XZ
2_ _x 2(1-]{—17) Erf X1
my m\/; i <¢2<1+b>)

)

|
262(1+b)

2 (84)
2 X1 s X
\/j—|— —=—¢20+5) Erfc (— )
T Vi+b \/2(14b
py——V1+b = Shad
2%
and similarly from (54) we get:
2
2 x x% Y x|
-/ ==+ |1+ €20+ Erfc
7 /1+b [ 1+h} <‘/2(1+b)>
q1y* — (1+b) >
1
2(T+b)
226 . (85)
2 _x X F5) X1
\F7+ [lJrf} €2 Erfc ( )
T \/1+b 1+b /2(14+b
£1y° = (1+b) ailV
Zeﬁ

It appears that in this limit, the parameter b can be re-absorbed by rescaling x;,y, and the
annealed expressions for the order parameters can be recovered. More precisely, comparing
these expressions with (70) and (71) we see that the quenched expressions for the order para-
meters m,p,q;,&; reproduce the annealed expressions (using again that zx; = x;), provided
that we identify:

y=yv1+b, x; =x1V1+0b, r=r=1. (86)

Moreover, with these identifications the first two of equation (59) map into equation (73), and
similarly (64) and (65) map into (76) and (77). Therefore, in this limit the quenched calculation
reproduces the annealed one, and the physical order parameters m, p, q;,£; computed in the two
schemes coincide. As we show explicitly in appendix E, the value of ¢ corresponding to this
point is exactly the same obtained within the cavity approximation: we denote it with ¢cyy.
Also the values of the order parameters m,q; coincide with those obtained within the cavity
formalism.

The quenched prescription provides us with two additional equations, the last two ones
in equation (59). It is easy to check, using the expressions (55) and using equation (59c¢),
that equation (59d) is automatically satisfied at the cavity point (see appendix E). Finally,
we remark that once the annealed self-consistent equations are solved and x; is determined,
equation (59c¢) gives a self-consistent equations for the parameter b, which reads:

1) —w)? b)—
et [VE ) e T ()

_ T
b=oc" | du NI . (e ) x1(b) = TiiE (87)

This parameter b is in general not equal to zero, which in turn implies that at this point go # 0,
given that the two sets of equations, in particular equation (59¢), imply the following relation
at the cavity matching point:

b
mq 1
Therefore, within the quenched calculation the annealed limit is not attained when g, &p,z —
0, as one might naively expect.

90 = (88)
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In the cavity limit the two functions (66) and (78) coincide. Indeed, using (83) and r=1
one finds that:

b+x3
duyduy QX<M1,M2>10g [!R,;(ul,uz)] — log2 + . (89)
and thus from (86) we get:
1+b b+(1+ba? 22
20 -5 P () 4 () + P T o)

as it follows from (72), (88) and (73).

5. The uncorrelated v = 0 case: the resulting complexity

We have discussed in the previous section the structure of the self-consistent equations
obtained in the uncorrelated case v = 0. In this section, we present what the solutions of these
equations entail for the quenched and annealed complexity of the model. Some of these results
are also discussed in [30].

5.1. Quenched complexity, annealed complexity and the cavity matching point

A plot of the quenched and annealed complexities X, (¢) of uninvadable equilibria is given in
figure 1 for v =0 and for two representative values of ¢ > o, in the multiple equilibria phase.
The complexity curves are positive for an extensive range of diversities ¢ € [¢p,(0), dp(0)],
that becomes larger as o increases; therefore, for o large enough the generalized Lotka—
Volterra dynamical equations admit an exponentially large number of uninvadable equilib-
rium configurations with a full distribution of diversities. To each value of ¢ there corresponds
aunique value of diversity ¢n,x Which maximizes the complexity curve E((,Q) (¢), giving there-
fore the diversity of the equilibria that are the exponentially most numerous at the given o. All
these equilibria are linearly unstable, since they have values of diversities ¢ that all exceed the
May stability bound, equation (9). Both plots show the special value of the diversity parameter
@cav, such that for ¢ > ¢,y the annealed complexity is strictly larger than the quenched one,
while for ¢ < ¢,y the two curves coincide. The diversity ¢,y corresponds exactly to the cavity
point discussed in section 4.3: it is the diversity corresponding to gE = 0 in the self-consistent
equations. When ¢ — ¢F, the solutions of the quenched self-consistent equations satisfy the
limiting behaviour (79), and the quenched equations can be mapped exactly to the annealed
one as shown in section 4.3. We remark that the mapping of section 4.3 holds exactly at the
cavity point and not for ¢ < ¢y, since it assumes ¢ = 1: the complexity at smaller values of
diversity ¢ (equivalently, at larger values of qAS) must then be obtained solving the annealed self-
consistent equations of section 4.2, since the quenched ones have no meaning in this regime.
In figure 2 we show the behaviour of the conjugate parameters obtained solving the quenched
equations, to confirm that the limiting behaviour (81) holds true when q5 —0".

5.2. Role of the average interaction strength . and the unbounded phase

Let us comment on the role of the parameters p, . We focus on the quenched case to fix the
ideas—the annealed case is analogous. As it follows from the discussion in sections 4.1 and 4.2,
the coupled self-consistent equations for the quenched parameters r, x;, 81, 3 are independent
of u, k; the equations relating the diversity ¢ to the conjugate parameter é do not depend on
1, k either. The parameters p and « enter only in the equation for y. Given that equation (66)
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Figure 1. Quenched (magenta) and annealed (blue) complexity of uninvadable equi-
libria as a function of the diversity ¢, for v=0 and 0 = 2,5 > o.. For ¢ > ¢cav the
annealed complexity is strictly larger than the quenched one, while the two coincide
for ¢ < ¢cav. Both the annealed and quenched complexities are positive only for values
of diversity that are beyond the May bound, meaning that all the equilibria are linearly
unstable with respect to perturbations in the populations of species that coexist.
25 =0, 0=4, quenched I =0, c=4, qﬁenched i

6 =0, 0=4, quenched

Np2—pr =A

y=0, o=4, quenched

Figure 2. Behaviour of the parameters r, A = /B3, — B1,R = 31/, and Az/(R -1)
obtained solving the quenched self-consistent equations at a fixed value of the conjugate

parameter ¢. The plot shows for ¢ — 07, the solutions to the saddle point equations
satisfy r,R — 1, and A — 0, which is the limiting behaviour discussed in section 4.3.
Moreover, the ratio A? /(R — 1) approaches a finite value b = 0.146. For positive values
of é, the annealed self-consistent equations have to be considered.
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Figure 3. Left. Critical curve separating the unbounded phase (u < ) from the
bounded one (1t > pi.), as a function of the diversity ¢ and for fixed o. Right. Complexity
of equilibria for ¢ < o = /2. In this region, annealed and quenched calculations coin-
cide. The complexity is non-zero only at the value of diversity predicted by the cavity
formalism.

does not depend on y, it follows that the complexity curves EgQ) (¢) at fixed values of o are

the same for any value of p,x. Changes in u,x amount to changing the value of variable y,
and therefore to rescaling the order parameters: since « just gives a simple linear rescaling of
v, see equation (65), we set x = 1. From equation (65) it follows that decreasing p at fixed
o, ¢, the variable y decreases and therefore the values of m, g1, qo increase. Thus, decreasing
w1 one can drive the system toward the unbounded phase, where the order parameters diverge.
The unbounded phase is reached whenever y — 0, which is also a limit of stability of our
calculation—recall that all the self- consistent equations are obtained under the assumption
that y > 0. For each o one can define a curve of critical values i.(¢) such that for values of
1 < pe, equilibria with diversity ¢ are in the unbounded phase. An example of this curve is
given in figure 3(left). Notice that it holds:

pr= ¢:§g§>0uc(¢) pre(Pa) > pre(Peav)- ©n
Therefore, the prediction of the location of the unbounded regime obtained through the cavity
calculation does not account for a/l the equilibria: for y slightly larger than p(¢cay), there are
still equilibria at ¢ < ¢,y that are in the unbounded regime. On the other hand, if one defines
the phase boundary by requiring that only the most numerous equilibria (those having ¢ =
®max) are bounded, one gets a yet different transition line which can be determined explicitly
from our calculation. Finally, the divergence of the dynamics might be on yet another different
line. The transition to the unbounded phase can also be characterized in terms of an isolated
eigenvalue in the spectrum of the stability matrix: it is expected to occur at those values of
parameters for which the isolated eigenvalue crosses zero (in the unique equilibrium phase,
this has been argued in [50]).

5.3. Behaviour of the order parameters

We focus on values of 1 > . (¢,) large enough so that none of the equilibria in this range of
diversities is unbounded. The behaviour of the order parameters is shown in figure 4 for one
such value of u. One sees that more diverse equilibria have a smaller average abundance m,
and are less correlated to each others (the typical overlap between them g is smaller). The
abundance m and the self-overlap ¢, obtained within the annealed approximation are a lower
bound to the quenched ones, as shown more clearly in the inset of the plots.
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Figure 4. Order parameters characterizing the equilibria at fixed diversity ¢, for c =4
and p = 30. The insets are zoomed versions of the main plots. More diverse equilibria
have a smaller average abundance m, and are less correlated to each others (g is smaller).
For ¢ > ¢cav, the annealed calculation underestimates the average abundance m and the
self-overlap ¢q; of the equilibria.
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Figure 5. Left. Relevant diversities as a function of ¢. The two black lines show the
edges ¢a(0), pp(c) of the support of the quenched complexity, i.e. the boundary of the
interval of diversities (grey area) within which the quenched complexity is positive. The
dotted lines correspond to the diversity maximizing the annealed (blue) and quenched
(pink) complexity, while the black squares give ¢cav. Finally, the orange dashed line
corresponds to the diversity ¢may above which all equilibria are linearly unstable. Right.

Zoom of the plot in the vicinity of the critical value 0. = v/2, where all curves cross.

5.4. Dependence on o and the topology trivialization transition

In figure 5 we show the o-dependence of the relevant diversities; the grey area gives the support
of the quenched complexity, which is seen to decrease with decreasing o.

As the unique-to-multiple equilibria transition is approached, the complexity curves such
as those in figure 1 decrease in height, while their support squeezes. At the same time, @,y
moves towards ¢may, see figure S(right). Exactly at o = o = v/2, one finds that the complex-
ity is maximal at @max = ¢eav = 1/2, and the corresponding complexity vanishes: the unique
equilibrium phase is reached. At the transition, the annealed self-consistent equations (to which
the quenched ones reduce to) are solved by « = 1,2y = 0, which imply »> = p?/(2) and thus
m=—p=p"'and g; = & = m 2. One would naturally expect that the transition corres-
ponds to b — 0 but this cannot be concluded from the equation (87): indeed, plugging x; =0
into (87) one simply finds an identity for any value of b. For o < o, the annealed complexity
is non-zero only at ¢ = ¢y, see figure 3(left), which is indeed the diversity of the unique
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Figure 6. Total quenched complexity X&' = i@ (¢max) as a function of o: the black
dotted line is a quadratic fit of the form X% = a(o — o.)? with a ~0.037.

equilibrium. For other values of ¢, the complexity is negative, signifying that no equilibria of
those diversities exist typically (i.e. the probability to find them is exponentially suppressed in

S, as it follows from the Markov inequality [51]).
In figure 6, we show the behaviour of the total quenched complexity

S = 5 (bax ) (92)
At the trivialization transition o = o, = /2 the total complexity vanishes as % ~ (¢ — o).

The quadratic vanishing of the complexity at the transition has been observed in other models
[18, 24, 52] treated within the annealed approximation, and it has been conjectured to be a
robust feature. In fact, we find (see section 6.2) that the same behaviour holds true for general
within the annealed approximation. For v = 0, this behaviour is recovered within the quenched
framework, too, as we now show explicitly. Indeed, the total derivative of the quenched com-

plexity with respect to ¢ is contributed by four terms:

tot _ _ _ —
dEo‘ — vxﬂ(x,f(,d))angrV,;ﬂ(x,i,d))@gf(Jr8¢ﬂ(x,i,¢)ag¢+8gﬂ(x,i{,¢) -3¢ . (93)

do
The first three terms vanish for any value of o, due to the fact that X* X", ¢4, are precisely

chosen to maximize A. On the other hand, the derivative with respect to o,

aﬂﬁ(xaﬁa (b) = affp(x) . ok é +60‘¢(¢)  o% ® 9 (94)

also vanishes when plugging the values of the order parameters at o = o, since both terms

vanish separately. Indeed, taking the derivative of (67) one finds

{0 if 0<oyo<l ©5)

0sd(¢) =
(0) —L 4+ oyE> 1,
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which vanishes at ¢ = Ppay = o2, which is the ¢pax at ¢ = o,.. On the other hand, the partial
derivative of (40) for x = 1 and v =0 reads:

121 gz (m+p)(1—pm) &
80'P(X) = = 0_3 ) + (ql _qo)z (ql _qo) + 2(q1 — qo)

+610(50—§1) 1(1 —ﬂm)zl '

(96)

2(q1 —q0)*> 2 q1—qo

At 0 =0, the annealed calculation implies that the order parameters characterizing one
single replica equal to m = —p = p~'and ¢; = &, = 7~ 2. Using that these parameters are
continuous at 0., plugging them into the quenched equation (59) and using that r=1 one
finds & — & — 2z = (g1 — qo)- Using these results, one sees that also (96) vanishes at o = o...

6. Additional results for v #£0

We do not present in this work the results for the quenched complexity for y # 0; however, we
discuss in this section some interesting dependence on the asymmetry parameter -y that can be
deduced from the (much simpler) calculation of the annealed complexity.

6.1. On the stability of equilibria for general ~

For v =0, it follows from the calculation presented above that all the uninvadable equilibria
are linearly unstable: for all values of o, the complexity is entirely supported in the region
® > ¢may- It is natural to ask whether this remains true for v > 0. To get information on the
stability of equilibria we evaluated the annealed complexity and computed the lower edge of
its support, ¢, at fixed positive v, . Given that the annealed complexity is an upper bound to
the quenched complexity, the ¢/ obtained from the annealed calculation is a lower bound to the
corresponding diversity obtained within the quenched calculation (for v = 0 the two quantities
coincide). The inequality ¢ > @,y thus implies that no linearly stable equilibrium exists for
the given o, .

Figure 7 shows the comparison between ¢/ and ¢may as a function of o, for two differ-
ent values of the asymmetry parameter . One sees that for the smaller value of ~, all the
equilibria are unstable in the plotted range of o, while for the larger value of « there is a
crossing value oy, such that for o < oy, all equilibria are unstable, while for the larger val-
ues of o the annealed complexity is non-zero also in a window of diversities corresponding
to linearly-stable equilibria. For the smaller values of +, it is unclear from this plot whether
such a crossing occurs at much larger values of variability o; to determine this, we show in
figure 8 the dependence on +y of the inverse of the crossing point asgl (respectively, og,), which
is shown to vanish at a threshold value ~, = 0.373 (respectively, at v = 1): we can therefore
conclude that for 0 < v < 7., all the uninvadable equilibria are linearly unstable. For v > ~,,
the annealed complexity suggests that some (exponentially many in S) linearly stable equilib-
ria are present at large-enough o; in the symmetric case v = 1, one has o, = o, and therefore
for all o in the multiple equilibria phase the annealed calculation predicts that some stable
equilibria are present. For all v > ., however, the stable equilibria are much more rare with
respect to the most numerous ones (corresponding to the maximum value of the complexity),
which are always unstable. An illustration of this in given in figure 9(left). We remark that
the fact that for v < . all equilibria are unstable remains true even if a quenched calculation
of the complexity is performed. On the other hand, the behaviour for v > . obtained within
the annealed framework is robust only in case the low-¢ branch of the quenched complexity
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Figure 7. Comparison between the minimal diversity ¢4 at which the annealed complex-
ity is positive and the diversity ¢may above which equilibria are unstable, for asymmetry
v =0.3 (left) and v = 0.8 (right). For v = 0.8, the curves cross at o, = 1.279.

3150; '

Figure 8. Dependence on ~y of the crossing point O’;bl and its inverse. The curves vanish

at . = 0.373 and y = 1, respectively. For v < ~., for certain all uninvadable equilibria
are linearly unstable.

coincides with the annealed one, as it happens for v = 0. It is also possible that the quenched
complexity curve in this region has to be obtained beyond the replica symmetry assumptions
considered in this work. This is suggested by the symmetric v =1 case, where marginally
stable equilibria are expected to dominate. We leave these checks to future work.

6.2. Topology trivialization transition for general ~

We have shown above that for v = 0 the total complexity X' = »@ (¢max) vanishes quadrat-
ically when o — o.. We now show that this behaviour extends to  # 0 within the annealed
framework; on the other hand, if in the vicinity of ¢, the maximum of the complexity curve (as
a function of ¢) lies in a regime in which the quenched calculation has to be employed (as it
happens for v =0), then we cannot exclude that the total complexity vanishes with a different
power. In fact, our results suggest that this is the case for general v £ 0, as we argue below.

We consider the total variation (93), and focus first on the case - # 1. The contribution to
the total variation given by the determinants reads:

2vp a4/l —dypoi—1 .
_ 5ol if
$(1-mmtm) i 6> oty

1
ECDS ©7)
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At the critical point ¢ = 0. = v/2(1 4 ~) !, the diversity maximizing the complexity is ¢max =
dmay = [o(1 + 7)]~2. The derivative above is continuous at this point, and equals to:

(1 +7)
9od(¢) OcsPmax 2\/5 .
To have a quadratic behaviour of the total complexity, this term should be cancelled by the
derivative of the term coming from the distribution of the forces. This is indeed what happens
if for o ~ aj the complexity at ¢,y is obtained within the annealed framework, and thus the
contribution from the distribution of the forces is given by p, (x) in (45). Then, for k=1

0opy(X) = 03161% [(1 — pm)? (ql _am ) —2(1 — um)q <p+m> +§1q1}

98)

I+~ I+~
1 1
-t . 99
o + a3(1+47) ©9)
This expression has to be evaluated at the solution of the annealed saddle point equations; at
oc,one finds m = pu~' = —(1++)p and g; = (1 ++)?&;, which implies that
V(1 +7)
05 =— (100)
P TesPmax 2\5

Therefore, the two contributions cancel exactly within the annealed approximation. On the
other hand, if the total complexity at o ~ o is quenched, one needs to make use of the expres-
sion (40) and to determine:

up(x) — o =) s = g0 +30) (=) _p

a3 (1+7) (g1 —qo)? a3 (q1—qo)
n v (g1 +qo) &1 q0(&o— &)
a*(1+7) (g1 —q)* o3 q1—q0) (g1 —qo0)?
1 2q0z 1 (k—pm)* 1
— - —. 101
*ﬁu+w[ (m—mW}+ﬁ o-m o (101

To evaluate this expression, one should solve the quenched saddle point equations for gen-
eral v at 0 = o}". However, by assuming the continuity of the single-replica order parameters
m,p,q1,& at o, one can plug the corresponding values obtained from the annealed equations
valid at 0 = o . By doing that, we see that the term (101) cancels exactly the contribution of
the determinant provided that:

Z 2(gq1 + g0) B
(I+7)(q1 — q0)? < 2(q1 — q0) +q<>) =0. (102)

which has two possible solutions for z: z=0, or z=2q0(q1 — q0)/[Y(q1 + qo)]. Both these
solutions however can be shown to be incompatible with the quenched self-consistent
equations’. Therefore, either for « # 0 the total complexity at o ~ o' is annealed (and then
it vanishes quadratically as o — o), or it is quenched, in which case one should expect a
different power law since the linear contribution is not vanishing.

7 The condition z = 0 together with the other conditions on the single-replica order parameters would imply 33, —
B§ = 0. For 7 #0 one sees that this is not an admissible solution of the quenched saddle point equations obtained
in the limit 5,3, — B% — 0: in particular, the limiting equation for z is compatible with z=0 only for g; = 0 = qo,
which one knows from the annealed solution not to be the correct values at o.. On the other hand, the second choice
for z is also not compatible, as it gives rise to complex values of the conjugate parameters.
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The case v =1 is special since the derivative (97) for ¢ < ¢may converges to (98) for o —
aj’, with an additional term scaling as (o — O’C)l/ 2 coming from the square root in (97), whose
argument vanishes when ¢ = ¢may, 0 = o.. Therefore, the total complexity is likely to have a
non-analytic behaviour at the transition to the unique equilibrium phase, since the determinant
has a contribution of the form d(¢may) ~ (o — 0c)>/2.

6.3. The symmetric case: comparison with the replica calculation

In the symmetric case v = 1, the model is conservative and thus one can investigate the struc-
ture of the potential landscape associated to it by means of standard techniques developed
within the theory of spin glasses. The potential landscape L[N] is defined by:

=, S S
. LIN _, N? 1
Fi(N) = _OLIN] LN = - (H,N,- -3 ) +5 Y NN, (103)
i=1

ij=1

When the landscape has a simple structure (which in the language of replica theory corres-
ponds to the so called 1-step replica symmetry-breaking—1RSB ansatz) the complexity of
certain of the landscape local minima can be obtained from the Lagrange transform of a gen-
eralized free-energy function, which is related to the partition function of several copies (or
real replicas) of the system weakly coupled to each others [14]. The outcome of the calculation
is a curve Yigsp (/) giving the complexity of the typical (i.e. most numerous) local minima at
fixed value [ = limg_, o S~'L[N*] of the potential landscape (103). We recall the essential steps
of this procedure, which is known as the Monasson method, in appendix F. In figure 9(right),
we plot the resulting Monasson complexity as a function of the diversity ¢ of the minima
contributing to it, in order to compare with Kac—Rice annealed complexity. One sees that the
curve Xirsg(¢) is contributed by two branches, one of which (the red dashed branch) has to be
discarded, as we motivate in appendix F. This is confirmed by the fact that it gives a positive
complexity in a range of diversity where the annealed complexity vanishes—given that the
annealed complexity is an upper bound to the quenched complexity, no local minima can exist
in the region in which it is negative. The second branch (green) gives a positive complexity
in the region of diversity corresponding to stable equilibria (¢ < ¢may); this is consistent with
the fact that the replica method allows to find stable local minima and not unstable saddles
in the energy landscape. One sees moreover that X 1rsg(¢) not only is quite smaller than the
annealed complexity (which might be motivated by the fact that the annealed calculation is not
correct and overestimates the complexity), but has a quite different shape. This is due to the fact
that the Kac—Rice complexity counts the dominating minima at fixed diversity, while ¥ grsp
counts the dominating minima at fixed value of the potential: the two different constraints
imposed in the complexity calculation are not interchangeable. The curve X rsg(¢) vanishes
at ¢ =0.2494, which corresponds to the 1RSB prediction of the diversity of the equilibrium
local minima, i.e. of the ground state. This value is slightly smaller than ¢y = 0.25, the value
corresponding to marginally stable minima which are expected to be the equilibrium ones for
v=1and o > o,: this discrepancy is due to the fact that a different (full-RSB) equilibrium
calculation is required to capture the correct diversity. However, one sees that the calculation
performed within the 1RSB framework is quantitatively quite accurate. Conversely, the max-
imum of ¥ rsp(¢) intercepts the annealed curve at the point where the stable branch turns
into the unstable one: this suggests that in that range of diversities, the annealed calculation is
correct, in the sense that it matches with the quenched one.
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Figure 9. Left. Annealed complexity of equilibria for vy =0.6 and ¢ = 8 > .. A small
part of the curve is contributed by stable equilibria with ¢ < ¢may, see inset. Right.
Comparison between the Kac—Rice annealed complexity and the complexity of local
minima obtained with the replica calculation, for the symmetric case y=1 and o =
1 > oe.

7. Conclusions

In this work, we have determined the quenched complexity of equilibria of the generalized
Lotka—Volterra equations with random, asymmetric interactions between the species. The
quenched complexity is defined in terms of order parameters satisfying coupled self-consistent
equations. We have derived such self-consistent equations for arbitrary values of the parameter
7, which controls the asymmetry in the statistics of the interactions. We have then discussed
in details the strategy to solve these equations in the case of totally uncorrelated interactions,
corresponding to v = 0, and we have presented the results for the associated complexity.

Our results confirm the expectation that the typical number of equilibria is in general much
smaller than the average number, that therefore a quenched calculation is necessary: indeed,
the annealed complexity gives a non-tight upper bound to the quenched complexity, at least for
most values of diversities of the equilibria (for general o in the multiple equilibria phase, only
the number of equilibria at small diversity is correctly captured by the annealed approxima-
tion). For values of variability o quite close to the transition to the unique equilibrium phase,
o ~ o, the annealed approximation fails dramatically, as it predicts dominating equilibria
having a diversity for which typically no equilibrium exists, meaning that the corresponding
diversity lies outside of the support of the quenched complexity. This interesting phenomeno-
logy has been found in other random models, for example in problems of portfolio optimiza-
tion [53]. The comparison between the quenched and the annealed results for v = 0 also shows
that the annealed approximation overestimates the diversity of the most numerous equilibria
and thus their linear instability, which is directly related to the diversity. On the other hand,
it gives a smaller value of the average abundance and of the self-overlap of the equilibria at
given diversity.

For uncorrelated couplings (v = 0), we have compared our results with those obtained pre-
viously by means of the cavity method. We have shown that within the multiple equilibria
phase, the cavity calculation captures a symmetry point for the saddle-point equations as a
function of diversity, where quenched and annealed complexities become equal. The equilib-
ria at the corresponding diversity are however sub-dominant for all values of o, since they
are exponentially less numerous than the typical ones (those at the diversity that maximizes
the quenched complexity). Through the complexity calculation, we also got a more resolved
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description of the transition to the unbounded phase. In the case of symmetric interactions
(y=1), we have compared the annealed complexity obtained with the Kac—Rice method with
the calculation of the complexity obtained with the so called Monasson method. This method
allows one to obtain the number of stable minima of the potential landscape as a function of the
value of the potential itself. We have shown that the equilibria identified with the two different
approaches are not the same.

We have analysed how the total complexity of equilibria vanishes at the value of vari-
ability o, corresponding to the topology trivialization transition, i.e. to the transition to the
unique equilibrium phase. We have shown explicitly that for v =0 both the quenched and
annealed complexity vanish as 3, ~ (¢ — 0.)?, an exponent previously found in other models
studied within the annealed approximation [18, 24, 52]. Within the annealed approximation,
this remains true for v # 0; however, we provide evidence of the fact that for v £ 0, the total
complexity, if quenched, should vanish with a different power. Solving the quenched self-
consistent equations for arbitrary v will allow us to address these points in a thorough way:
the corresponding analysis is ongoing.

There are several extensions of this work that we are leaving to future work as well. For
instance, the generalization to randomly distributed carrying capacities xk — &; is straightfor-
ward: in the context of our calculation, it would just require to introduce additional order
parameters defined by k* = limg_, 100 S~ (N* - &) where & = (k... , kg). In the case of homo-
geneous k;, this order parameter reduces to the average abundance m. It would also be natural
to generalize this calculation to different types of interaction matrices, for instance imposing a
fixed sign to the couplings: for purely competitive interactions, the number of stable equilibria
has been explored in [12] through a sampling algorithm. Considering a block structure of the
matrix [54] or some sparsity in its entries [33, 55] are also interesting directions to explore.
We also remark that the stability of the symmetric assumption on the order parameters that
we have made to perform this calculation should also be checked. This amounts to check that
the variational manifold chosen to determine the solutions of the saddle point equations is
stable; this analysis is particularly interesting in the case of asymmetric couplings, where no
thermodynamic analogy can be exploited.

Let us conclude with a few comments on the implications of our results for the dynamics
of the system. In the case of uncorrelated interactions, it follows from our solution that all the
equilibria in the multiple equilibria phase are linearly unstable. One may thus expect a com-
plicated dynamical evolution, with the system that continuously approaches an equilibrium
and then is driven away along the directions of instability. For larger v and in a certain range
of o, the annealed calculation predicts a very small fraction of stable equilibria having positive
complexity: determining whether their complexity is non-zero also in the quenched formalism
and, in that case, assessing their role in the dynamics is another interesting question. Recent
results also suggest that a relevant role in the dynamics is played by invadable equilibria: the
calculation of the corresponding complexity is ongoing.
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Appendix A. The Kac-Rice calculation of the moments: details

In this appendix, we derive the explicit expressions of the various terms appearing in
equation (16), under the replica symmetric assumptions (30).

A.1. Joint distribution of the forces

We begin by computing the joint distribution @1(\}1 ) (f) of the S-dimensional vectors F evaluated

atf“, and by showing explicitly that it depends on the order parameters in (17). From (5) we
see that the component F; are linear combinations of the Gaussian variables a;;, with average:

N
(1) = b= e SNy = N7 = () — . ()
j=1
and covariance matrix:
o’ b b b o’/ b b Ara
G = (FF) — (V) = O (R W6+ NN ) (A2)
Therefore, it holds
- e*ﬁ(f%F))"'C" (f—(F))
PN () = = . (A.3)
()" ae

In addition to N = (ﬁl, e ,K/”) and f = (ﬂ, e ,f”) it is convenient to introduce:

R o) VI 3 2 DR b oy TN oy

a#l a#n a#l a#n (A4)
V= (T,...,f), m= (ii',... 0",

with the S-dimensional vectors 1 = (1,1,...,1) and 7 = m* 1. These vectors are relevant as
they form a closed set under the action of the covariance matrix (A.2). In particular, under the
assumptions (30) and using that the equilibrium condition imposes z** = 0, we find:

CN = (1+7)[goWn +qiN]
Cf= Gows+ qif +vyzwy
Cwy = (149)[g1 + (n—2)go]wy + (1+7)(n— 1)goN (A.5)
Cwp = g1 + (n = 2)qo] Wy + 7 (n = 2)2wy + (n = 1)gof + (n — 1)2N
Cv = [g1 + (n— 1)go]v +ymwy +ymN.
Notice that the matrix elements of C on these vectors are only a function of the order para-
meters (17). Moreover, the quadratic form at the exponent in (A.3) can be rewritten as a linear
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combination of matrix elements of C~! on this restricted set of vectors: therefore, the expo-
nent in (A.3) is also a function of the order parameters only, which is determined by inverting
the action of the matrix C on the subset spanned by these vectors. Introducing an orthonor-
mal basis for this subspace and performing the inversion of the matrix C projected into the
subspace (see [25, 56] for similar calculations), we obtain:

. B _on U,(x)
14 (g1 90)%[q1 + (n— 1)go]*’

with U, given in (33). The determinant in the denominator of (A.3) is dominated by the diag-
onal part of the covariance matrix, and under the assumptions (30):

(A.6)

detC = eSIOg[S"(QI —qo)"”" (ql+("*1)610)}+0(5). (A7)

Combining these terms, we recover (32).

A.2. Joint expectation of the linear stability matrices

We now focus on the joint, conditional expectation value (15). The product is over n determ-
inants (8) of size N¢ x N¢ taking the form:

N 8F,»(ﬁ“) O'\F ..
H;;._( 81\/_,-" >_ (\/% aj+ = +6,J> i,j €l,. (A.8)

Therefore, the matrices Hj; of different replicas a have the same statistic: they only differ by
the components that are selected by the index sets I,. We first recall how to deal with the
expectation value in case of a single replica n = 1: this calculation is a slight variation of that
presented in [19, 22]. We then generalize to arbitrary values of n, as it is necessary for the
quenched calculation.

When n =1, a single configuration vector Nis present, with S¢p components N, ¢, that are
different from zero. As recalled in section 3.3, the corresponding matrix (A.8) prior to con-
ditioning is a random matrix of the real elliptic type, with variance 0>¢ and with asymmetry
parameter . The third term in (A.8) only provides a global shift. The asymptotic eigenvalue
density of (A.8) reads:

_ 1 ~ (RA+1)? (SN)?
AN)=——F——1,% o by =

p(A) T02¢ (1 —~2) " AESo0.’ Py {02¢(1+7)2 + o2¢ (1 —~)?

A rather straightforward exercise in Gaussian conditioning shows that conditioning to the event

F(N) = f modifies very weakly the statistics of the matrix . Indeed, the event F(N) =f is
equivalent to

1 } . (A9)

_u — o iN;=0 ifi
{H—Nz SZjGI]\IJ \/gzjela’fo_O itiel (A.10)

—fi—= 52 aNi— %ZjelaiJ‘Nj =0 ifi¢l

where we used that N;¢; = 0 and f;<; = 0. From (A.10) it follows that conditioning to F (N) =f
amounts to fixing the action of the S x S random matrix a on the S-dimensional vector N. If
one rotates the matrix a in such a way that the components are expressed in a new orthonormal
basis & such that &, = N /V N-Nand €;1 are a completion of the space, then the event (A.10)
corresponds to fixing to a deterministic vector the first column of the rotated matrix a, with
components a; for k > 1. For v # 0, because of the non-zero correlations, also the statistics of
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the matrix element ay; with £ > 1 will be affected; in particular, the average of these compon-
ents is modified and their variance is reduced by a factor 1 — 2 (in the symmetric case y =1,
the variance of these entries vanishes as well, consistently with the fact that a; = az;). We
recall that the determinant (15) is that of the projection of the matrix on the S¢ x S¢ dimen-
sional subspace spanned by the species that are present. The vector €| belongs to this subspace.
Therefore, the relevant block of the matrix a contributing to (A.8) will still have a special line
and column (those corresponding to the basis vector ), with entries whose statistics is per-
turbed with respect to that of the original, unconditioned elliptic matrix. This perturbation is
however of finite rank, and thus it does not affect the asymptotic density p(\) to leading order
in S.

We now argue that the density (A.9) is the only quantity needed to compute the conditional
expectation value of the determinant to leading order in S. To this aim, one needs to recall that
the convergence of the empirical measures p), of real elliptic matrices happens on a scale that
is quadratic in the size M of the matrix. More precisely, the empirical spectral measures iy,
satisfy a large deviation principle with rate M2, meaning that for large M the probability Py;[y]
of observing a spectral measure p scales as Py[u] ~ e~ M 1lul+o(1") where the rate function
I[14] is minimized precisely by the asymptotic measure 7z with density p(\) in (A.9). For the real
elliptic ensemble, the rate functional /[z] has been derived for generic vy in [22] (see section 3
of the supplementary information), generalizing the result for the special case v =0 given in
[57]. The M?-scaling of the large deviation principle is quite generic in random matrix theory
[58, 59], and it is essentially determined by the scaling of the number of independent entries
in the matrix: small-rank perturbations of the statistics of the matrix such as those described
above are not sufficient to modify the speed of convergence of the large deviation principle
nor, as pointed out above, the minimizer of the rate functional /[1:]. Keeping this in mind, it is
then straightforward to write the conditional expectation value of the determinant of H+ I as
an expectation over the spectral measure £(\) of the matrix, as:

(et (E-4D] | F8)=F) = [ D Pl TP+, )

where i’5¢ [1] is the probability of observing an empirical measure p for matrices with the
same statistics as the conditional matrix A+ I. Using that 1354) (1] ~ ¢SO 1ul+0(S") and that
() minimizes the rate functional I[u], via a saddle point calculation in the space of measures
we obtain:

det (H +1 ‘ FN) =) = / Dt o~ S Gl +o(S) 456 [ (N log A +o(5)
(det(H+T)| |F(N)=f) = [ Dn 2
— 5 fdAﬁ(A)logI)\\-"-O(S)7

where the last equality follows from the fact that I~’5¢ [¢] is normalized to one, implying that
the linear-order term in S at the exponent of Py, [u] must vanish as well when computed at the
saddle point ji. These identities imply that:

D= = ((det(#)] | F() =) = e (122067 e oV [eato s
N
(A.13)

We now discuss how to generalise this result to the case n > 1: the arguments in this case
follow closely those presented in [25, 56], which we summarize here very briefly. For n > 1,
one has to compute the joint expectation of the product of n matrices that are correlated with

35



J. Phys. A: Math. Theor. 56 (2023) 305003 V Ros et al

each others, due to the fact that the S¢ x S¢ matrices associated to different replicas share a
finite fraction of lines and columns. Following the same line of reasoning as above, we can set:

<H ‘det(Ha —|—H)| ‘ F(N) = f> = /HCDM“ PS(;S[{Ma}] &5 S fdut(N) lo?;f|)\|-‘r0(5)7
a=1 a=1
(A.14)

where now Ps,[{11}] is the joint distribution of the spectral measures of the n matrices, which
must exhibit the same large-S scaling as its reduced distribution, Psg[{1?}] ~ O(esz); there-
fore, the expression (A.14) can again be computed in a saddle point approximation. The saddle-
point solutions are determined just by the minimization of the term scaling quadratically with
S: as such, they must coincide with the marginals of the joint distribution in the space of meas-
ures (see the argument around equation (43) in [25]). Thus, correlations between the matrices
are not relevant for computing (A.14) to leading exponential order in S: what remains to
determine is just the asymptotic eigenvalue density of each conditional matrix H*. We remark
that each H* has to be conditioned to F(N?) = f* forall b = 1,...,n. Following the same argu-
ments as above, one sees that this conditioning amounts again to a finite-rank perturbation to
the original elliptic ensemble statistics: for n > 1, the conditional matrices will contain » lines
and n columns having a modified statistics with respect to the original one. These are the lines

and columns corresponding to the subspace spanned by the unit vectors &, = Nb /V Nt - NP,
The presence of these special lines does not affect the bulk of the density of states (provided
that the number of special lines and columns is not of O(S)). We can therefore conclude that

@1(-\;1) RN N = dytog{ [oV/B(14m)r+1] +026 (1-7)27 } — @) (A15)

A.3. Explicit expression for the double integral

The double integral in (A.15) can be evaluated explicitly. For any v # £1, performing the

inner integration we get:
V] — 2
¢/ +U\f1+'y arctan oo — ) VI —x
14+ 0vo(147)x

+i/ldx{m10g {(1 +ov/a(1 +7)x)2+02¢(1 —7)*(1 —xz)] }

o [
—2;/ dxv/ 1 —x2. (A.16)
—1

We discuss some special values of «y first, and then the result for general y. We set A =
ov/¢(1+7) and B = 0+/¢(1 — ) to simplify the notation.
Case y = 0. The argument of the logarithm in (A.16) is a quadratic function of x except for

~=0. In this case we have A = o1/¢ = B and

0 / { (A o (W) /T2 4T Flog [1+A2+2Ax]}.

1+Ax
(A.17)
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Both the first and the last integrals have a different behaviour depending on whether A > 1 or
A < 1. The first integral gives:

1 ey
I = ?/ dx@arctan (Alx2> = ¢{ (A.18)
-1

w(l—/ﬁ) if 0<A<l1
)
T 1+Ax s 1 '

T(1+45z) if A>1

For x € [—1, 1] the argument of the logarithm in (A.17) is always non-negative, since the root
x* = —(1+A2)/2A is always smaller than —1. The singularity is hit for A= 1, when x* =
—1. The corresponding integral has two different behaviours for A < 1 and A > 1, because it
involves functions having a branch-cut at A = 1. One finds explicitly:

1 TA® :
— 4 f 0<A<I]
T ) T | 5 (5 +2logA?) if A>1
It is convenient to obtain this result integrating by parts, using that for z < 1:
: T 1 .
F(Z) _ dyv/1—=x2 = 7 + 5 (Z 1—-22+ arcsmz) . (A.20)
-1

Finally
¢ 1
L= —2—/ dxv1—x2=—¢. (A.21)
TS

Combining these formulas and using that A = 0+/¢ we find for v =0:

_J0 if 0<ovo<l
d(@_{ziz—%‘é’log(a%) it oyo>1. (A22)

Case y = 1. In this case B = 0 and the integrand in (A.16) is singular. Plugging v = 1 directly
in (A.15) we find:

1 1
&(¢):%/_]dx\m—x210g|1+Ax|=%/_]dx\/1—x21og|1+Ax|. (A.23)

Again, the integral of the logarithm has a different behaviour depending on whether A > 1 or
A < 1. In particular,

L Jog2— 1 v & (1 \/1—A2) if 0<A<l
dp) = {A2 g2 o T T e ' . (A.24)

10gA+ﬁ—log2—% if A>1

Using that A = 20/¢ we get

1 @-Hog(l-i- 1—402¢> if 0<¢<gs

1
J — 4026 27 4029
log(av/®) + 3555 — 3 if 6>

—log2— (A.25)
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Case 7 = —1. In this case A =0 and it is convenient to re-write (A.15) as:

1
#0)=2 [ ay/ T gl + 57

= ¢log[l + VB +1] — % (2 — VB2 1+ B(1 +log(4)))

This integral has the same expression for all values of B = —20+/¢.
Case of general . In this case, it is convenient to compute the integral by expanding the

integrand in (A.16) in powers of a = 01/¢, integrate term by term the expansion and then
re-sum it. The final result is

&{417102(1—\/1—4702¢)+¢10g(1+ 1—4702¢)—¢(%+10g2) o1 +7) <1
o — §+ Slog(0?9) oVd(1+7)>1
(A.27)

(A.26)

which coincided with (34) in the main text. We see that this is consistent with the special cases
discussed above; in particular, for y = —1 only the first regime occurs for ¢ € [0, 1].

A.4. The phase space volume term

Let us now come to the computation of the phase space volume term (23). We begin by noticing
that the introduction of the conjugate parameters allows us to decouple the various species and
to set:

s

xg) = S bl / [T avear jve.rey | (A.28)
a=1

74=0,1
where

j'(Na "fa) — e_ ZZ=1 (rha Nd“!‘[’\’afﬂ)_ Z,b:l (Zab Nﬂfb“!‘zlﬂbNﬂNb"Féabfafb)

< IT evsr T svae—).

a:Ti=1 a:T*=0

(A.29)

For ngSH = qAS, this expression depends on 7% only through the number k € {0,...,n} of entries
that are non-zero. Once k is fixed, we can introduce y = (N', ..., N*,f', ... f*~*) and the matrix
and vectors:

kxk R kx1
Ay[x] = QA (nfk)_fz(nfk) ) [X] = (nfl?)Axl ) (A.30)
—7Z X Y
with
Qub = 0av2Gaa + (1 = 0a)abs  Lab = Zabs Kb = O 26aa + (1 — Gap)Eap- (A.31)
Then:

io (Z) ekﬁ/dy(llli[lH(ya)exp{—; v AR -y — K] .y}>s_ (A32)
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To illustrate how to simplify this term, let us consider first the case k = n. In the RS assump-
tions, Qu = Go + dap (241 — Go) and 712, = 71, implying:

n a 2 241 — G .
[ o smaaonson 7 Loy 80500 o S5
0

(A.33)
Assuming that go < 0 and (2g; — go) > 0, and using the Gaussian identity:
—B (i)’ /dze ) 2 =tV ) (A.34)
V27 [=qo]

we see that
7( —)?

/ HdNae i / /7‘" S (852 — )" (A3S)
2 [—qo]

where we introduced the function

glu;a) = 625 \/ZErfc (\/1427) ) (A.36)

This expression can be easily expanded in powers of n. For k generic and within the RS
ansatz, we can proceed analogously. The relevant integral now reads:

/ HdNa H dgbeifok(N”’gb) He*(%’l;%)wa]z*mw“ H 87(251;50)[gb]2+ﬁhgh (A37)
0

b=k+1 a=1 b=k+1

with the shorthand notation:
k 2 n 2 k n

Oc(N*, ") = 4o (ZN“) +§O< > ga> —2 (ZN“) < > gb>. (A.38)
a=1 a=k+1 a=1 b=k+1

Assuming g, éo < 0, we can write:

k n

Ok(Na b / duldu2 efé(ul,uz);ﬂ_l(ul,uz)rHeulN” H efung7 (A39)
27 \/det a=1 b=k+1

where we have introduced the 2 x 2 matrix

Ao (—5{0 —Z) Ao L (‘50 ¢ ) (A.40)
-z =& Goéo—22 \ 2~

and assumed that it is positive-definite. Performing the Gaussian integrations under the
assumptions 2g; — go,2&1 — & > 0, we find that (A.37) is equivalent to:

dudu i R A ) A A
/ — e e AT ) g i — w1240 — o) lg(—p + 12526 — Q)" (A 41y
27

\/det
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Finally, performing the sum over k we see that we can write the quantity inside the square
brackets in (A.32) as:

s
dud — Yy un) A (uy —¢ /a ~ ~ ~ £ F "
Un = /7141 uzA 2l A ) (e @ g(n — w3241 — o) + g(—p + 12; 26, —EO)>
27 4/det(A)
(A.42)
Expanding to linear order in n we get
Uh(x,R) = eSng(fi)-ﬁ-O(Snz)’ (A.43)
with (X) given in (41). For n= I, the above expression reduces to:
s
du,d L u)A wu)" —b s ~ ~ -~ £ £
Vi = / y uzA e 3] 6 =0 iy —uy: 24y — o) + §(— + a3 261 — o)
2w 4/ det(A)
= esgl(’”‘)’
(A.44)

where the expression for ¢, (X) in (46) is obtained replacing the functions g with their integral
representation, and exchanging the order of integration. We stress that all these expressions
are obtained under the hypothesis that:

Go<0, &<0, Gobo—22>0, 2q1—go>0, 26 —&>0. (A.45)

Appendix B. The saddle-point equations for general ~

In this appendix, we derive the saddle-point equations for the order parameters x, X for generic
values of ~.
B.1. The quenched saddle-point equations for general ~

The first set of equations X = F,[x] is obtained differentiating 4(x,%,¢) with respect to the
order parameters x. The corresponding equations read:

. K—pum
P o2(q1 —qo)’
£ = — 290
20%(q1 — qo)?’
: 90
% o2(q1 —q0)*’
o Al —pm) (k — pm) pm
o2(q1—q0) (v+1)o%(g1—q0) (v+1)o%(q1 — o)
L (k —2um)z
o2(q1 —q0) 1+7v0%(q1—q0)*’
s oms—pm) __ yigitge) 90 (B.1)

(v+1Do*(g1 —q0)*  (v+1)o*(g1 —q0)*  (v+1)o*(q1 —qo)*’
which gives immediately:

N S— VL (B2)
V(g1 —qo) V26 =& V(g1 —qo)

40




J. Phys. A: Math. Theor. 56 (2023) 305003 V Ros et al

The equations for ¢; and g are given by:

(k —pm)[m+ (v + Dp] | 2(k — pm)[m(q1 — g0 +72) +p(v + 1) (g1 — 90)]

Q>

1=

(v+1)a2(q1 — qo0)? (v+1)o?(q1 — q0)?
40 (2402 = 272°) B4 -2%)  qiq(éo—26)  qil2qez+77 (B.3)
(v+1)a2(q1 —q0)*  20%(q1—q0)*  o*(q1—q0)*  (v+1)a*(q1 —qo)*
_ &ai _ 90 " 1 _ (k — pm)?
20%(q1 - q0)*  2(q1—4q0)*  2(q1—4q0) 20%(q1—q0)*’
and

do = 2(k — pm)(—m — (y + p) | 4(s — pm)(m(q1 — qo +72) + (v + Dp(g1 — 90))
(v + 1o (q1 — qo)? (v+1)o?(q1 — q0)?
L= (4 + 7221 +q0) — q5) +2(v + D)é1g0(q1 — q0) — (v + Déo(q1 — 90)(q1 + 90)
(v +1)o?(q1 — qo)*

q  (k—pm)®
(g1 —q0)* (g1 —q0)*’
(B.4)
from which one also gets:
. 1 - 2 277
241 —qo = __bimb : < (B.5)

+ + :
q1—q0  o*(q1—q0)*  (v+1)o*(q1—q0)*  (v+1)a*(q1 - qo)’
The second set of equations x = F; [%] is obtained differentiating A(x,%, ¢) with respect to the
conjugate parameters x. We set:

iy ) i — (1 =)? i
R;‘(ul,uz) = em Erfc % te é 26[1 do 2(221 ~&) Erfc M 7
200 )] Y 266 2261~ o)

(B.6)
and:
G,}(ul,uz) = %e*%(m;uz)Afl(ul,uz)i B.7)
27 \Janko -2
and obtain:
(g —i)? .
__m—wy e2Ca1—a0) Brf _ m—u
1 \/7 V2a1—q0 ke (m)
m= [ duGg(uy,ur) ——=
241 =40 Ry (uy,u2)
b [21—q — 2_ by, ez((;élf)émErfc o pwm
/d Gyl )e 26 —&o T V24 %)
= uGg(uy,up
’ V26 & Ry (u1,u2)
- 2M+(I+M)e%]€rfc _ iy
1 ™\ 2q1—q0 241~ e

= | duGg(uy,uy) = =

(1w —p)* .
24 2 _p—w 1 (p— uz) ) mE fo - bz
Ve o ( T 70 A VT y
51 = d“Gf((ul?uZ) = )
2‘51 - 50 R;C(ul,uz)

(B.8)
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The derivatives with respect to 510,50,2 involve also the Gaussian measure. We obtain:

N (g —)? N 2
2 1 _ =y 305 —a0) __m—w
— [ Gy (uy.) VT T Erfc( z(m—%))
o= | TG Rg(u1,uz)
2 1 i) U 5”27ﬁ>'2) rf il u ’
=t et Erfe | - —E——
241 —qo 24 | 1T VIR 6 V206 -6)
§o= [ duGg(ur,uz) —5——
26— & Rg(u1,u2)
(B.9)
and
P S e%ErfC —w
= [ duGy( ) T 241—q 21— 2(241—4o)
N Rt Re(uy,u2)
%06 (21 Tl b btk p—u
— 11790 = — 11—4o '~ 5206-&) Brfe | — 2=
VRO g AR e b V20é &)
X (B.10)
Re(ur,u)
Finally, the equation obtained deriving with respect to ¢ is given by:
2((:4l—ﬁ122> Erf _—
e2Qa1—a9 rfc | =4
¢ = | duGy(ur,un) V2020~ &) (B.11)
- X 1,42 Rﬁ(”],“Z) .

B.2. The annealed saddle-point equations for general ~

In this case, the set of equations X = F,[x] obtained differentiating A (x,X, ¢) with respect to
the order parameters x takes the simpler form:

N K — um
p:_( zu )
0-q1
~ 1
51_20_2q1
. UP pm p(k—pm) | ym(s — pm) jpm — (5 —pm)] (K — pm)
m=-—5—+— 2 + 2 2 2
o*qr  orqi(1+7) o*qy (1 +7)qj o%qi(1+7)
o & 2s—pm)(y+ Dptm]  (k—pm) oy mP(s—pm) 1 o
AIh="55>5 2 2 - 2.2 +2 2.3 + : (B.12)
202¢; 202(1+7)q] 202¢g; I+~ 20%q 2q,
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The derivative with respect to ¢ reads

- i 2
qbze— T el Brfe [
2 Va 23/a
. —1
1 [7 2 P e 7 2 n
x| =z,/=e* |1+Erf = + —— .,/ —e* Erfc = .
(2 3 (2\/51)} 2 Va 2\/q

Exploiting these identities, the equations x = F|[X] can be written as two pairs of decoupled

(B.13)

equations, given by:

m:*¢i+ (Z) e ™ )
2q1  /« q1 Erfc (L)
W I (B.14)
611:2(214'%_ ¢mA§ e 4q1A 7
91 274} Erfe (2%>

and by
p (1-¢) e
p=—(1-¢) L — =
X VnG [H—Erf( \"ﬁ)}
e/l (B.15)
e iE

51:(1i¢>+<1—352>ﬁ2+<1—q{>§ﬁ _—
28 48 2w} [1+Erf<2\;?)]

Appendix C. Rescaled conjugate parameters and useful identities

The quenched saddle point equations x = F[X] for generic « presented in appendix B.1 are
conveniently expressed in terms of the following rescaled variables:

m P s 2 2g1 — qo
XN =7 NN=F Y= 26 =&, r= < ~
V241 — 4o V26 - & V26-% ()

do ¢o Z
Blziv 52:7a 53:77
¥ ¥ ¥
see also (49). They are equivalent to:
i (—14%32;2+2;s3mluz—ugﬁl) (rp—up)? _
2 2 (xy—u)e 2 Erfc (x‘ﬁ”‘)

818,83 1V=

y — / duyduy re
2m \/B1B2 — 3 d
(C.2)

(=382 +283mu10,—13 81 ) \[ (ty—11p)?
2 — X)—u

A/ =+ (xa—u)e = Erfc—222
pVr ) ( V2

B1B2—B2

» 7/du1du2 re e
Ry (ur,uz)

2m \/ 8182 — B2

_1
2
)
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and

(=B B22+283mup03 1381

1
2 32
2 /dulduz re BiBr=F3

2
7 BiB2 — 53
2 2 Gymu)? Xi—u
y l*\/;(xlful)Jr[lJr(xlful) Je Erfc( 'ﬂ')
r R (ur,uz)
(C.3)
. (—uf[s2r2+2[a3mluz—u%ﬁl)
€y = dujduy re * 816,83
= 2w 2
B182 — B3
) 2 ("27'2)2 _
y eq;r\/;(xz —up) + [l + (x2 —up)”Je 2 Erfe (—xzﬁ”z)
R (ur,u2)
The last three equations give:
. (—dB22 4283 —d6y) T 5 (G —up)? B 2
q0y2 :/dulduz re 2 818, — 83 1 \/;— (x; —uy)e 2 Erfc ("‘\/21“)
271’ /61 52 _ ﬂ% r fR;C(ul,uz)
g (—#B2P 4283 —61) T 5 (g —p)? e 2
€0y2 :/dulduz re 818y~ B} _reé\/;+(x2_u2)e z Erfc (—ﬁ)
2m /5152 *ﬁ% R (uy,uz)
(C4)

and

1 (=8P 28336 ) 2 Gy —up)? _
zy2 _ / duiduy re . 8182~ 53 l \/;f (xy —uy)e” 7 Erfc (xl\/iul)
= emom |’ R
. (C5)

(2 =uw)’ —u
3 \/ng (xp —up)e 7 Erfc (—XZ\/E‘“)
—re
R (ur,ur)

X

Finally:

(—d 827 +283mu10—1381)

1 () —x)? x
1 1 —U
6= / dudug e ImR e Efe(ugn)

27 \/m R (uy,u)

These convolutions are not independent, but can be related by integration by parts. Indeed,
using the above expression it is straightforward to show that the following identities hold for
all values of the conjugate parameters:

(C.6)

P(quy®) = —rxi (my) + ¢ — By [(quz) —~ (qoyz)} +B3(2%)

N N 2 e 2 2 €7
(&) = =5y + (1 - 9) = B [(€") — (€)] + Bs(2v?),
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where the brackets denote the integral representations for the corresponding parameters.
Summing the equations, one derives the identity:

P(qy®) + (€157) = 1= (my) —x2(py) = By [ (a”) = (q07”)]

=B (€)= (60")] + 285", (C8)
while the difference gives:
P(q1y?) = (€5) = =i (my) +22(py) + 26— 1= B [ (q13°) = (905°)]

+ 8 [(€) - (&) (C9)

In the case v =0, the identity (C.8) entails x, = rx;, as we discuss in the main text.

In the annealed case, it is straightforward to check that the equations (B.14) and (B.15) are
equivalent to (70) and (71), once the parameters (68) are introduced. Moreover, by inspect-
ing (70) and (71) one sees that the following two relations hold:

P(qiy’) =~y (my) + ¢

2 (C.10)
(&y7) = —x2(py) + (1 - 9),
which are equivalent to
2(q1y’) + () = —eai (my) — xa(py) + 1 1

Hqy?) — (&1y°) = —exy (my) + 22 (py) +26 — 1.

For v =0, the first identity entails again x, = ray.

Appendix D. The self-consistent equations in the uncorrelated v =0 case

Setting v =0 in the equations given in appendix B.1 we obtain:

L (k= pm)
P70 g~ q0)
§ = — 240
20%(q1 — qo0)?
Ao —5=— 90
o%(q1 — q0)?
1
= — (k= pm)(1
= e —a0) [n(m+p) — (k — pm)(1 + )]
& = (k —pm)(m+p) & ~ qoléo— &1 +27]
o2 (g1 —q0)*  20%(q1—q0)*  o*(q1—qo0)
_ (mmpm)® g 1 D1
20%(q1 —q0)*>  2(q1 —qo0)* * 2(q1 — q0) @1
and finally
do = 2= pm)(mtp) (k—pm)?* g &
o*(q1—=q0)? @1 —q90)* (91—q0)* o*(q1—q) D.2)
(g1 +4q0)(& — & — 22)
o2(q1 — qo)?
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from which it follows that

L & +22 : 2 —&+2z
21 —Go=— [‘72‘*‘&) g } = (261 — &) {024‘&)51]
o*(q1 —4qo0) 41— 4o 41— 4o (D.3)
PO 1 )
26 b= 5——.
LT 02(g1 —q0)
In terms of the parameters (C.1), these equations read:
Xy = —Ky+pym
rxy =Ky + (24 p)x2 + pyp
1=0"y*(q1 - q0)
P=o’(G—&+2)y 40 (D.4)

B3 = B2

Br=1-0"yq1=—0"Yq0

Br=rB+|otq — g — e |y + MTHUZX% - %szlxﬂ'»
The factor y multiplies the order parameter in such a way that the resulting expressions do not
depend on y, as one can see from equations (C.2)—(C.6). This implies that the variable y can be
fixed at the end of the calculation, via the identity xy = —x, + p my. The remaining equations
are those given in (50), with the expressions multiplying factors of y given by the integral
convolutions in the above section (with 33 = 3,). The derivation of the annealed equation (69)
is completely analogous.

Appendix E. The cavity solution: a reminder

As we remarked in the main text, the one equilibrium phase of the Lotka—Volterra model
can be characterized via the so called cavity method [27]. In essence, the method consists in
introducing a new species in the interacting system, and in relating the properties of the system
with S + 1 species to that with S species, under the hypothesis that a unique equilibrium exists.
The cavity analysis of the Lotka—Volterra equations has been performed in [28] (see also [29]
for a discussion of this method in the context of ecology), and analogous results have been
obtained in [34, 60] via a dynamical formalism. In particular, the cavity treatment allows to
derive the value of the three parameters characterizing the unique, stable equilibrium attracting
the dynamics: the diversity ¢, and the first two moments m, q; of the configuration vector; the
result is incorporated into a self-consistent equation for the variable (x — um)/[o/q1], which
we recognise to coincide (up to a sign) with the parameter a; in our annealed formalism, see
equations (a) and (c) in (68). We set here =1, and follow the notation of [34]. The self-
consistent equation for x, obtained within the cavity approximation reads:

o

2
x 2

S wa(—x2) + ywo(—22) ]2 = wa(—12),  walx) = _oodsi/z?(x—s)". (E.1)

From the solution x5V to this equation, the second moment ¢$*¥ and the diversity ¢V are
2 q qi y
obtained from:
£ = o [wa(—x5™) + ywo(—5™))?
= 2
{uw] (=) + 2o [wa (—a$™) + vwo(—.rgav)]} (E.2)

6 = wo(-a$").
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For v =0, the equation (E.1) becomes:

2 ,
2 e Tx 1415 P
- + Erfc | —= =1, E.3
7 V2w 2 <\/§) (E-3)

which is exactly the equation (75) that one gets in the annealed scheme, for « = 1 (and thus
x; = 7). Forz = 1 and ¢ = 0, moreover, (74) is also satisfied. Finally, using that y = [o'\/g7] ",
one sees that the equations (76) and (77) are equivalent to (E.2).

To summarize, when ¢ = 0 and ¢ = 1 the annealed self-consistent equations reproduce the
solution obtained with the cavity method. Moreover, the quenched equation map into the
annealed equations at this ‘cavity matching point’, as we showed explicitly in section 4.3. The
cavity matching point describes different things depending on whether one is in the unique
equilibrium phase ¢ < o, or in the multiple equilibria phase o > o.. For o < o¢, the cavity
solution describes the properties of the unique equilibrium attracting the dynamics of the sys-
tem. At the corresponding value of diversity ¢“*", the complexity ES,A) (¢) reaches its maximum,
and it is equal to zero. For o > o¢, ¢**" only marks the diversity value below which the com-
plexity can be computed within the annealed approximation; in particular, ¢*’ does not give
the diversity of the most numerous equilibria, for which E((,Q) (¢) is maximal. At the critical
point o = o, all the equation match and the unique equilibrium has parameters (for x = 1):

1 T m 1 q1 T

met g =T oM 6= = , E4
T ) A I (o) A (= e =4

Appendix F. The replica calculation of the complexity: a reminder

F 1. The Monasson recipe for the complexity

The complexity curve 3gsg discussed in the main text is obtained within the so called
Monasson method [14]. This method requires the system to be conservative, and thus to be
associated to a potential landscape. In the Lotka—Volterra symmetric case the potential land-
scape reads:

N

) N
LNy ==Y (m-zv,» - N7> + % > ayNiN;, (F.1)

i=1 ij=1

and the method allows to obtain the complexity X;rsg (/) of the typical (i.e. most numerous)
local minima N* of (F.1) such that [ = limg_, . S~'L(N*). The main idea of [14] is that ggg (/)
can be obtained as a Legendre transform of the free-energy of m copies of the system evolving
in the same random landscape, weakly-coupled in such a way that they explore the same state
(basin of attraction of a local minimum of the free-energy). The object to compute is then the
modified free energy function:

5 (m,6) = lim lim — L log(Z}) = Smfiws (m, ), (F2)

S—oon—0

where Z;, is the partition function of the m copies and firsg(m, 3) is the free energy of one
single copy of the system computed within the 1RSB ansatz, with m being the variational
parameter in the RSB ansatz for the overlap matrix—the parameter measuring the size of the
inner blocks of the overlap matrix [1]. In the zero-temperature limit 8 — oo, the free energy
becomes a function of the scaled parameter /n = fm, i.e. firsg (m, 8) — firsg (). In terms of
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these quantities, the complexity curve Xigsg (/) is obtained parametrically though the coupled
system of equations:

1= 05 (firsn(m) . %= irsn (M) (E3)

by tuning the parameter /m which parametrizes for the value / of the potential (F.1).

F2. The structure of the replica calculation

Performing the 1RSB free-energy calculation [31], one gets:

firs(m) = min F(/;m,q0,q1,x), (F4)
m,qo,q1,X

where ¢, q;,m are variational parameters having the same meaning as in the replicated Kac-
Rice calculation, while y is a parameter related to the properties of the Hessian matrix (the
matrix of second derivatives of the potential (F.1)) at a local minimum. For x; = x one finds:

2

_ o 2q, ,um2
F H = — _—
(m7m7QO71117X) 4 |: (q q0)+ 2X:| 2

aAz
o —A) — Az)
e2(— )Erfc(\/m)Jr\/l aErfC( \/i)

,l/ dz e7%10
m | \2rn & 2V 11—«

(F.5)
with

J— 7 2 —
A(Z _ K — pm q0 , o= mao (611 — CIO) . (F6)
Uz(ql —q()) 41 — 40 ]_X

The equation (F.3) give:

a5 —40

280 S A%(z) ~AQ)
g 2 \/; + e20=0a) (1+ — )Erfc T (E7)

e
V2 S —AQ) a0 AG)
e2(=a) Erfc T +vV1—ae 2 Erfc( \/E)

1202{~(‘I 2 QI} pm® _ o*(q1 —4q0)

and

> IRSB

g ~AQ) A®)
2 B 20 >Erfc(\/2(1(%a))+\/1—aErfc(\/(§)

= 1m(q%—q5)+/ % o T log
4 Nex: 2Vi-a
) bt (1+A(Z))Erfc(
o*(q1 — qo)m dz 2 \/7V

— — — 7 e 2
21=a)(1=x"1 /) vor R Erfc(\/z(AIL)JrMe T

5)
)

(F8)

where the order parameters ¢;,qg,m and y have to be determined taking the variation
of (E.5). The resulting saddle-point equations have a structure that is rather simple to interpret
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[31]. Indeed, the replica calculation is formulated in terms of an effective single-species
potential:

2

2
L6 = =+ (5 ) (o0 - o) N (F9)

depending on two fields ¢, z introduced performing the Hubbard-Stratonovich transformations
to decouple the quartic terms in the overlaps arising after averaging over the random couplings
;. The self-consistent equations for the order parameters m, go,q; can be expressed as a triple

average:
= [ et [anisa BN
R 2
jie*% (/du,h(g;z) E, [N]) (F.10)

m:/dr *é/dum (6:2) (Eo[N))®

where the internal average reads
f()oo dNeBLei(N.€.2)
Eo[N] = ;3ll>moo [ dNe=PLar V&)

oV - ]’L_”‘_“m“fz} (F.11)

— Nep(£,2) = max{

as it follows from a saddle-point calculation, while the outer average is taken with respect to
the measure:

I A6 & i La(W(€:2).6:2)
dvz(§;z 7T ve s ’ (F12)
(&2) = 7t
with Z[z] a normalization. Similarly, one finds the following equation for x:
dz _2

o [ oS a6 oo - x+1-0, (E13)
and thus by analogy with the above equation one can make the identification:

Xotp —x+1=0, (F.14)

where ¢ is the diversity of the counted local minima, which is not a free-parameter in the
replica calculation but it is fixed as a function of ¢1, g, m, x. The order parameters are therefore
obtained as double averages of the (moments of the) truncated Gaussian variable Ngp(z,€),

dz _2 1 df & —Letr(Nop, £,2)

m= = e 2 Te THVERSYNG
Nor VAl \ﬁ '

2

3 (1 [ df & LNy )

oL 2N, (F.15)
=] r (o s p

7% 1 d£ —Legr (Nsp § Z)N2

0= | 5 7m ) ae
which in turn is obtained as the global minimum of an effective single particle potential (F.9),
where the interactions between species are encoded self-consistently in the Gaussian fields &
and z. We remark that given the effective potential (F.9), one can introduce an effective force:

L;J]evff:_a_x—‘){zv A T lt“_“m”\ﬁz (F.16)
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One sees that when Nyp > 0, then fee(Nsp, €, 2) = 0; similarly, when Ngp = 0 because £ + A(z) <
0, then fe(Nsp,&,z) < 0. Therefore, the uninvadability constraint is encoded naturally in the
structure of the replica calculation. Notice also that while (F.8) does not depend on p, (F.7)
does.

Finally, we remark that using the equation (F.14), the quantity x can be related to the
resolvent of the matrix (8) evaluated at the local minima that one is counting. Indeed, in the
symmetric case v = 1 the resolvent of the matrix (8) evaluated in a local minimum of diversity
¢, defined as

G"(z) = lim iTr{ ! } (F.17)
in the large-S limit equals to:
G"(2) =G, 5z +1), (F.18)

where G, /5(z) = (z— sign(z)\/z2 — 402¢) /(20> ¢) is the resolvent of a matrix with GOE stat-
istics, with variance 2. Comparing with (F.14) we see that it holds

GH0) = (1 -1 —402¢) =x (E.19)

- 202¢

F3. The resulting complexity and the relation with the Kac—Rice quenched calculation

In figure F1(left) we show the complexity (F.8) as a function of the intensive value of the poten-
tial (F.7) for one value of diversity in the multiple equilibria phase. By varying the parameter
m, one obtains two branches in the curve X grsg(/): the red branch is clearly unstable, as the
resulting complexity does not have the right convexity properties; the green branch is instead
stable. One sees that the complexity increases with the value of the potential / of the counted
local minima, as it usually happens in disordered landscapes; it vanishes at [ = —0.1638, which
gives an estimate of the ‘ground state energy’ of the model within the 1RSB approximation.
Given the solution of the replica self-consistent equations, to each value of / one can associate
a unique value of diversity

2
6= / ;2%6_7 dv(£:2) Eo [O(N)]. (F.20)
In figure F1(right) we show the 1RSB complexity as a function on diversity. The comparison
with the annealed Kac—Rice complexity is given in figure 9(right) and discussed in the main
text.

One sees from the expressions in this appendix that there is an apparent similarity between
the self-consistent equations obtained within the replicated Kac—Rice formalism, and those
obtained within the replica framework. Therefore, it is natural to wonder in which limit the
replica solution can be recovered within the quenched Kac—Rice framework. First, we remark
that an analogous version of the Kac—Rice order parameters p,¢; and &; can be obtained
as moments of the effective force (F.16), in analogy with (F.10) with N replaced by fq(N)
(similarly for z). Comparing the expressions in this appendix with those in equation (C.1)
and in the following ones, we see that the integral expressions for the order parameters
coincide formally provided that the following conditions hold in the Kac—Rice framework:
x/x1 =re® =rB,/B; = (1 —a)~'/? with « defined in (E.6), and 8,8, — 3 = 0, which is the
singular limit of the Gaussian measure in equation (C.1) and in the following ones. However,
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Figure F1. 1RSB complexity for c =1 =+ and =35 as a function of the intensive
value of the potential / and of the diversity ¢, respectively.

we find that the replica solutions for the order parameters do not solve all of the quenched Kac—
Rice self-consistent equations under the assumptions above at the value of diversity determ-
ined by the replica solution. This is compatible with the fact that imposing a fixed value of
potential / of the counting minima or imposing a fixed diversity ¢ is not equivalent: the typical
local minima at a given level-set of the potential have a certain diversity, but they are not the

typical (most numerous) minima at that diversity (which are those picked up by the Kac—Rice
calculation).
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